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PREFACE 


THE main object of this publication is to render more accessible the papers 
of a great mathematician, which in their original form appeared in many 
journals over a period of about 50 years. The editors have kept in view 
a second object also: that of rendering the work useful to mathematicians 
generally by providing introductions to groups of papers, or comments 
where appropriate. These editorial additions, while not always systematic 
or exhaustive, will (it is hoped) assist the reader to view Hardy’s papers in 
proper perspective. 

It is this second object which has led the editors to divide the papers 
into groups (or further into subgroups) in accordance with the nature of 
their subject-matter, instead of publishing them in chronological order. 
The editors have been very conscious of the difficulty of making such 
a classification, which is most acute in those instances in which a paper 
that is primarily on one topic has subsequently proved to be of great 
importance for another. There are cases in which our allocation of a paper 
to one section rather than to another has been in the nature of an arbitrary 
choice, but we hope that adequate cross-references are provided. It may 
be a matter for regret that our policy has sometimes resulted in distributing 
the papers of a series (such as “Notes on the Integral Calculus’) among 
several sections, but we believe that any arrangement which kept them 
together would have been less satisfactory. 

We are grateful to Professor Littlewood for his permission to include all 
the Hardy-Littlewood papers, and for his approval of our policy of 
treating them on the same footing as Hardy's own papers. 
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EDITORIAL NOTE 


The work will comprise seven volumes 


For convenience of reference, papers are numbered according to years, 
e.g. 1912, 4. A complete list of Hardy’s papers will be found at the end of 
this volume (pp. 683-99) and will be reproduced at the end of each 
volume. This list is based on that compiled by Titchmarsh (Journal of the 
London Mathematical Society, 25 (1950), 89-101). 

The date of publication of a paper, where it differs from the year men- 
tioned in the reference number, is given (for the sake of its historical 
interest) in the contents list of the volume containing the paper. 

Where reference is made, in the corrections or comments, to the pages 
of a paper, the numbers used are those of the original pagination and not 
the consecutive page numbers of this volume. The joint papers with 
Ramanujan are reproduced from The Collected Papers of S. Ramanujan 
(Cambridge, 1927), and for these the ‘original pagination’ relates to that 
volume and not to the first publication in a journal. 
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GODFREY HAROLD HARDY 
1877-1947 


Goprrey Haro_tp Harpy was born on 7 February 1877, at Cranleigh, Surrey. 
He was the only son of Isaac Hardy, Art Master, Bursar and House Master 
of the preparatory branch of Cranleigh School. His mother, Sophia Hardy, 
had been Senior Mistress at the Lincoln Training College. Both parents were 
extremely able people and mathematically minded, but want of funds had 
prevented them from having a university training. 

The future professor’s interest in numbers showed itself early. By the time 
he was two years old he had persuaded his parents to show him jhow to write 
down numbers up to millions. When he was taken to church he occupied the 
time in factorizing the numbers of the hymns, and all through his life he amused 
himself by playing about with the numbers of railway carriages, taxi-cabs and 
the like. 

He and his sister were brought up by enlightened parents in a typical 
Victorian nursery, and, as clever children do, he agonized his nurse with long 
arguments about the efficacy of prayer and the existence of Santa Claus: ‘Why, 
if he gives me things, does he put the price on? My box of tools is marked 
3s. 6d.’ The Hardy parents had many theories about education. Their children 
had few books, but they had to be good literature. In the nursery G. H., who 
was slightly older than his sister, read to her such books as Don Quixote, 
Gulliver’s Travels and Robinson Crusoe. They were never allowed to play with 
any toy that was broken and past repair. The nurse gave them some instruction 
‘in reading and writing, but they never had a governess, and on the whole were 
left to find things out for themselves. 

A minute newspaper written by G. H. at the age of eight was unfortunately — 
lost in the London blitz. It contained a leading article, a speech by Mr Gladstone, 
various tradesmen’s advertisements, and a full report of a cricket match with 
complete scores and bowling analysis. He also embarked on writing a history 
of England for himself, but with so much detail that he never got beyond the 
Anglo-Saxons. Two exquisite little illustrations for this work have survived. 
He inherited artistic ability from his father, but it was crushed by bad teaching 
at Winchester. He had no interest in music. 

As soon as he was old enough G. H. went to Cranleigh School, and by the 
time he was twelve he had passed his first public examination with distinctions 
in mathematics, Latin and drawing. By this time too he had reached the sixth 
form—the Cranleigh standard was at that time very low—so some of his work 
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was sent to Winchester. He was offered a scholarship there on his mathematics 
alone, but was considered too young to go that year, and went the following 
year. 

Apparently he was never taught mathematics in a class. Mr Clarke, Second 
Master at Cranleigh, and Dr Richardson, Head of ‘College’, always coached 
him privately. He was never enamoured of public school life. He was grateful 
to Winchester for the education it gave him, but the Spartan life in ‘College’ 
at that time was a great hardship, and he had one very bad illness. 

There was some question of his going up to New College, but his mind was 
turned in the direction of Cambridge by a curious incident, which he has 
related in A Mathematician’s Apology. He happened to read a highly coloured 
novel of Cambridge life called A Fellow of Trinity, by ‘Alan St Aubin’ (Mrs 
Frances Marshall), and was fired with the ambition to become, like its hero, 
a fellow of Trinity. He went up to Trinity College, Cambridge, as an entrance 
scholar in 1896, his tutor being Dr Verrall. He was first coached by Dr Webb, 
the stock producer of Senior Wranglers. He was so annoyed by Webb’s methods 
that he even considered turning over to history, a love of which had been 
implanted in him by Dr Fearon, Headmaster of Winchester. However, his 
Director of Studies sent him to A. E. H. Love, and this, he considered, was 
one of the turning points of his life, and the beginning of his career as a ‘real 
mathematician’. Love was, of course, primarily an applied mathematician; 
but he introduced Hardy to Jordan’s Cours d’ Analyse, the first volume of which 
had been published in 1882, and the third and last in 1887. This must have 
been Hardy’s first contact with analysis in the modern sense, and he has 
described in A Mathematician’s Apology how it opened his eyes to what 
mathematics really was. 

Hardy was fourth wrangler in 1898, R. W. H. T. Hudson being Senior 
Wrangler, with J. H. Jeans and J. F. Cameron, later Master of Gonville and 
Caius, bracketed next. He took Part II of the Tripos in 1900, being placed in 
the first division of the first class, Jeans being then below him in the second 
division of the first class. In the same year he was elected to a Prize Fellowship 
at Trinity, and his early ambition was thus fulfilled. Hardy and Jeans, in that 
order, were awarded Smith’s Prizes in 1901. 

His life’s work of research had now begun, his first paper apparently being 
that in the Messenger of Mathematics, 29, 1900. It is about the evaluation of 
some definite integrals, a subject which turned out to be one of his permanent 
minor interests, and on which he was still writing in the last year of his 
life. 

In 1906, when his Prize Fellowship was due to expire, he was put on the 
Trinity staff as lecturer in mathematics, a position he continued to hold until 
1919. This meant that he had to give six lectures a week. He usually gave two 
courses, one on elementary analysis and the other on the theory of functions. 
The former included such topics as the implicit function theorem, the theory 
of unicursal curves and the integration of functions of one variable. This 
was doubtless the origin of his first Cambridge tract, The Integration of Functions 
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of a Single Variable. This work is sowell known now that it is often for- 
gotten that its systematization was due to Hardy. He also sometimes took small 
informal classes on elementary subjects, but he was never a ‘tutor’ in the 
Oxford sense. 

In 1908 Hardy made a contribution to genetics which seems to be little 
known by mathematicians, but which has found its way into textbooks as 
‘Hardy’s Law’. There had been some debate about the proportions in which 
dominant and recessive Mendelian characters would be transmitted in a large 
mixed population. The point was settled by Hardy in a letter to Science. It 
involves only some simple algebra, and no doubt he attached little weight to it. 
As it happens, the law is of central importance in the study of Rh-blood-groups 
and the treatment of haemolytic disease of the newborn. In the Apology Hardy 
wrote, ‘I have never done anything “‘useful’’. No discovery of mine has made, 
or is likely to make, directly or indirectly, for good or ill, the least difference 
to the amenity of the world.’ It seems that there was at least one exception to 
this statement. 

He was elected a Fellow of the Royal Society in 1910, and in 1914 the 
University of Cambridge recognized his reputation for research, already world- 
wide, by giving him the honorary title of Cayley Lecturer. 

To this period belongs his well-known book A Course of Pure Mathematics, 
first published in 1908, which has since gone through numerous editions and 
been translated into several languages. The standard of mathematical rigour 
in England at that time was not high, and Hardy set himself to give the ordinary 
student a course in which elementary analysis was for the first time done properly. 
A Course of Pure Mathematics is hardly a Cours d’ Analyse in the sense of the 
great French treatises, but so far as it goes it serves a similar purpose. It is to 
Hardy and his book that the outlook of present-day English analysts is very 
largely due. | 

He also played a large part in the reform of the old Cambridge Mathematical 
Tripos Part I, and in the abolition of the publication of the results in order of 
merit. 

Another turning point in Hardy’s career was reached about 1912, when he 
began his long collaboration with J. E. Littlewood. There have been other 
pairs of mathematicians, such as Phragmén and Lindeléf, or Whittaker and 
Watson, who have joined forces for a particular object, but there is no other 
case of such a long and fruitful partnership. They wrote nearly a hundred 
papers together, besides (with G. Polya) the book Inequalities. 

Soon afterwards came his equally successful collaboration with the Indian 
mathematician Ramanujan, though this was cut short six years later by 
Ramanyjan’s early death. An account of this association is given by Hardy in 
the introductions to Ramanujan’s collected works and to the book Ramanujan. 
In a letter to Hardy in 1913, Ramanujan sent specimens of his work, which 
showed that he was a mathematician of the first rank. He came to England in 
1914 and remained until 1919. He was largely self-taught, with no knowledge 
of modern rigour, but his ‘profound and invincible originality’ called out 
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Hardy’s equal but quite different powers. Hardy said, ‘I owe more to him 
than to any one else in the world with one exception, and my association = 
him is the one romantic incident in my life’. 

Hardy was a disciple of Bertrand Russell, not only in his interest in mathe- 
matical philosophy, but in his political views. He sympathized with Russell’s 
anti-war attitude, though he did not go to the lengths which brought Russell 
into collision with the authorities. In a little book Bertrand Russell and Trinity, 
which he had printed for private circulation in 1942, Hardy has described the 
Russell case and the storms that raged over it in Trinity. It was an unhappy 
time for those concerned, and one may think that it all would have been better 
forgotten. It must have been with some relief that, in 1919, he heard of his 
election to the Savilian Chair of Geometry at Oxford, and migrated to New 
College. 

In the informality and friendliness of New College Hardy always felt com- 
pletely at home. He was an entertaining talker on a great variety of subjects, 
and one sometimes noticed every one in common room waiting to see what he 
was going to talk about. Conversation was one of the games which he loved 


to play, and it was not always easy to make out what his real opinions 


were. 

He played several games well, particularly real tennis, but his great passion 
was for cricket. He would read anything on this subject, and talk about it 
endlessly. His highest compliment was ‘it is in the Hobbs class’. Even until 
1939 he captained the New College Senior Common Room side against the 
Choir School and other opponents. He liked to recall the only occasion in the 
history of the Savilian chairs when one Savilian professor (himself) took the 
wicket of the other (H. H. Turner). The paper, ‘A maximal theorem with 
function-theoretic applications’, published in Acta Math. 54, and presumably 


_ addressed to European mathematicians in general, contains the sentences, 


‘The problem is most easily grasped when stated in the language of cricket . . . 
Suppose that a batsman plays, in a given season, a given ‘‘stock’’ of innings .. .’. 
A vivid account of Hardy’s affection for cricket and of his life in his later 
Cambridge years is given by C. P. Snow, in an article entitled ‘A mathematician 
and cricket’, in The Saturday Book, 8th Year. 
He liked lecturing, and was an admirable lecturer. His matter, delivery and 


‘hand-writing (a specimen of which appears on the dust-cover of A Mathe- 


matician’s Apology) were alike fascinating. Though no original geometer, he 
fulfilled the conditions of his Oxford chair by lecturing on geometry as well 
as on his own subjects. He also lectured occasionally on mathematics for 
philosophers, and drew large audiences of Oxford philosophers to whom 
ordinary mathematics made no appeal. His Rouse Ball lecture on this subject, 
delivered at Cambridge in 1928, entitled Mathematical Proof, was published 
in Mind, 38. 

Hardy had singularly little appreciation of science, for one who was sufh- 
ciently nearly a scientist to be a Fellow of the Royal Society. In A Mathe- 
matician’s Apology he is at some pains to show that real mathematics is useless, 
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or at any rate harmless. He says, ‘It is true that there are branches of applied 
mathematics, such as ballistics and aerodynamics, which have been developed 
deliberately for war . . . but none of them has any claim to rank as ‘“‘real’”’. 
They are indeed repulsively ugly and intolerably dull; even Littlewood could 
not make ballistics respectable, and if he could not, who can?’ His views on 
this subject were obviously coloured by his hatred of war, but in any case his 
whole instinct was for the purest of mathematics. I worked on the theory of 
Fourier integrals under his guidance for a good many years before I discovered 
for myself that this theory has applications in applied mathematics, if the 
solution of certain differential equations can be called ‘applied’. I never heard 
him refer to these applications. 

Nevertheless, he was a Fellow of the Royal Astronomical Society, which he 
joined in 1918 in order that he might attend the meetings at which the theory 
of relativity was debated by Eddington and Jeans. He even once, in 1930, took 
part in a debate on stellar structure, which involved R. H. Fowler’s work on 
Emden’s and allied differential equations. On this he made the characteristic 
remark that Fowler’s work, being pure mathematics, would still be of interest 
long after all the physical theories which had been discussed had become 
obsolete. ‘This prophecy has since been very largely fulfilled. 

I first came into contact with him when I attended his advanced class at 
Oxford in 1920. The subjects which I remember specially as having been 
discussed at this class are Fourier series, continued fractions, and differential 
geometry, a commentary on R. H. Fowler’s Cambridge tract. Whatever the 
subject was, he pursued it with an eager single-mindedness which the audience 
found irresistible. One felt, temporarily at any rate, that nothing else in the 
world but the proof of these theorems really mattered. There could have been 
no more inspiring director of the work of others. 

He was always at the head of a team of researchers, both colleagues and 
students, whom he provided with an inexhaustible stock of ideas on which to 
work. He was an extremely kind-hearted man, who could not bear any of his 
pupils to fail in their researches. Many Oxford D.Phil. dissertations must 
have owed much to his supervision. 

Hardy always referred to God as his personal enemy. This was, of course, a 
joke, but there was something real behind it. He took his disbelief in the 
doctrines of religion more seriously than most people seem to do. He would 
not enter a religious building, even for such a purpose as the election of a 
Warden of New College. The clause in the New College by-laws, enabling a 
fellow with a conscientious objection to being present in Chapel to send his 
vote to the scrutineers, was put in on his behalf. 

He has been described as absent-minded, but I never saw any sign of this. 
If he dined at high table in tennis clothes it was because he liked to do so, not 
because he had forgotten what he was wearing. He had a way of passing in the 
street people whom he knew well without any sign of recognition, but this 
was due to a sort of shyness, or a feeling of the slight absurdity of a repeated 
conventional greeting. 
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His likes and dislikes, or rather enthusiasms and hates, have been listed as 
follows: 


Enthustasms 

(i) Cricket and all forms of ball games. 

(ii) America, though perhaps he only came into contact with the pleasanter 

side of it. 

(iii) Scandinavia, its people and its food. 

(iv) Detective stories. 

(v) Good literature, English and French, especially history and biography. 
(vi) Walking and mild climbing, especially in Scotland and Switzerland. 
(vii) Conversation. 

(viii) Odd little paper games, such as making teams of famous people whose 
names began with certain combinations of letters or who were 
connected with certain countries, towns or colleges. These were 
played for hours in hotels or on walks. 

(ix) Female emancipation and the higher education of women (though he 
opposed the granting of full membership of the university to Oxford 
women). 

(x) The Times cross-word puzzles. 

(xi) The sun. 

(xii) Meticulous orderliness, in everything but dress. He had a large library 
and there were piles of papers all about his rooms, but he knew where 
everything was and the exact position of each book in the shelves. 

(xiii) Cats of all ages and types. 


Hates 

(i) Blood sports of all kinds, war, cruelty of all kinds, concentration 
camps and other emanations of totalitarian governments. 

(ii) Mechanical gadgets; he would never use a watch or a fountain pen, 
and the telephone only under compulsion. He corresponded chiefly 
by prepaid telegrams and post cards. 

(iii) Looking-glasses; he had none in his rooms, and in hotels the first thing 

| he did in his room was to cover them over with bath-towels. 

(iv) Orthodox religion, though he had several clerical friends. 

(v) The English climate, except during a hot summer. 

(vi) Dogs. 

(vii) Mutton—a relic of his Winchester days, when they had by statute to 
eat it five days a week. 
(viii) Politicians as a class. 
(ix) Any kind of sham, especially mental sham. 


He was an extraordinary mixture of out-of-the-way information and ignor- 
ance. ‘What is a milliner? Would you call the Army and Navy Stores a 
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milliner’s?’? ‘No hawking! (this on Brighton front); I shouldn’t have thought 
they had to forbid that nowadays.’ In doing a cross-word puzzle: ‘The word 
comes to ladders, but the clue is about stockings’. 

Returning to his mathematical career, I may refer here to the founding of 
the Quarterly Fournal of Mathematics (Oxford series). Glaisher, the editor of 
the Messenger of Mathematics and the old Quarterly fournal, had died in 1928, 
and these two periodicals had come to an end. There was an obvious need for 
something to replace them, and it was largely due to Hardy that a new series 
of the Quarterly Journal was started in Oxford. 

The London Mathematical Society occupied a leading place in his affections. 
He served on the Council from 1905-1908, joined it again in 1914, and from 
that time, except for two absences of a year each, in 1928-1929 (when he went 
to America) and 1934-1935, he was on it continuously until his final retirement 
in 1945. He was one of the secretaries from 1917 to 1926, President in 1926-1928 
and again for a second term in 1939-1941, and secretary again from then until 
1945. In his Presidential address (1928), Prolegomena to a Chapter on Inequalities, 
he boasted that he had been at every meeting both of the Council and of the 
Society, and sat through every word of every paper, since he became secretary 
in 1917. He was awarded the Society’s De Morgan medal in 1929. 

In 1928-1929 he was Visiting Professor at Princeton and at the California 
Institute of Technology, O. Veblen coming to Oxford in his place. In 1931 
E. W. Hobson died, and Hardy returned to Cambridge as his successor in the 
Sadleirian chair of Pure Mathematics, becoming again a Fellow of Trinity. 

Perhaps the most memorable feature of this period was the Littlewood- 
Hardy seminar or ‘conversation class’. This was a model of what such a thing 
should be. Mathematicians of all nationalities and ages were encouraged to 
hold forth on their own work, and the whole thing was conducted with a 
delightful informality that gave ample scope for free discussion after each paper. 
The topics dealt with were very varied, and the audience was always amazed 
by the sure instinct with which Hardy put his finger on the central point and 
started the discussion with some illuminating comment, even when the subject 
seemed remote from his own interests. 

He also lectured on the calculus of variations, a subject to which he had been 
drawn by his work on inequalities. | 

After his return to Cambridge he was elected to an honorary fellowship at New 
College. He held honorary degrees from Athens, Harvard, Manchester, Sofia, 
Birmingham, Edinburgh, Marburg, and Oslo. He was awarded a Royal Medal of 
the Royal Society in 1920, its Sylvester Medal in 1940, and the Copley Medal, its 
highest award, in 1947. He was President of Section A of the British Association 
at its Hull meeting in 1922, and of the National Union of Scientific Workers in 
1924-6. He was an honorary member of many of the leading foreign scientific 


academies. ! 
Some months before his death he was elected ‘associé étranger’ of the Paris 


Academy of Sciences, a particular honour, since there are only ten of these 
from all nations and scientific subjects. He retired from the Sadleirian chair in 
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1942, and died on 1 December 1947, the day on which the Copley Medal was 
due to be presented to him. 

He was unmarried. He owed much to his sister, who provided him throughout 
his life with the unobtrusive support which such a man needs. Miss Hardy 
has supplied most of the personal information contained in this notice. 

In addition to the books mentioned above, Hardy wrote three more Cambridge 
tracts, Orders of Infinity (1910), The General Theory of Dirichlet’s Series, with 
M. Riesz (1915), and Fourier Series, with W. W. Rogosinski (1944). In 1934 
he published Inequalities with J. E. Littlewood and G. Polya, and in 1938 
The Theory of Numbers with E. M. Wright. In 1940 followed Ramanujan, a 
collection of lectures or essays suggested by Ramanujan’s work. His last book 
was on Divergent Series, and was completed but not published at the time of 
his death. His inaugural lecture at Oxford, Some famous problems of the theory 
of numbers, and in particular Waring’s problem, was published in 1920. He was 
also one of the editors of the collected papers of Ramanujan, which were 
published in 1927. 

The student of Hardy’s style should also read his obituary notices* of Rama- 
nujan, Mittag-Leffler, Bromwich, Paley, Hobson, Landau, W. H. Young, J. R. 
Wilton, and that of Glaisher at the end of the Messenger of Mathematics. ‘These 
tributes to his late colleagues must have made every mathematician wish that 
he could have seen his own career described in the same generous terms. 

Hardy was the author, or part author, of more than 300 original papers, 
covering almost every kind of analysis, which by their originality and quantity 
marked him as one of the leading mathematicians of his time. It is rarely possible 
to disentangle his own contributions from those of others. He liked collaboration, 
and much of his best work is to be found in joint papers, particularly those 
written with Littlewood and with Ramanujan. He used to say that each author 
of a joint paper gets much more than half the credit for it. No doubt the bulk 
of his work is greatly increased by these collaborations, but he was certainly 
the prime mover in much of it. He described himself as a problem-solver, and 
did not claim to have introduced any new system of ideas. Nevertheless, if we 
may judge by the references to his work in the writings of others, he had a 
profound influence on modern mathematics. 

When he began research there was probably no one at hand who could 
give him the sort of supervision which he was to give to so many others, and it 
was some years before he found a problem of first-rate interest. 

His early series of papers on Cauchy’s principal values was overshadowed by 
the work of Lebesgue and others who were generalizing the integral in other 
directions. Nevertheless it contains some interesting formulae. Perhaps the 
most noteworthy are the inversion formulae 
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* For references, see p. 700. The notices will be reprinted in volume 7 of these Collected 


Papers. 
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which have come to be known as the formulae of ‘Hilbert transforms’. In later 
years he wrote many papers on transforms and inversion formulae of various 
kinds. This work lies on the borders of the theory of integral equations; he never 
worked on the central Fredholm theory itself, though he lectured on it in his 
second period at Cambridge. 
We next find him writing on the summation of divergent series, and this 
turned out to be one of the permanent interests of his life. 
The theorem of Abel, that if 
$,=4,+a,+...+4,>s (1) 
then 
lim Ja,x"=s (2) 
x—+1—-0 n=1 
is classical; and in 1897 ‘Tauber had proved a sort of converse, that (2) implies (1) 
if the coefficients a, satisfy the condition a,=o0(1/n), 1.6. na,—>0. It was easy 
to prove the corresponding theorem for Cesaro summabiltty, that if 


Pape ταν καὶ ἘΠῚ (3) 
n 

and a,=o(1/n), then again (1) follows. The simple and satisfactory appearance 
of the proofs of these theorems gives them an air of finality; but in 1909 Hardy 
proved that (3) implies (1) under the less restrictive condition a,—O(1/n), 
i.e. na, is bounded. This result, often referred to as ‘Hardy’s theorem’, was 
the first ‘O-Tauberian theorem’, the forerunner of a whole science of such 
theorems. It was followed in the next year by Littlewood’s theorem that (2) 
implies (1) if a,=O(1/n). Later the two originators of the theory published a 
great deal of work on it together, and the whole matter has now been summed 
up in Hardy’s last book. 

His first important paper on Fourier series seems to be that in volume 12 of 
the Proceedings of the London Mathematical Society (1913, 4). The modern theory 
of Fourier series, depending on the Lebesgue integral, was then being constructed 
by Lebesgue, Fejér, W. H. Young and others, and it was Young’s work that 
inspired Hardy particularly. The first theorem in the paper referred to is that 
any Fourier series is summable (C, δ) almost everywhere, for any positive 6, 
and there are many others in the same order of ideas. Later Hardy and Little- 
wood together developed a whole theory of ‘Fourier constants’ or coefficients, 
generalizing the Young-Hausdorff theorem that if | f(x)|? is integrable, where 
1<p<2, and a,, b, are its Fourier constants, then 


X(\a,|? + 6,|"), Ρ΄ =p/(p—1), 
is convergent. A typical Hardy-Littlewood theorem is that the integrability of 
| f(x)|*|2e|¢-* over (-- π, 77), where g>2, implies the convergence of 3(\a,|2+ |5,|9). 
A curious by-product of this analysis is that, if the two conjugate series 


Σία, cos nx-+-b, sinnx),  2(b, cos nx—a, sin nx) 


are both Fourier series, then 2(|a,|-+|5,|)/7 is convergent. 
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The theory of the Riemann zeta-function had begun with the guesses of 
Riemann (1860), and the analysis of Hadamard and de la Vallée-Poussin, who 
proved the prime-number theorem (1896). ‘The modern theory of the function 
had just been started by H. Bohr, Landau and Littlewood. The great puzzle 
of the theory was the ‘Riemann hypothesis’, that C(s) has all its complex zeros 
on the critical line R(s)=4. This presented all workers in the field, as it still 
does, with a perpetual challenge, It was Hardy who first gave any sort of answer 
to it, with the discovery, in 1914, that Z(s) has at any rate an infinity of zeros 
on the critical line. The work was again carried on jointly with Littlewood, 
and it was proved that, if N,(7) denotes the number of complex zeros of {(s) 
with real part } and imaginary part between 0 and 7, then N,(7T)>AT for 
some constant A (the total number of complex zeros in this region being 
asymptotic to (T/27r) log T). It is only recently that this result has been surpassed 
by A. Selberg, with the proof that N,(7)>AT log T. Hardy used to say that 
any one who had a really new idea about the zeta-function must surely prove 
the Riemann hypothesis, but Selberg’s work seems to have disproved this. 
Another of the main features of the Hardy-Littlewood analysis, the ‘approximate 
functional equation’, was discovered later to have been anticipated to a certain 
extent by Riemann himself, though the applications which they made of it go 
far beyond anything in Riemann. 

Another subject to which Hardy made a fundamental contribution was that 
of the lattice-points in a circle. The number R(x) of lattice-points in a circle 
of radius 4/x, i.e. of pairs of integers μ, ν, such that p?+v?<x, is roughly 
equal to the area πᾶ of the circle, but closer approximations to R(x) are difficult 
to make. It had been proved by Sierpinski that, if 


R(x) =7x-+ P(x), 


then P(x) =O(x*), but the true order of P(x) was unknown. 
Hardy obtained an exact formula for R(x) as 4 series of Bessel functions. 
If x is not an integer this is 


R(x) =mx—1+x! Σ ” Jf{27v/ (nx)}, 


where 7(n) is the number of solutions in integers of x?+v? =n. If x is an integer, 
R(x) must be replaced by R(x)—4r(x). This ‘exact formula’ is very striking, 
but it is not of much use in the problem of the order of P(x). If we could treat 
the series as a finite sum, the ordinary asymptotic formula for Bessel functions 
would give at once P(x)=O(x*). It is tempting to suppose that at any rate 
P(x)=O(x?+*), but nothing approaching this has ever been proved. What 
Hardy did prove was that each of the inequalities P(x) >Kx?, P(x) <— Καὶ, is 
satisfied, with some K, for some arbitrarily large values of x. The true order of 
P(x) therefore lies somewhere between x? and x*, and later research has done 
a little, but not much, to narrow this gap. 

I must now describe Hardy’s work on partitions, the ‘circle method’ in the 
analytic theory of numbers, and his association with Ramanujan. They wrote 
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five papers together, the most famous being that in volume 17 of the Proceedings 

of the London Mathematical Society (1918, 5), a section of which is reproduced 
on the dust-cover of A Mathematician’s Apology. In this it was shown that 
p(n), the number of unrestricted partitions of 7, can not only be represented 
approximately by an asymptotic formula, but that it can be calculated exactly 
for any value of n. The ‘circle method’ on which this depends is, no doubt, 
Hardy’s most original creation. It proceeds roughly as follows. The numbers 
p(n) are the coefficients in the expansion 


Qo γι: 1 
(Qatar Tayi Ξὸ Ὁ 
so that p(n) -}} Brae 


where J is a path enclosing the origin and lying entirely inside the unit circle, 
and is taken to be a concentric circle of radius just less than 1. The unit circle 
is a line of essential singularities of f(z), but certain points are found to have 
a particularly strong influence on the integral, and it is from these that a 
dominant term is ultimately derived. In the Dirichlet series method for proving 
e.g. the prime-number theorem, the dominant term is easily identified, and 
almost the whole difficulty lies in showing that it zs dominant. In the circle 
method this is not so, and a whole apparatus, involving the Farey dissection 
of the circle and the linear transformations of elliptic modular functions, is 
needed to produce the result. It is all the more astonishing that the analysis 
should have been carried to the point at which the exact value of p(m) could be 
obtained. 

Similar methods were applied later by Hardy and Littlewood to many 
other problems, particularly to the Waring problem of the expression of a 
number as a sum of given powers, and to problems involving primes. One 
such problem which had long defied analysis was Goldbach’s theorem, or 
hypothesis, that any even number can be expressed as the sum of two primes. 
The success of the circle method in the study of p() suggests a similar approach 
to Goldbach’s theorem. Let f(z) now denote 2's, where p runs through primes. 


Then { f(z) }#=2La(n)z", 


where a(n) is the number of ways in which πὶ can be expressed as the sum of 
two primes. If we can prove that a(n) is always positive, Goldbach’s theorem 
will follow, but the difficulties prove to be even more formidable than in the 
case of partitions. Actually it is a little easier to discuss 


{ f(z)}8§ =Lb(n)2", 
where b(n) is the number of ways of expressing m as the sum of three primes. 
Hardy and Littlewood showed that, if certain hypotheses of the type of the 
Riemann hypothesis are made, then (m) is ultimately positive, so that any 
sufficiently large odd number n is the sum of three primes. Later Vinogradoff, 
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by combining the essential ideas of the circle method with some entirely new 
ideas of his own, showed that all unproved hypotheses could be dispensed with. 
The whole method is perhaps the most remarkable example that at present 
exists of analysis carried through apparently insoluble difficulties to ultimate 
success. But the original Goldbach hypothesis still remains unproved. 

Hardy had many other interests of which there is no space to speak at length 
here: orders of infinity, Diophantine approximation, Bessel functions, in- 
equalities. 

Hardy’s work has had a profound influence throughout the whole of analysis. 
It has resulted in the complete remodelling of some parts of the subject, and has 
enriched other parts with new methods and theories of fundamental importance. 


E. C. T1iTCHMARSH 


1. DIOPHANTINE APPROXIMATION 


τῶν» 


INTRODUCTION TO PAPERS ON DIOPHANTINE 
APPROXIMATION 


Practically all Hardy’s researches on this subject were carried out in collaboration 
with Littlewood, the only exception being represented by 1919, 4. Apart from this 
paper and 1946, 1, all the papers appeared under the general title ‘Some problems 
of Diophantine approximation’, with various subtitles. 

The series began with the famous communication to the 1912 Congress. This is 
largely a statement of results, with occasional indications of the method of proof. 
Re-reading it now, one is surprised to find how many important and fundamental 
discoveries had been made by the authors, and how many delicate distinctions be- 
tween apparently similar questions they had already perceived. The results announced 
in 1912 were published for the most part in 1914, 2 and 1914, 3, but some of them not 
until 1922, 6. 

Hardy and Littlewood were primarily interested in problems of distribution 
modulo 1. The simplest such problem is: given a function f(n), can we say that the 
values of f(n) for n = 1, 2,... are everywhere dense (mod 1), i.e. that their fractional 
parts are everywhere dense in (0,1)? In 1914, 2 it was proved that this is the case 
if f(n) is a polynomial with at least one irrational coefficient (other than the constant 
term). Results were also proved for the simultaneous distribution of the values of 
several polynomials; these results are generalizations of Kronecker’s theorem, which 
is itself the particular case when the several polynomials are all of degree 1. More 
precisely, Kronecker’s theoremy states that if 1, 6,,.., 6,, are linearly independent 
over the rationals, there exist integers n for which the numbers 

nO,,..., 6, 
are arbitrarily near (mod 1) to any m prescribed numbers. Hardy and Littlewood 
proved that the same holds for the mp numbers 
μήθ, (q=1,...,p; 2 = 1,...,m), 
and their method applied in principle to more general polynomials. 

Once it is known that the values of a function f(n) are everywhere dense (mod 1), 
the further question arises of their uniformity of distribution. For this we require that 
the frequency with which f(n) falls (mod 1) into any given sub-interval of (0, 1) shall 
be proportional to the length of that sub-interval. Two other problems which prove 


+ For some remarks about various results related to Kronecker’s theorem, see the comments on 1914, 2. 
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to be closely. related to the uniformity of distribution are those of estimating the sum 


S(N) = Σ {f(n)}, where (ἢ = t[¢]—-4, (1) 


n=1 


N 
and the sum (NV) = > errfn), (2) 
n=1 


These various questions form the basic themes of most of the papers, and they are 
treated by a variety of methods. This is not-surprising, for they are questions which 
lie very much on the borderline between the theory of numbers and analysis, and 
can often be approached from either side. 

As early as 1912 Hardy and Littlewood had proved the uniformity of distribution 
(mod 1) of the values of a polynomial with an irrational coefficient, and had announced 
as a consequence the estimate ζ(1 -Ἐ 1) = o(logt) ast > oo. The proofs of these results 
never appeared, since Weyl’s memoir of 1916 rendered their publication unnecessary 
(see 1916, 9). Weyl reduced the question of uniformity of distribution to that of 
estimating sums of the type (2), and gave a simple and powerful method for finding 
such estimates when f(7) is a polynomial. 

In 1914, 2 Hardy and Littlewood also laid the foundations of the ‘metrical’ theory 
of Diophantine approximation, in which results are proved to hold for almost all 
values of a real parameter, in the sense of Lebesgue measure. 

The second big memoir (1914, 3) was entirely devoted to the study of the exponen- 
tial sum (2) in the particular case 


f(n) = 0n?+dn. 


It was proved that if @ is an irrational with bounded partial quotients in its continued 
fraction, then s(N) = O(N?), and that this is best possible. Other results were deduced 
on other hypotheses concerning 9. The basic principle of the proofs was the so-called 
‘approximate functional equation of the #-function’, which enabled them to relate 
s(V’) to the continued fraction expansion of @. 

One possible application of Diophantine approximation which Hardy and Little- 
wood kept in mind was the provision of explicit examples to illustrate general 
theorems in the theory of functions or the theory of series, and to show to what 
extent they are best possible. Some such applications were given in 1914, 3; but in 
1916, 3 other examples which are less intimately related to Diophantine approxima- 
tion were shown to be equally effective. 

Two other large memoirs (1922, 6 and 9) were devoted to the triangle problem. 
This is the problem of approximating to the number N(7) of points with integral 
coordinates in the triangle 


x > 0, y > 0, witw'y <7 


as ἢ -Ὁ οὐ, where w, w’ are fixed positive numbers whose ratio θ = w/w’ is irrational. 
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It is easily seen that 


_ wm Hn ἢ 
N(n) = ea oa aoe 


where δι(η) => {ιθ-- 2, (3) 


<7 


f’ denoting the fractional part of y/w’. Thus S,(7) is a sum similar to the sum S(NV) 


in (1). 

Two methods were used in the study of δι(η), one elementary and the other ana- 
lytical. The elementary method is based on a transformation formula and is on similar 
general lines to the method of 1914, 3. It was proved that 


S,()) = ο(η) for any irrational 6, 
S,(n) = O(logy) if θ has bounded partial quotients, 


and that both of these are best possible. The analytical method uses contour integra- 
tion and the double zeta-function 


Ca(s, a,W, w’) = > > (atmo +m'w')-*, 


For the estimation of S,(7), the analytical method is no more effective than the 
elementary method, and is if anything slightly less powerful. But it led the authors 
to a remarkable explicit formula for S,(7) in the form of an infinite series; a formula 
which can be compared with that of Voronoi for the divisor problem or with that of 
Sierpifiski for the circle problem. 

The sum > {n6}, which is a particular case of (3), was deeply studied in the years 
1922-5 by Hecke, Behnke, and Ostrowski, as well as by Hardy and Littlewood. The 
analytical character of the function 


φ(6) = Σ {nb}n-* (4) 


depends very much on the arithmetical character of θ. When @ is a quadratic irra- 
tional, Hecke proved that ¢(s) is meromorphic and specified its poles; and the same 
results were found by Hardy and Littlewood by a different method (1923, 3 and 4). 
When @ is any irrational, and 2 is defined by 


qr log ἄν. 
| - = im -- τὶ 
ω Ω log q, 


(where the q, are the denominators of the convergents to 0), Hardy and Littlewood 
proved that the series (4) is convergent for 


Rs > A/(A+1) 
and that φ(8) has the line Rs = A/(A+1) 
as a line of singularities if A > 0. 
The paper 1919, 4, by Hardy alone, is not related to the rest of the work, but is 


of considerable historical interest. Here Hardy proved the basic property of the so- 
called Pisot-Vijayaraghavan numbers. Suppose θ (> 1) is any algebraic number and 
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λ is any real number except 0. Suppose that 
Ag” +O (mod1) 

as n — 00. Then the conclusion is that θ is an algebraic integer with the property that 
all the algebraic conjugates of θ (whether real or complex) have absolute values less 
than 1, and λ is an algebraic number in the field generated by 0. 

Further comments are given immediately after the individual papers. 

I conclude by listing a few problems in the subject, connected (directly or in- 
directly) with the Hardy—Littlewood body of work, which are still unsolved. 


(1) Little is known about the order of magnitude of 
e2nin®d 
n=] 

as N -> οὐ, where θ is a fixed irrational number of some specific type; say, with bounded 
partial quotients. One easily deduces from Weyl’s inequality that for such @ the sum 
is O(Ni+€), but it is doubtful whether this is the full truth. There is the same problem 
for almost all θ. Any new results may well prove to be significant for Waring’s 
problem. 

(2) The tetrahedron problem, that is, the analogue in three dimensions of the 
triangle problem. The bounding plane is now 

witw'ytw"z = ἡ, 
where ἡ > 0. It is appropriate to assume that w, w’, w” are linearly independent 
over the rationals. It is easily proved that the error term is 0(y?), but it is not known 
whether this is best possible. 

(3) The nature of φ(8) in (4) when A = 0 (or more particularly when 6 has bounded 
partial quotients), but 6 is not a quadratic irrational. It was conjectured in 1923, 4 
that φ(8) has Rs = 0 as a line of singularities, but this has never been proved. 

(4) In 1930, 3 it is proved that if θ = ,'(a*+-1), where a is an odd integer, then 

=. 41 

2. wine =o 
as N > oo. The proof of this remarkable result is curiously indirect; it involves con- 
tour integration and the use of Cesaro means of arbitrarily high order. In the same 
paper it is stated that for any quadratic irrational 0, the above sum is 

| A(@)log N + O(1) 
as N -> οὐ, where A(@) = 0 for the special values of θ just mentioned, but is not 
always 0. The problem is to give a simpler and more direct proof of these results. 

(5) Littlewood’s problem on simultaneous Diophantine approximation: to prove (if 
it is true) that for any real 0, ¢ and any « > 0 there is a positive integer satisfying 

n|sin n78 sin n7d| < ε. 
For references, see Davenport, Mathematika, 3 (1956), 131-5. 
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(6) Khintchine’s problem on uniform distribution. If S is a subset of (0,1) with 
measure || in the sense of Riemann (or Jordan), then the frequency of those n for 
which 76 lies in S (mod 1) is [1], and this holds for every irrational 6. The problem is 


to prove (if it is true) that the same holds for almost all 6 if S has measure |S| in the | 


sense of Lebesgue. See Khintchine, Math. Z. 18 (1923), 289-306. 
H. D. 


Abbreviated titles 


In the comments which follow the individual papers, references to Cassels’s Tract, to Hardy 
and Wright, and to Koksma are meant to refer to: 


J. W.S. Cassels, An introduction to Diophantine approximation (Cambridge Mathematical Tract 
No. 45), Cambridge, 1957. 

G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, Clarendon Press, 
Oxford, 4th ed., 1960. 

J. F. Koksma, Diophantische Approximationen (Ergebnisse der Math. IV, 4), Springer, Berlin, 
1936. | 
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SOME PROBLEMS OF DIOPHANTINE APPROXIMATION 
By G. H. Harpy anv J. E, Litrtewoop. 


1. Let us denote by [4] and (x) the integral and fractional parts of the real 

number 2, so that 
. | (ω)-Ξ α -- [ὦ], OS(x)<I1. 

Let Θ be an irrational number, and a any number between 0 and 1 (0 included). 
Then it is well known that it is possible to find a sequence of positive integers 
M,, Ne, Ns, ... Such that 

(η,0) - a 
asr—»o. Now let f(n) denote a positive increasing function of n, integral when n 
is integral, such as 
n, ni, n®,..., 2°, 3", ..., 01, gn i a ., 
and let f, denote the value of f(n) for n=n,. The result just stated’suggests the 
following question, which seems to be of considerable interest:—For what forms of 
f(n) is it true that, for any irrational value of 0, and any value of a such that 
Za<1, α sequence n, can be found such that | 


(f,0) > a? 

It is easy to see that, when the increase of f(n) is sufficiently rapid, the result 
suggested will not generally be true. Thus, if f(n)= 2", and @ is a number which, 
when expressed in the binary scale, shows at least & 0’s following upon every 1, it 18 
plain that | 

(270) <$+Axz, | 
where Ἃς is a number which can be made as small as we please by increasing k 
sufficiently. There is thus an “excluded interval” of values of a, the length of 
which can be made as near to 4 as we please. If f(n) = 3" we can obtain an excluded 
interval whose length is as near 3 as we please, and so on, while if f(n)=n! it is 
(as is well known) possible to choose θ so that (n! θ) has a unique limit. Thus 


(n!e)—» 0. 
2. The first object of this investigation has been to prove the following 
theorem :— | | 
Theorem 1. If f(n) ts a polynomial in n, with integral coefficients, then a 


sequence can be found for which (7,0) — α. 


1912, 4 (with J. E. Littlewood) Proceedings of the Sth Inter- 
national Congress of Mathematicians, Cambridge, 1912, i. 223-9. 
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We shall give the proof in the simple case in which 


I (n) =n’, 
a case which is sufficient to exhibit clearly the fundamental ideas of our analysis. 
Our argument is based on the following general principle, which results from the 
work of Pringsheim and London on double sequences and series*: 


If 7 r, 83 φ,͵ 8» 
are a finite number of functions of the positive integral variables r,s; and if 
lim lim f,,,=a, lim lim dr, =, . | 


ae OD PPD ὃ “» D Υ -Ψ» © 


then we can find a sequence of pairs of numbers 


(71, 81), (a, 8), (1's, 82)... 
such that r;—> 0 , 8; -- 0 .and fr,,s,—> a, r,s, 95, ..., ASIA. 
We shall first apply this principle to prove that a sequence n, can be found 
so that 
(η,θ) -- 0, (n?,0) 40 
simultaneously. We shall, in the argument which follows, omit the brackets in (n, 8), 
etc., 1t being understood always that integers are to be ignored. 


We can choose a sequence ἢ, so that η,θ --»0. The corresponding values n?,6 
are infinite in number, and so have at least one limiting point -£; & may be positive 
or zero, rational or irrational. We can (by restricting ourselves to a subsequence of 
the n,’s) suppose that 

nrO—»0, n*,0 --Ά ξ. 

If € =0, we have what we want. If not we write 


Ἵ. g=(n, + n,) 0, hr, ΞΞ (Ny + n,)* 0. 
Then lim lm /f,,.= co n,0 = 0, 


ὃ »ΟΌ 7.» 00 


lim lim $re= lim (E + n?,0) = 2ξ. 


Hence, by the general principle, we can sie out a new sequence p, such that 
| PprO9—>0, pO — 2ξ. 

Repeating the argument, with n,+p, in the place of n,+n,, we are led to a 
sequence qr such that : 

gr9—>0, ᾳφ,,θ--, 3E; 
and it is plain that by proceeding in this way sufficiently often we can arrive at 
a sequence 7,,, such that | 
ny pO—>0, πη, κθ--Κ ξ, 
for any integral value of k. 

Now whatever number ἕ is, rational or irrational, we can find a sequence k, 
such that | 
k,& - 0 ᾿ 
88 8-οο. Then ᾿ 
lim’ lim Tn 9 = lim 0 =0, 


SO P-PFO 8-» 0 


lim lim n’,,, θ = lim k,&=0. 


ὃ “» wo Υ -ὃ» ὦ 


* Pringsheim, Sitzungsberichte der k. b. Akademie der Wiss. zu Miinchen, vol. 27, p. 101, and Math. 
Annalen, vol. 53, p. 289; London, Math. Annalen, ibid., p. 322. 
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Applying the general principle once more we deduce a sequence of values of n for 
which (28) — 0, (n?6) —> 0 simultaneously. 


When we have proved that there is a sequence n, for which πἢ,θ — 0, it 18 very 
easy to define a sequence »,n,, where ν, is an integer depending on 7, which gives 
any arbitrary a as a limit. We thus complete the proof.of Theorem 1 in the case 
J (n) =n, An analogous method may be applied in the case of the general power nk. 
As in the course of this proof we obtain a sequence for which 


n6—->0, n2?6-0, ..., πθ-»0 


simultaneously, we thus prove the theorem when a=0 for the general polynomial 7 (n). 
The extension to the case a>0 may be effected on the same lines as in the case 
f(n)=n*, but it is more elegant to complete the proof by means of the theorems of 
the next section. 


It may be observed that the relation 
nO —» 0 


may be satisfied uniformly for all values of 9, rational or irrational; that is to say, 
given any positive ε, a number N (e) can be found such that 


nO<e 


for every 6 and some n, which depends on ε and @ but is less that N(e). Similar 
results may be established for n?0, n°, .... The chief interest of this result lies in 
the fact that it shows that there must be some function $(n), independent of 0, which 
tends to zero as Ἢ -- οὐ and is such that for every @ there is an infinity of values of n 


for which 
n?O < h(n)*. 


3. The following generalisation of the theorem quoted at the beginning of § 1 
was first proved by Kronecker+ :— 


If 0, 6, ψ, ... are any number of linearly independent trrationals (1.6. if no 

relation of the type | 
αθεῦφ οψΨ τ... Ξ0, 
where a, b,c, ... are integers, not all zero, holds between 0, φ, Ψ, ...), and tf a, β, Ὑ, ... 
are any numbers between 0 and 1 (0 included), then a sequence n, can be found 
such that 
NOAA, WP >B, poy, ... 

This theorem, together with the results of § 2, at once Eien the truth of the 

following theorem :— 


Theorem 2. Jf 0, φ, Ψ, ... are linearly independent irrationals, and 
Φ 
ᾶι, βι, γι: te ({-Ξ1, 2, eee, k) 


* It is well known that, in the case of πθ, ¢(n) may be taken to be 1/n. No such simple result holds 
when a>0: exception has to be made of certain aggregates of values of θ. On the other hand, if θ is a 
fixed irrational, the relation πθ -»>a holds uniformly with respect to a. All these results suggest 
numerous generalisations. 

+ Werke, vol. 8, p. 81. The theorem has been rediscovered independently by various authors, e.g. by 
Borel, F. Riesz, and Bohr (see for example Borel, Legons sur les séries divergentes, Ὁ. 135, and F. Riesz, 
Comptes Rendus, vol. 139, p. 459). 


226 G. H. HARDY AND J. E, LITTLEWOOD 


k sets of numbers all lying between 0 and 1 (0 included), then it 1s possible to find 
a sequence of values of n for which 

nO—+a, πῷ -- βι, npoy, ..., 

VO», bd »B,, Nab, ..., 

nd ya,, n*p—>»By, Noy, .... 

This theorem we prove by means of two inductions, the first from the case of k sets 
αι, Bi, γι» ... to the case of k+1 sets in which the numbers of the last set are all zero, 
the second from this last case to the general case of k +1 sets. The principles which 
we employ do not differ from those used in the proof of the simpler propositions 
discussed in. § 2. 


4, The investigations whose results are summarised in the preceding sections 
were originally begun with the idea of obtaining further light as to the behaviour of 
the series 

: Lerner Sener 
from the point of view of convergence, summability, and so forth. If we write* 
9 = Σ οἰ τὐρθπὶς ς WY oer, 5 ὦ = Σ (- 1}»-ὶ tori 
vn ven vsn 

It is obvious that, if s, is any one of s,”, ..., then s,=O(n). If 6 is rational, either 
8, = Ο (5) or 8, = A, +0 (1), where A is a constant: the cases may be differentiated 
by means or the well known formulae for “Gauss’s sums.” Similar remarks apply to 
the higher series in which (e.g.) νῖ is replaced by »’*, ν', .... The results of the 
preceding sections have led us to a proof of 


Theorem 3. If 0 is irrational, then s,=0(n): the same result is true for the 
corresponding higher sums. 

The argument by which we prove this theorem has a curious and unexpected 
application to the theory of the Riemann £-function ; it enables us to replace Mellin’s 
result ζ (1 - ἐδ) = O (log |t|)t by 

ξ( + t) = 0 (log |¢|). 


Theorem 4. Theorem 3 is the best possible theorem of its kind, that is to say 
the o(n) which occurs in it cannot be replaced by O(nd), where ᾧ is any definite 
function of n, the same for all 6's, which tends to zero as ἢ -- 0, 


But although Theorem 3 contains the most that is true for all irrational 6’s, it 
is possible to prove much more precise results for special classes of 6’s. Here we use 
methods of a less elementary (though in reality much easier) type than are required 
for Theorem 3, the proof of which is intricate. 


In Chap. 3 of his Calcul des Résidust M. Lindelof gives a very elegant proof of 


the formula 
q-1 ‘an pol 
Σ ον» ίϊᾳ — af (=) 3 e-arilp 
0 P/ 9 
* The notation is chosen so as to run parallel with Tannery and Molk’s notation for the 9-functions: n 
is not hecessarily an integer. 
+ Landau, Handbuch der Lehre-von der Verteilung der Primzahlen, p. 167. 
t pp. 78 et seq. 
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of Genocchi and Schaar. Here p and q are integers of which one is even and the 
other odd. By a suitable modification of Lindelof’ s argument, we establish the 


formula, 0 
ay al 5) 0 (1) 
(6) = (5) 5 (- 5) + Sar 


where @ is an irrational number, which we may suppose to lie between —1 and 1, 
r is one of 2, 3, 4, A, a corresponding one of the same numbers, and O (1) stands for 
a function of n and θ less in numerical value than an absolute constant. 


We observe also that the substitution of 9+ 1 for θ᾽ merely permutes the indices 
2,3, 4, and that the substitution of -- θ for @ changes s, into its conjugate. If now 
we write @ in the form of a simple continued fraction : 


111 

Q,+ Ag+ Ag+...’ 

1 1 
ane Pee. ΠΡ στ 
i ἰὼ a,+0,’ 1 ἀ,..-8, 


we obtain 


& 0)=./ (3) (5) sar 0) + Oe 


- (a) 8 inal + 766, wey 


-ν (aha) Seal ὁ 90 [{91 χδαν Ὁ χα 


and so on. We can continue this process until ηθθ,θ,.... «1, when the first term 
vanishes, and we are left with an upper limit for | s,_| the further study of which 


_ depends merely on an analysis of the continued fraction. 


We thus arrive at easy proofs of Theorems 3 and 4 for k= 2. We can ΠῚ prove 


Theorem 5. If the partial quotients a, of the continued fraction for 6 are 
lumited* then s, (6) τΞ- Ο (νη). In particular this 1s true of θ is a quadratic surd, 
pure or mized. 


5. The question naturally arises whether Theorem 5 is the best possible of its 
kind. The answer to this question is given by _ 


Theorem 6. Jf 0 5 any irrational number, it is possible to find a constant H 
and an infinity of values of n such that 
| Sn (0)| > Η νη. 
The same ts true of all Cesdro’s means formed from the series. 


The attempt to prove this theorem leads us to a problem which is very interesting 
in itself, namely that of the behaviour of the modular functions 


Sq" a, Sq”, Z(—1)"-1 gq” 


as q tends along a radius vector to an “irrational place” ¢ on the unit circle. If 
J (q) denotes any one of these functions, it is trivial that 


f(y =9 (ᾳ -|q|)7 Ὁ}. 


* This hypothesis may be generalised widely. 


228 G. H. HARDY AND J. E. LITTLEWOOD 


If q tends to a rational place, it is known that f(q) tends to a limit or becomes 
definitely infinite of order 4. By arguments depending upon the formulae of 
transformation of the 3-functions, and similar in principle to, though simpler than, 
those of § 4, we prove 


Theorem 7. When q tends to any irrational place on the circle of convergence, 


f(g) Ξ οίᾳ —|¢|)~#- 


No better result than this is true in general. If q—»e™', where 6 is one of the 
trrationals defined in Theorem 5, then 


f(@=0 (1 --ἰᾳ|).3} 
Further, whatever be the value of 0, we can find a a constant H and an infinity of values 
of |q|, tending to unity, such that 


IS@|>H (( ἀπ ἐ 


In so far as these results assign upper limits for | f(q)|, they could be deduced 
from our previous theorems. But the remaining results are new, and Theorem 6 is 
a corollary of the last of them. Another interesting corollary is 


Theorem 8. The series 
Sn74 el” - })*6ri Σ, ἃ eroni Σ fe 1)" nt eon 


where 0 is irrational, and a}, can never be convergent, or summable by any of 
Cesaro’s means. | 


On the other hand, if a>4, these series are each certainly convergent for an 
everywhere dense set of values of 6. They are connected with definite tee of 
an interesting type: for example 


Σ {Ξ|1} Ὁ en ont — “, (£) | ᾿ e~*** log (4 cos? wa) da, 


1 n 


where ὦ = ν(θπ), whenever the series is convergent. 


6. We have also considered series of the types %(n0), (nO), .... . It is 
convenient to write 


[n6}=(n8)—4, so= Σ {v0}. 
Arithmetic arguments analogous to those used in proving Theorems 3 and 4 


lead to 


Theorem 9. If 6 is any irrational number, then s,=0(n). The same result 
holds for the series in which v ts replaced by v*, v*, ..., v*, ...*. Further, this result ts 
the best possible of its kind. . 


* This result, in the case k=1, has (as was kindly pointed out to us by Prof. Landau) been given by 
Sierpinski (see the Jahrbuch tiber die Fortschritte der Math., 1909, p. 221). Similar results hold for the 


function 
στα -ἶσ- αἹ - 4 
which reduces to {5} for a=0. 
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When k=1, we can obtain more precise results analogous to those of § 4, 5. 
The series Σ {n6} behaves, in many ways, like the series Se’, The réle of the 
formula of Genocchi and Schaar is now assumed by Gauss’s formula 

ἄτῃ ἐφτῦ) 
Σ [Ἔ] + Σ Ξ 1- ἐ(» =-1)(q— 1), 
where p, ᾧ are odd integers. Taking this formula as our starting point we easily 
prove Theorem 9 in the case k=1. Further, we obtain 


Theorem 10. 70,0 1s an irrational number of the type defined in Fheorem 5, 
then 8, = O (log n). 

This corresponds to Theorem 5. When we come to Theorem 6 the analogy 
begins to fail. We are ‘not able to show that, for every irrational @ (or even for 
every θ of the special class of Theorem 5), s, is sometimes effectively of the order of 
log n. The class in question includes values of @ for which this is so, but, for any- 
thing we have proved to the contrary, there may be values of 6 for which s, = O (1). 
And when we consider, instead of s,, the corresponding Cesaro mean of order 1, this 
phenomenon does actually occur. While engaged on the attempt to elucidate these 
questions we have found a curious result which seems of sufficient interest to be 
mentioned separately. It is that 

Σ {v0}? = n+ 0 (1) 
yen 
for all irrational values of 6. When we consider the great irregularity and obscurity 
of the behaviour of = {v6}, it is not a little surprising that Σ {v6}? (and presumably 
the corresponding sums with higher even powers) should behave with such marked 
regularity. 


7. The exceedingly curious results given by the transformation formulae for 
the series De®, Σ {20} suggest naturally the attempt to find similar formulae for 
the higher series. It is possible, by a further modification of Lindeléf’s argument, 
to obtain a relation between the two sums 


n m 

Derr, Dyu-t e 7 Kp ni 
where K = (82/276). The relation thus obtained gives no information about the 
first series that is not trivial. We can however deduce the non-trivial result 


ΣΟΙ = Ο (n?). 


Similar remarks apply to the higher series Ser and to the series Σ {n*6}, where 
k>1. But it does not seem probable that we can make much progress on these lines 


with any of our main problems. 

In conclusion we may say that (with the kind assistance of Dr W. W. ἄτερ, 
Librarian of Trinity College, and Mr J. T. Dufton, of Trinity College) we have 
tabulated the values of (n?6) i the first 500 values of n, in the cases 

θ = = ‘31622776..., d=e. 


The distribution of these values shows striking irregularities which encourage a 
closer scrutiny. 


COMMENTS 


This communication to the 1912 Congresst is mainly a summary of the principal results of 
1914, 2 and 1914, 3, though the proofs of Theorems 9 and 10 were not published until 1922, 
6 and 1922, 9. 

§ 4. The footnote to Theorem 5 does not mean that the same result can be proved under 
a@ more general hypothesis, but that other hypotheses could be made about @ which would 
imply similar (but weaker) results. Such results were given in 1914, 3 and 1922, 5. 

§ 6. The statement concerning &{v6}* is erroneous and was corrected in the last sentence of 
1922, 6. The correct form appears as Theorem 11 of 1922, 9. 

§ 7. For some remarks on more general transformation formulae, such as that for De’™* 
mentioned in the text, see the comments on 1914, 3. 

The final sentence does not seem to have given rise to any further investigation, and it 
would be of interest to know in what senses the fractional parts of 70 are less well distributed 
than those of ηθ. 


t Some of the results had been briefly communicated to the London Mathematical Society at its 
meeting on 8 February 1912 (see Proc. 11 (1912), xxi—xxii). 
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By | 
G. H. HARDY and J. E. LITTLEWOOD, 


TRINITY COLLEGE, CAMBRIDGE. 


I. 
| The fractional part of n*0. 


1.0 -- Introduction. 

I.00. Let us denote by [z] and (x) the integral and fractional parts of z, 

so that 
(x) =2—[x],, oX(x)<x. 

Let 9 be an irrational number, and a@ any number such that o<oa<1. 
Then it is well known that it is possible to find a sequence of positive integers” 
N14, NM, 4... such that | 
(x . oor) (Nr 0) — a 


as r— 0. 

It is necessary to insert a few words of explanation as to the meaning 
to be attributed to relations such as (1.001), here and elsewhere in the paper, 
in the particular case in which a=o. The formula (1.001), when a>o0, asserts 
that, given any positive number ¢, we can find r, so that 


—é<(n-0)—a<e (r>1»). 


The points (n,6@) may lie on either side of a. But (n,@) is never negative, and 
so, in the particular case in which a = 0, the formula, if interpreted in the obvious 
manner, asserts more than this, viz. that | 


o<(nm,0)<e (γῈ Τὴ). 


1914, 2 (with J. E. Littlewood) Acta Mathematica, 37, 155-91. 
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The obvious interpretation therefore gives rise to a distinction between the value 
@ =o and other values of « which would be exceedingly inconvenient in our 
subsequent analysis. | 

These difficulties may be avoided by agreeing that, when a --- ο, the formula 
(x.001) is to be interpreted as meaning ‘the set of points (n,@) has, as its sole 
limiting point or points, one or both of the points I and O°, that is to say as imp- 
ying that, for any r greater than 70, one or other of the inequalities 


o<(n-0)<6, 1—ée< (η,θ) <1 


is satisfied. In the particular case alluded to above, this question of interpreta- 
tion happens to be of no importance: our assertion is true on either inter- 
pretation. But in some of our later theorems the distinction is of vital im- 
portance. | 


Now let f(n) denote a positive increasing function of n, integral when ἢ is | 


integral, such as 

nN, n?, n3,--- 2%, 3%,---, m1, 2, +++ 22",--- 
The result stated at the beginning suggests the following question, which seems 
to be of considerable interest: — For what forms of f(n) is it true that, for any 
irrational 0, and any value of a such that o<a<1, a sequence (,) can be found 
such that 


(x. 002) (f (re) 0) ---αἴ 


It is easy to see. that when the increase of /(n) is sufficiently rapid the 
result suggested will not always. be true. Thus if f(m) = 25 and @ is a number 
which, expressed in the binary scale, shows at least k o’s following upon every 1, 
it is plain that 


(2" 0) <= ες: 


when 4, is ἃ number which can be made as small as we please by increasing ἃ 
sufficiently. There is thus an »excluded interval» of values of a, the length of 
which can be made as near to ᾧ as we please. Iff(n) = 3" we can obtain an ex- 
cluded interval whose length is as near to 3 as we please, and so on; while if 
f(n)=n! it is (as is well known) possible to choose @ so that (n!0) tends toa 
unique limit. Thus (n!e)—o. 

At the end of the paper we shall return to the genera] problem. The im- 
mediate object with which this paper was begun, however, was to determine whe- 
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ther the relation (1.002) always holds (if @ is irrational) when f(n) is a power of 

ἢ, and we shall be for the most part concerned with this special form of f(n). 
1.or. The following generalisation of the theorem expressed by (1. oor) was 

first proved by KRoNECKER.! | 


Theorem 1.01. If 6,,02,-:-Om are linearly independent irrationals (1. 6. if no 
relation. of the type 


a,9, + @,0; -Έ 0. + AmOIOm + Am41= 0, 


where @,,@,,°:‘Gm+1 are integers, not all zero, holds between 0,,0,,---Om), and αι, 
Oy, """ Om are numbers such that 0 <ap<1, then a sequence (n,) can be found such that 


(η,θ,) > a, (1, 0,) — ἀν, +++, (Mr Im) > Om, 


asr—0o. Further, in the special case when all the a’s are zero, it 1s unnecessary to 
make any restrictive hypothesis concerning the @s, or even to suppose them irrational. 
This theorem at once suggests that the solution of the proviem stated at 
the end of r.00 may be generalised as follows. 
Theorem 1.011. Jf 6,,0,,---O0m are linearly independent irrationals, aa 
the a’s are any numbers such that o<a<1, then a sequence (n,) can be found 


such that 


(nr, )— ας.» (nr 9, )> 2, ee (πη, Om) — O1m; 
(n7O,) > O21, (MF θ,)--ἰ 32»... (N2 0m) > Cam} 
(x. Orr) 


(n¥ 0,)> on, (πξ 0,)— one, μ΄ (πῇ Om) — Ohm - 


1 Kronecker, Berliner Sitzungsberichte, 11 Dec. 1884; Werke, vol. 3, p. 49. 

A number of special cases of the theorem were known before. That in which all the 
a’g are zero was given by Diricuuet (Berliner Sitzungsberichte, 14 April 1842, Werke, vol. 1: 
p. 635). Who first stated explicitly the special theorems in which m =1 we have been unable 
to discover. Diricuuet (1. c.) refers to the simplest as »langst bekannt»: it is of course an immediate 
consequence of the elementary theory of simple continued fractions. See also Mixxowskx1, 
»>Diophantische Approximation», pp. 2, 7 Kronecxer’s general theorem has been rediscovered 
independently by several writers. See e.g. Borex, Legons sur les séries divergentes, Ὁ. 135; F. Riesz, 
Comptes Rendus, 29 Aug. 1904. Some of the ideas of which we make most use are very similar 
to those of the latter paper. It should be added that Diricuuer’s and Kronecxer’s theorems 
are presented by them merely as particular cases of more general theorems, which however 
represent extensions of the theory in a direction different from that with which we are con- 
cerned. 

A number of very beautiful applications of Kronecxer’s theorem to the theory of the 
Riemann (€-function have been made by H. Bonur. 
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Further, if the a’s are all zero, it is unnecessary to suppose the 0’s restricted in 
any way. | | 

1.02. This theorem is the principal result of the paper: it is proved in 
section 1.2. The remainder of the paper falls into three parts. The first of 
these (section 1.1) consists of a discussion and proof of KRoNECKER’s theorem. 
We have thought it worth while to devote some space to this for two reasons. 
In the first place our proof of theorem 1.011 proceeds by induction from k to 
k +1, and it seems desirable for the sake of completeness to give some account 
of the methods by which the theorem is established in the case k= 1. In the 
second place the theorem for this case possesses an interest and importance suffic- 
ient to justify any attempt to throw new light upon it; and the ideas involved 
in the various proofs which we shall discuss are such as are important in the 
further developments of the theory. We believe, moreover, that the proof we 
give is considerably simpler than any hitherto published. 

The second of the remaining parts of the paper (section 1.3) is devoted to 
the question of the rapidity with which the numbers (n*6,) in the scheme (1. O11) 
tend to their respective limits. Our discussion of the problems of this section is 
very tentative, and the results very incomplete;! and something of the same 
kind may be felt about the paper as a whole. We have not solved the problems 
which we attack in this paper with anything like the definiteness with which 
we solve those to which our second paper is devoted. The fact is, however, that 
the first paper deals with questions which, in spite of their more elementary 
appearance, are in reality far more difficult than those of the second. Finally, 
the last section (1.4) contains some results the investigation of which was sug- 
gested to us by an interesting theorem proved by F. Bernstein.? The disting- 
uishing features of these results are that they are concerned with a single irrat- 
ional @ and with sequences which are not of the form (n*@), and that they 
hold for almost all values of 0,1. 6. for all values except those which belong to 
an exceptional and unspecified set of measure zero. 


1.x1— Kronecker’s Theorem. 


1.10. KRONECKER’S theorem falls naturally into two cases, according as to 
whether or not all the a’s are zero. We begin by considering the simpler case, 


+ Some of the results that we do obtain, however, are important from the point of view 
of applications to the theory of the series 2 en¥0i and that of the Riemann C€-function. It was 
in part the possibility of these applications that led us to the researches whose results are given 
in the present paper. The applications themselves will, we hope, be given in a later paper. 

3. Math.. Annalen, vol. 71, p. 421. 
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when all the a’s are zero. Unlike most of the theorems with which we are con- 


cerned, this is not proved by induction, and there is practically no difference 
between the cases of one and of sevéral variables. The proof given is DIRIcH-. 
LET’S. | 

Let z denote the number which differs from x by an integer and which is 
such that —4<z<4. Then the theorem to be proved is equivalent to the theo- 
rem -that, given any integers g and N, we can find an ἢ not less than N and 
such that | 


[π9.} 4 1/9, [nO,|< 1/9, ++, [Om |< 1/9. 


Let us first suppose that N=1. Let R be the region in m-dimensional space 
for which each coordinate ranges from ὁ to 1. Let the range of each coordinate 
be divided into φ equal parts: R is then divided into g” parts. Consider now 
the g™+1 points 


ΠΤ ae ba Wise aie. 


There must be one part of R which contains two points; let the corresponding 


values of » be v, and »,. Then clearly 


| (% = 2) OLS τίᾳ, M(H = %2) O21 S 2/9, """ (σι τ-- 2) θ,.} S 1/9, 
and ΟΠ |[vy,—yv,]>1. 
We have therefor only to take n=|v,— »,|. We observe that we have also 
nSq”, 


a result to which we shall have occasion to return in section 1. 3. 

If N>x we have only to consider the points (vy NV 0,),(vN0,),--- instead of 
the points (»νθ,), (v9@,),---. 

1.1z. We turn now to the case when the a’s are not aj] necessarily zero. 
In this case the necessity of the hypothesis that the 6’s are linearly independent 
is obvious, for the existence of a linear relation between the 6’s would plainly 
involve that of a corresponding relation between the a’s; naturally, also, the added 
restriction makes the theorem much more difficult than the one just proved. 

Our proof proceeds by induction from m to m + 1; it is therefore important 
to discuss the case m=1. The result for this case may be proved in a variety 
of ways, of which we select four which seem to us to be worthy of separate dis- 
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cussion. These proofs are all simple, and each has special advantages of its own. 
It is important for us to consider very carefully the ideas involved in them with 
a view to selecting those which lend themselves most. readily to generalisation. 
For example, it is essential that our proof should make no appeal to the theory 
of continued fractions. “ΓΝ 

(a). The first proof is due to ΚΑΟΝΈΟΚΕΕ. It follows from the result of 
I.10, with m=—1, or from the theory of continued fractions, that we can find 
an arbitrarily large 4 such that 


q 4 
and so | 
(1. 111) φθ --- Ῥ -Ξ δ(ᾳ. 
where 

[[«:. 


It is possible to express any integer, and in particular the integer {4 αὶ 
nearest to ga, in the form 


qn, + pn 


where n and ἢ, are integers, and |n|<gq/2. From the two equations 


qo—p=d/q, qn,+ pn={qa; 


we obtain 
no I 
a era es δὴ [ὁ {«τ, 
and so 
| ποι «φί(ηθ +n, —a) <I, 
or 


[ (η 0) --- αἱ «τ|ᾳ. 
If we write y= ἘΦ and use (1.111), we see that 


[ (ν 0) --- α « 2|φ, [2 «»ν « 3q/2; 


so that | 
|(v 0) — a] < 3/y 
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for some value of » between g/z2 and 3q/2. This evidently establishes the truth οὗ 
the theorem. ἐς ὃ 

If we attempt to extend this proof to the case of several variables we find 
nothing to correspond to the equation 


{qay=qn, + pn. 


But KRoNECKER’S proof has, as against the proofs we shall now discuss, the very 
important advantage of furnishing a definite result as to the order of the ap- 
proximation, a point to which we shall return in 1.3. 7 

(b). Let ε be an arbitrary positive constant. By the result of 1.10, we 
can find an n such that 0<0,<e or 1—é<6,<1, where 6,=(n0). Since @ is 
irrational, 0, is not zero. Let us suppose that 0<0,<e; the argument is sub- 
stantially the same in the other case. We can find an m such that 


m6,<a<(m+1)4,, 


|m0,—a|<4,; 
and so 
|(nm0)—al<e, 


which proves the theorem. 

(c).t Let S denote the set of points (n@). S', its first derived set, is closed. 
It is moreover plain that, if α is not a point of S', then neither is (a + @) nor 
(α ---- η 0). 

The theorem to be proved is clearly equivalent to the theorem that S' con- 
sists of the continuum (0,1). Suppose that this last theorem is false. Then 
there is a point a which is not a point of S', and therefore an interval con- 
taining a and containing? no point of S’. Consider I, the greatest possible 
such interval containing α.58 The interval obtained by translating I through a 
distance 0, any number of times in either direction,* must, hy what was said 
above, also contain no point of S'’. But the interval thus obtained cannot over- 
lap with I, for then I would not be the »greatest possible» interval of its kind. 


1 This proof was discovered independently by F. Riesz, but, so far as we know, has 
not been published. 

3 In its interior, in the strict sense. 

δ The existence of such a »greatest Boserbler interval is easily established by the classical 
argument of DEpEKIND. 

‘ Taking the congruent interval in (0,1). This interval may possibly consist οὗ two separ- 
ate portions (0, €,), and (&s, 1). | 
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Hence, if we consider a series of [1/0] translations, where ὃ is the length of I, 
it is clear that two of the corresponding [1/0] +1 intervals must coincide. 


Clearly this can only happen if 0 is rational, which is contrary to our hypothesis. . 


(4). We argue as before that, if the theorem is false, there is an interval 
I, of length 2¢ and middle point a, containing no point of S'’. By the result 
of 1.10 we can find ἢ so that, if 6, = (n0), then 0<6,<é or 1—é<0,<1. 

By the reasoning used in (c) it appears that the interval obtained by trans- 
lating I through a distance @;, any number of times in either direction, must 
contain no point of S’. But since each new interval overlaps with the preceding 
one it is clear that after a certain number of translations we shall have covered 
the whole interval o to 1 by intervals containing no point of S’, and shall thus 
have arrived at a contradiction. | . 
| 1.12. Let us compare the three last proofs. It is clear that (δ) is consid- 
erably the simplest, and that (d) appears to contain the essential idea of (ὃ) 
together with added difficulties of its own. It appears also that, in point of 
simplicity, there is not very much to choose between (c) and (d), and that (c) has 


a theoretical advantage over (d) in that it dispenses the assumption of the 


theorem for the case «=o, an assumption which is made not only in (δ) and (d), 
but also in (a).. When, however, we consider the theorem for several variables, 
it seems that (δ) does not lend itself to direct extension at all, that the com- 
plexity of the region corresponding to I in (c) leads to serious difficulties, and 
that (d) provides the simplest line of argument. It is accordingly this line of 
argument which we shall follow in our discussion of the general case of KRon- 
ECKER’s theorem. | 

1.13. We pass now to the general case of KRONECKER’s theorem. We shall 
give a proof by induction. For the sake of simplicity of exposition we shall 
deduce the theorems for three independent irrationals 6, φ, Ψ, from that for 
two. It will be obvious that the same proof gives the general induction from n to 
n+ 1 irrationals. τ | 

We wish to show that if we form the set S of points within the cube 
o<a<1,0<y<1,0<2<1, which are congruent with 


(8, φ, W), (20, 2p, 2), ----." (n@, np, ny), --- 


then every point of the cube is a point of the first derived set S’. It is plain 
that, if (a, 8, y) is not a point of S, then neither 18. ((α + n@), (8 + ng), (y + nW)) 
nor ((α --- 50), (8 —ng), (y—ny)). If now our theorem is not true, there must exist 
a sphere, of centre (a, 8, y) and radius ρ, which contains! no point of S’. By 


* Within or upon the boundary. 
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the result of r.10, there is an » such that the distance ὃ of ((n9), (ng), (nW)) 
or (0,, 91, W,) from one of the vertices of the cube is less than 9/ V2. Let us sup- 
pose, for example, that the vertex in question is the point (0, 0, 0). Consider 
the straight line | 


(1. 131) | πα ψ--β 2- 


θ, ᾿ς Py YW, 


and the infinite cylinder of radius ὃ with this line as axis. It is clear that the 
finite cylinder C obtained by taking a length ὃ on either side of (a, 8, γ) is en- 
tirely contained in the sphere and therefore contains no point of S'’. Hence the 
cylinder obtained by translating C through (6,, 9,, Ψι), any number of times in 
either direction, also contains no point of S', so that, since each new position of 
C overlaps with the preceding, the whole of the infinite cylinder, or rather of 
the congruent portions of the cube, is free from points of ϑ'. 

Let us now consider the intersections of the totality of straight lines in 
the cube, which are congruent with portions of the axis of the cylinder, with 
an arbitrary plane z=2,. We shall show that they are everywhere dense in 
the square in which the plane cuts the cube, whence clearly follows that πὸ 
point of the cube is a point of S', and so a contradiction which establishes the. 
theorem. | | 

The intersections (y,z) are congruent with the intersections of the axis 
(x.131) with | | 


e=a,t+v, (vy=-::-,—2,—I1,0,1, 2,°°"), 
and so they are the points congruent with 


᾿ (%.—a)P, | VP: (%— a) Y, yyy 
ger eg τ, oe ape 


But, under our hypothesis, φ, /0, and Ψ, /0, are linearly independent irrationals, 
and so, by the theorem for two irrationals, this set of points is everywhere 
dense in the square. The proof is thus completed. . 

1.14. We add two further remarks on the subject of KRoNECKER’s theo- 
rem, in which, for the sake of simplicity of statement, we confine ourselves to 
the case of two linearly independent irrationals 0, 9. 

(a) Suppose that o<a<1, 0o<P<1. KRONECKER’s theorem asserts the exis- 
tence of a sequence (n,) such that (n,0)—a, (n.~)-—- 8. Let us choose a se- 
quence of points | | 


(an, Bu), (eI, 2, 3,..., 
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such that | 
| Oy >a, Bu >PB, Gua, βμ-- 8. 


There is, for any value of μ, a sequence (n,,) such that 


(%29)— Gy, (Neuf) — Bu, 


as s—oo. From this it is easy to deduce the existence of a sequence (n,) for 
which (n,@) and (n,-g) tend to the limits a and β and are always greater than 
those limits, so that the direction of approach to the limit is in each case from 
the right hand side.' Similarly, of course, we can establish the existence of a 
sequence giving, for either 0 or @, either a right-handed or a left-handed ap- 
proach to the limit. 


If we apply similar reasoning to the case in which a or @ or both are zero: 


we see that, when @ and ¢ are linearly independent irrationals, we may abandon 
the convention with respect to.the particular value o which was adopted in 1. 00, 
and assert that there is a sequence for which (n@)—a and (ng)— 8, α and β 
having any values between o and 1, both values included, and the formulae 
having the ordinary interpretation. This result is to be carefully distinguished 
from that of 1.10. The latter is, the former is not, true without restriction on 
the 6’s, as may be seen at once, by considering the case in which g = — 0. 

(0). It is easy to deduce from KRronecKER’s theorem a further theorem, 
which may be stated as follows:? 7 we take any portion y of the square o< x <1, 
o<y<z1, bounded by a finite number of regular curves, and of area ὃ; and if we 
denote by N,(n) the number of the points 


((ν6), (ν φ)), (ν ΞΞῚ, 2, "" nN), 


‘which fall inside y; then 


N,(n)~wdn 
as Nn—, 

This result, when compared with the various theorems of this paper, sug- 
gests a whole series’ of further theorems. The proofs of these appear likely to be 
very difficult, and we have, up to the present, considered only the case of a 
single irrational 0. We have proved that, if N,(n) denotes the number of the 
points | 

(»" 6), (y=1, 2," η), 


1 The reasoning by which this is established is essentially the same as that of 1. 20. 

* This is a known theorem. For a proof and references see the tract ‘The Riemann 
Zeta-function and the Theory of Prime Numbers’, by H. Bour and J. E. Lirrtewoop, shortly to 
be published in the Cambridge Tracts in Mathematics and Mathematical Physics. 
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which fall inside a segment y of (0, 1), of length ὃ, then N,(n)~odn. This re- 
sult may be compared with that of Theorem 1.483 at the end of the paper. 
But results of this character will find a more natural place among our later 
investigations than among those of which we are now giving an account. 


1.2. — The generalisation of Kronecker’s theorem. 


1.20. We proceed now to the proof of theorem 1.011. Our argument is 
based on the following general principle, which results from the work of Prines- 
HEIM and Lonpon on double sequences and series.! 


1.20. If 
lim lim --- lim = fp(r,, 71», “Υλ} = Ap, (Ῥ ΞΞῚ, 2, °°: M), 
1 > OT, > 0 γκ 00 


then we can find a sequence of sets (rin, fen, **'Tkn) such that, as n>, 


Tan ®, (q=I, 2," 1), 
and 


fn (Tins Tony °°° kn) Ap, (p= I, 2,°::m). 
We shall show that, if this principle is true for all values of manda part- 


icular &, then it is true for k+ 1. As it is plainly true for ἔτει, we shall 
thus have proved it generally. 


We shall abbreviate ‘lim lim ---lim’ into ‘lim’ , or, when there is 
7,70 1,00 Tk 0 ee 
no danger of confusion, into ‘lim’. 
Let 


lim = fp(1,, 72; “+! Tke1) = Ip (7x41). 
71} 7..." Yk 


Then by hypothesis | 
| Ip (Tk+1) > Ap 


aS Tr41 0. Let us choose an integer 7441,n, greater than 2", for which. 
| fo (Tx41,n) — Ap|<2-"-!, (p=1, 2,-+-m). 


By the principle for k variables, we can find Tiny Ton, :: Tn, all greater than 
2”, and such that 


+ PrinesHetm, Miinchener Sitzungsberichte, vol. 21, p. 101, and Math. Annalen, vol. 53, p. 289; 
Lonpon, Math. Annalen, vol. 53, p. 322. 
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ΤᾺ (Tins Tons’ *° Tkny κε, n) —fo(Tk+1,n)| <2q-n-1, (p = I, 2,-:: m). 


We thus obtain a sequence of sets (rin, 2 η γ᾽" 741,5} Such that every member 
of the n set is greater than 2” and | 
lfo(rin, 72 γι. Tk+1,n) τ 4, « ar, (p =I, 2," m). 


This sequence evidently gives us what we want. 

An important special case of the principle is the following: 

1.201. Jf for ali values of t we can find a.sequence mz, Ἴδε," -, rt: such 
τ that 


fo (mre) ae Age: (p Ae m), 
as r—o, and tf 
Apt— Ay, (p =I, 2," : ™), 
as t—- 0, then there is a sequence (n,) such that 
fn (%s) — Ap, (p =I, 2,°*: mM), 
AS 8--οο. 
‘This is in reality merely a case of the principle that a limiting-point of 
limiting-points is a limiting-point. 
1.21. We consider first the case in which all the a’s are zero, and the 6’s 


are unrestricted. In this case the proof is comparatively simple. 
Theorem 1.21. There is a sequence (n,) such that, as r—o 


(n*O,)— 0, (κοῦ, 2,---k; p=TI, 2,""- Ἠ1). 


We prove this theorem by induction from k to k + 1: we have seen that it 
is true when k=1. We suppose then that there is a sequence (u,) such that 


(1. 211) (u*Op)— 0, (κ ται, 2,::-k; p=, 2,---m). 


The sequence 


(uk+16,), (uk+10,),--- (uFt1Om), (δ = 1, 2,--"), 


has at least one limiting point 9,, 7,,--- Gm; hence, by restricting ourselves to a 
subsequence selected from the sequence (u,), we can obtain a sequence (v,) such 
that, as s—o, 


(v4 Op) — 0, (x <k); (vEt' Oy) — pp; (p = 1, 2,--- Mm). 
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We then have, for «<k +1, 


ἢ (( 5, + νὼ + τ. + »}" Op) = Σ lim. ἔν On) + > Clim Ce eae ον Vg! Oy), 


σι» 85). 8} val 
where the C’s are constants, x, +, +---+*,=x, and x,<k. In virtue of 
(1.211) we can evaluate at once every repeated limit on the right hand side, and 
it is clear that we obtain Ag, or o according as x=k+1 or x<k. It follows 
from the general principle 1.20 that we can find a sequence (n,,), (r= 1, 2...) 
such that, as r—o, 


(n%, Op) 0, (4<k); (Bt) 6p) Ag; (p =1, 2,--- m). 
But, by theorem 1.01, we can find a sequence (A,) such that 


(As Pp) — 0, (p=TI, 2,:-: m); 


and we have only to apply the principle 1.201 to obtain the theorem for k + 1. 

1.22. We pass now to the general case when the a’s are not all zero. We 
have to prove that if 0,,0,,---Om are linearly independent irrationals, there is 
a sequence (n,) such that, as r—o, 


(πη Op) — Op, (A= 1, 2,°°°k; p=, 2,---m). 


We shall prove this by an induction from k to k +1 which proceeds by two 
steps. 

(i). We assume the existence, for a particular k, any number m of 6’s, 
and any corresponding system of a’s, of a sequence giving the scheme of limits 


0, 0, ..... Om 


n Oia O13 . ee ies os Aim 


2]. | 
n Qo Xo « e . . Com 


ΗΝ] chy Oke... - Ohm 


and we prove the existence, for any number m of 6's, and any porrespenme 
system of a’s, of a sequence giving the scheme 
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n ας O12 ΑἹ m 
n* Qo, Og, 2m 
nk Oki αἀκὸ - - . - Akm 
με} go ὁ. .ὄ . . 00. 


It will be understood that neither m, nor the 6’s, nor the a’s are necessarily 
the same in these two schemes, all of them being arbitrary. 

(ii). We then show that we can pass from the last. written scheme of limits 
to the general scheme in which the elements of the last row also are arbitrary. 


1.23. Proof of the first step. To fix our ideas we shall show that we can 


pass from a sequence (n,) giving? 
Nr O— a, Mr P— Bi, NrW—y,, Mr XY? δι, NUN, NI— Cy, 
ni 0 — Oy, Nr P— B, ἨΓΨ --ογ.. nr ¥— 02, Np W— Ts, nzt—- Co, 
to a sequence (m,) giving 


m,9—a,,Mrp— βιὰ. 
mrO—a,,M-p— Bo, 
mrO—-0, mMp—o. 
It will be clear that the argument is in reality of a perfectly general type. 
Suppose we are given a’,, a',, β΄,» β',, and that 0, φ, a',, α';, β΄ ιν, #2, are line- 
arly independent irrationals. Then by hypothesis we can find a sequence giving 
the scheme 


NrO—a',, MP — B',, Nea, —- 0, ἢ, β΄, —-0, Nra',—- 0, Nr B',— 0, 
nib—a',, nep— β',, npa',—-0, πὲ β', --ο. 
Further, the set of points (η20, πὲ φ) has at least one limiting-point (4, μ), and, 


by restricting ourselves to a subsequence of (n,), we may suppose that we have 
also 


niO—+i, nip—u. 


1 In what follows we shall omit the brackets in (nO,.--; it is of course to be under- 
stood that integers are to be ignored. 
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We express all this by saying that we can find a sequence (n,) giving the scheme | 


a's, ae 0, 9, 0, O, 
(x. 221) G's; Bz; ὃ, 0, 


A, wt. 


The sequence (k,), where k,=2n,, gives us the scheme. 


2a',, 2p; Ο, Ο, Ο, Ο, 
! ! 
(1. 222) . 4a); 4P a, O, O, 
«PBA, 8μ. 


By the general principle 1.20, we can find a sequence (/,) giving the scheme 


| lim (π,, + My, Ἔ τ. Ἔ Mey) O, lim (np, + Ne, +--+ Ny) DP, -- 
lim (η,, + Nr, +--+ + Ny, )F 9, | a ie ene Gey pare 
ΤΉΝ ἢ,,ς.)5"0, ἜΣ ᾿ 


where ‘lim’ stands for lim 


T1, 72,°° "78 


Consider the repeated limit 


lim (Mr, + Nr, Ἔ Ὁ Nr), 


T1, 72,:°°T8 
which is easily evaluated with the aid of the table (1. 221). The limit of a term 
nr, is A: that of a ‘cross-term’ | 


Ne; Np, Nr, O (at+b+c=3:a,6,¢<3;1<j9< hk) 


. s | 5 Ἢ τὰ 
is zero, since nr, tends to an a’ or a β', and Nr, a’ and Nr β' tend to zero. Thus 


we obtain the repeated limit 84. In all the other repeated limits the cross-terms 
give zero in the same way, and we see that the sequence (/,) gives the scheme 


! ! 
8a.; 8 8 ,,0, 0,0, 0, 
: 
8a',, 8β',. 0, 0, 


8A , Bu. 


Consider now the repeated limits 


170 G. H. Hardy.and J. E. Littlewood. 


lim (ἰ, + ky, + heey tes + Κρ)" Χ 


TT Tm 
where ~ 


y Sas 0, φ, a's, B's, a's; a3 ἌΞΞῚ, 2, 3. 
All the cross-terms contribute zero as before, and we obtain the scheme 


(8 + 2m)a',, (8 + 2m) B',, 0,0, 0,0, 
(8+ 4m)a’,, (8 +4m) β',, 0,0, 
(89+ 8m)A , (8+ 8m) un, 
or 
6a, +(m+1)2a',, 62, +(m+1)22',, 0;,0,0, 0, 
4a',+(m+1)4a',, 48,+(m+1)48,, 0,0, 
(m+1)8A , (m+ 1)8u. 


It is possible, then, to find a sequence giving this scheme. But now, since it. is 
possible to find a sequence of m’s such that 


(m + 1) y—o, (wy =2a',, 2}9',, 4a’,, 4β',, 8h, 8 zt), 

it follows (in virtue of the principle 1.20) that we can find a sequence giving 
the scheme 

6α',, 6β',, 0, 0,0, 0, 

4a’, 4β'ς, Ο, Ο, 

Oo, 0. 

This gives us what we want (and something more) provided it is possible to 
_ choose | 
! 


I I I I 
Soe ὡς θ᾽, π- εβι; ἀπ, ὅν: Pa ee 


This is the case provided 0, 7, a,, βι, ας, 8, are linearly independent irrationals: 
it remains only to show that this restriction on a,, 8,, ας, 8, may be removed. 
It is obvious, in virtue of the principle 1.20, that this may be done provided 
we can find a sequence (din, Pin, G2n, Ben) such that, for each n, 6, 9, Gin, Bin, 
Gen, Ben are linearly independent irrationals, and such that | 


Qin a; Bin Bi, Coen — ay, Ban— B2. 


Now it is easy to see that there must be points (ain, Pin, Gon, Pon) interior to 
the ‘cube’ with (α,, βι, α2, 8,) 88 centre and of side 2-", and exterior to that 
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with the same centre and of side 2—"—!, and such that 6,9, ain, Bin; Gen, Bon 
are linearly independent irrationals. By selecting one such point corresponding 
to each value of n we obtain a sequence οὗ the kind desired. | 
1.24. Proof of the second step. Here also we shall consider a special case 
for simplicity: the argument is really general. We shall show that we can pass 


from a sequence giving the scheme 


Op WP ¢ 


to one giving 


OQ ῳφ. 
nia, β, 
Wa, B, 
n®| a, B3- 


As in 1.23, we may suppose, without real loss of generality, that 0, φ, 
αι» 8, are linearly independent irrationals. Let (n,) be a sequence giving 


θ Pp a, β, 
I I . 
n - a a 6. 
2°! 5 fi β: 
2 2 
n? O O 3.9 - Ps 
ηὅ] o ο 


1 This argument depends ostensibly on ΖΕΒΜΕΓΟΒ ‘Auswahlsprinzip’ (or  ΒΙΤΕΒΕΑΡ and 
Rosseiu’s ‘Multiplicative Axiom’). This difficulty can however be surmounted with a little trouble. 
It should perhaps be observed that we have ignored several similar points early in the paper: 
in all of these the difficulty is comparatively trivial, and we have only called attention to it 
in the present instance because it occurs in a more serious form than is usual in constructive 
mathematics. | ; 

An alternative line of argument from that in the text proceeds as follows. It is easy 
to show that if at most a finite number of primes are omitted, any four of the sequence 
log 2, log 3, log 5, log 7, log 11,.--, together with @ and 9, form a set of six linearly independent 
irrationals. Moreover it’ can be deduced from known results concerning the distribution of the 
primes that we can find a sequence (log pn, log gn, log rn, log 8n), where pn, qn, rn, and sn are 
primes, such that 


(log pn) — a, (log gn) — Bi, (log rn) — a2, (log sn} — fe. 
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Then 


lim(n, + 25) 0 = lim [= a, +n, 0) =a, 
r,8 r 2 


lim (n, + n,.)? 0 = lim (n, a, + n?0)=a,, 
T,3 rT ᾿ 
lim (ny + m,)°6 = lim (2 n2 a, +730) = ας; 


with similar results for g. It follows by the principle 1.20 that there is a se- 
quence giving the desired scheme, and the proof of the induction, and therefore 
that of the theorem, is completed. 


1.3. — The order of the approximation. 


1.30. We have proved that under certain conditions we can find a sequence 
(n,) such that 


(I. 307) | (NX 0p) Op (X= 1,2,-°-k; p=1,2,---m). 


There are a number of interesting questions which may be asked with regard to 
the rapidity with which the scheme of limits is approached. 

The relations. (1.301) assert that, if we are given 4, there is a function 
D(k,m; 0,,02.,--:Om3 O14, 19, °** Ok: 4)* such that 


| (n* Op) — ας» [«τίλ 


for some ἢ «Φ. It is hardly necessary to observe, after the explanations of 1 . 00, 
that this inequality requires a modification when a, p= 0, which may be express- 
ed roughly by saying that a,» is then to be regarded as a two-valued symbol 
capable of assuming indifferently the values o and 1. 

(ὦ) Does ὦ necessarily depend on the 6’s and a’s: can we for example, find 
a @ independent of the αἰδῇ It will be seen that this last question is answered in 
the affirmative. | 

(ii) Can we assert anything concerning the order of Φ qua function of 4, 

the variables 0 and « being supposed fixed? The same question may be asked 
concerning any ὦ which is independent of the a’s; it should be observed, more- 
over, that the best answer to the latter question does not necessarily give the 
best answer to the former. | | 


eee an cen ee ἜἜἜἝἜὄ  . 
* For shortness we shall write this @(k,m, 4, a, A). 
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Our attempts to answer these questions have not been successful, and such 
results as we have been able to obtain are of a negative character. The ques- 
tion then arises as to whether we can obtain more definite results by imposing 
restrictions on the 6’s or the «’s, by supposing for example that all the a'g are 
zero, or that the 6’s belong to some special class of irrationals. 

(iii) The relations (1.301) imply the truth of the following assertion: there 
is a function g(k,m,0,a,n) which tends to infinity with n, and is such that — 


| (n* Op) — Oxp| < 1/p 


for an infinity of values of n. A series of questions may then be asked concern- 
ing g similar to those which we have stated with reference to ὦ. 

1.31. We shall begin by proving two theorems which are connected with 
the questions (i). The first of them deals with the case in which all the a’s 
are zero, and it will be convenient to use in its statement, as in 1.10, not the 
function (x), but the allied function z. | 

Theorem 1.31. There is a function @(k,m,4), depending only on k, m, and 


A, such that 


| n*Op|<1/A, (x= 1,2,:--k; p=1,2,°--m), 


for some n<@. | 
For suppose that this theorem is false. Then to every r corresponds a set 
of 0’s, say 4,, 4,,°-- Om, such that the inequalities 


(1. 311) |n* Op] «τ! 


are not all true unless n>r. The set of points (0,5 νθ....- Ὁ 2m) has at least 
one limiting point (9,,9,,-::9m), and by restricting ourselves to a subsequence 
of r’s we can make 


,0,..- Op, (Ῥ τοὶ, 2," mM). 


From this it follows that we can choose a number n, which tends to infinity 
with r but so slowly that 


(x . 312) n*| Ip —Op| < 1/24, (p=1,2,°°: Mm). 


Clearly we may suppose that π, “7, and so we have, for an infinity of values 


of r, n,<r and 


(x. 313) n* | Ip — Θρ] < 1/24, (n< nr; x=1,2,°:-k; p =1I,2,-*: Mm). 
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From (1.311) and (1. 313) it follows that the inequalities 
|n* Op|< 1/24 


cannot all be true unless n>n,, and so, since n,-o, cannot be true for any 
value of n. This contradicts Theorem 1.011. 

In the case k =1 it is possible to assert much more than this. It is known, 
and is proved in 1.10, that in this case we may take 


(1. 314) Φ = ({A] + 1)™ 


This problem, in fact, may be regarded as completely solved. When k>1, how- 


ever, the case is very different. We have not even succeeded in finding a defin- 


ite function Φ (λ), the same for all 6’s, such that 
|n?0]<1/A 


for n<@: It would be not unnatural to suppose that the »best possible» 
function! @® is less than KA, where K is an absolute constant. But we have been 
unable to prove this or indeed any definite result as to its order in J. 

_ 1.32. Theorem 1.32. If the 6’s are linearly independent irrationals, it is 
possible to find a function ὦ (k,m,0,2), independent of the α᾽8, such that | 


[ (n* Op) — αν] «1|λ, (x =1,2,---k; p=1,2,---m) 


for some n<@. | | 

That this theorem is true for the special case ες I, m= 1, follows from the 
argument (a) in 1.11. It is easily proved in the most general case by an argu- 
ment resembling, but simpler than, that of 1. 3r. 

If the theorem is untrue, it is possible to find a sequence of sets ( xp) 
(r =1,2,---) for which the inequalities of the theorem do not all hold unless n > r. 
The sequence of sets has at least one limiting set (cx )): let us choose r so that 


| να,» —Onp |< 1/24, (n= 1,2,---k; p=1,2,---m). 
Then clearly the inequalities 


cannot all be true unless n>r, and so, since r is arbitrarily large, cannot all 


be true for any n. This contradicts Theorem 1.011. 


* That is, the function which has, for each value of A, the least possible value. For the 
existence of this function it is necessary. that the sign < above should not be replaced by <. 
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1.33. Let us consider more particularly the case in which k=. 
The equation (1.314) suggests that it may in this case be possible to choose 
for ® a function of the form 


2 (m, 0, a) A™. 


This we believe to be improbable, but we have not succeeded, even when m = 1, 


in obtaining a definite proof. What is certain is that no corresponding result is 
true of the Φ of Theorem 1.32. It is impossible to choose a function 2(m, θ) 


independent of A, and a function y(m, 4) independent of the 6’s, in such a way 
that the Φ of this theorem may be taken to be of the form 


@ = Q(m,6).W (m, A). 


This is ‘shown by the following theorem.? 
Theorem 1.33. Let w (Aa) be an arbitrary function of 4 which tends. steadily to 


infinity with 1. Then it is possible to find irrational numbers 0 for which the asser- 


tion ’there 18 a function 
@(0, A) = 2(0) (a) 
such that, when ἃ ts chosen, the inequality 
|(n 0) -- οἰ « 1τ|λ 


is satisfied, for every a, by some n less than Φ' is false. | 
Suppose that the assertion in question is true. Taking «—1/A, we see that 


(I . 331) —oK< (nd) « 4|λ. 
for some n less then @. 


Let p,/qy be the v-th convergent to the simple sontiued fraction 


Spe pegs 

GA, Ay, ἄς 
which represents 0, so that p,=1, 4, -ς α,ς; and let us consider the system of 
‘intermediate convergents’ | 


Pin. Dont? Pen+1 | 


(o<17r < don42),. 
J2n,r ἢ Goan ΤΥ Jan+1 Set arta 


1 In proving a result of this negative character we may evidently confine ourselves to the 
special case in which m= 1, 
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intercalated between -pon/gen aNd Pon+2/qen+2. These fractions are all less than 


Πρ and increase with r. Also 


Ι 
9-- 3ην Aeny2-—7f 


(1 332) J2n,r Gon,r ince 


where a@'s,42 18 the complete quotient.corresponding to den+2, and 


! Ι 
J 2n42 = Bont2 Jane + Gan- 


Let 
| , _ 24 5.5 
(1. 333) el τ 


where 8 is a particular value of r which we shall fix in a moment. We shall 
suppose Qen+2 large, and 8 also large, but small in comparison with den+2. In 
these circumstances A, will be approximately equal to 2 55. 1- 

We shall now prove that if 


(1.334) 0< (99) « 2|λ, 
then 
(x . 335) ῳ > W2n,s- 


From (1 . 334) it follows that there is a fraction P/Q such that 


P 2 
(I . 336) ο«θ--σ {χ᾽ 
On the other hand 
P2n,s Ἐς 2 


.3 θ --- 
(1 337) q2n,s An Qe2n,s 
If P/Q actually gave a better approximation by defect to 0 than Pon,s/Q2n,s> it 
would follow at once that Q>4qon,.. We may therefore suppose the contrary; 
and then it follows from (1.336) and (1.337) that 


i τὶ 
Hence 
O< Pon,s 9 — Gen,s P < 2 Gon, s/An- 
But 
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I, Q'on+2 Qane1 t+ Gan 
Co = ἘΠῪπ π΄ γ τ τ 


> F2n415 
αἱ 2n τ: τ 8 
and 


755,5 = Y2n + 8Qon+1 <(¢+1)Qenti- 
Hence Pane — dane P is less than 8 + 1, and so 
(1. 338) Pon, Q— JzanzsP =o (9<@<8). 
On the other hand 
Don,s JYan,s—o-— Y2n,s Pan,s—o = @; 
and so | 
Pan,s (Q ἘΠ ζ2η,.-- ο) = G2n,s (P = Pen,s—o)- 


Hence either Q = gens _9, or Q— ae 9 is divisible by gzn,,; and the latter hypo- 
thesis plainly involves that Q > gen,s- 
On the other hand, if Ὁ = qan,.—9, then P = pons—o; and 


finest ue, Cen oO 5 
ρ J2n,s—o J2n+e τἀ Y2n,s—o 


(QO) > 2/hn » 


which contradicts (1.337). Hence in any case Q > dens. 
It is now easy. to complete the proof of the theorem. We have a fortiori 
Q>=s. Also, if dzn+2 is large, and 9 large, but small in comparison with deny, 


An will clearly be less than 442,41. We may suppose for definiteness that 
$= [} don+2). 
We choose a value of @ such that the inequality 


Gon+2>4W(4 Gen+1);* 
is satisfied for an infinity of values of n. Then 
I 
s Ὁ (4 φ2....1}}. 
But if Q, and a fortiori 8, is less than @, we must have 


<{W(4gan41)3" < 2(0) Yin) < 2(0) ψμ(4 gon 41); 


and this is obviously impossible when ἢ is sufficiently large. This completes the 
proof of the theorem. | 
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It should be observed that the success of our argument depends entirely on 
our initial choice of « in such a way that (n@) is small. It would not be evough 
that n@ should be small, that is to say that (n@) should be nearly equal to 
either o or 1: this can of course be secured by choice of an n-less than @, w 
being indeed independent of 0. | 

_ 1.34. We turn now for a moment to the questions concerning 7. If we have 
found a function ὦ (λ) which is continuous and monotonic, the inverse function is 
plainly a φ. The converse, however, is not true, and we cannot, from the existence of 
a Φ of given form, draw any conclusion as to the order of Φ for all values of A. 


This is clear from the fact that, to put it roughly, the existence of p asserts 


an inequality which need only hold very occasionally, and which therefore gives 
us information as to the behaviour of ® only for occasional values of 4. Thus 
the existence of a @ asserts much more than that of the corresponding p. Since 
moreover it will appear (in the third paper of the series) that in applications of 
the present theory it is always the properties of ®, and not those of 9, which 
are relevant, we are justified in regarding theorems concerning ᾧ as of rather 
minor importance. There are, however, one or two results which are worth noticing, 
and which are not deductions from the corresponding results concerning @. It 
should be observed that whereas we wish @ to increase as slowly as possible, we 
wish g to increase as rapidly as possible. 

Theorem 1.340. It ts possible to choose the a’s so that p(m,06,«, n) increases 
with arbitrary rapidity. Moreover the a's may be chosen in an arbitrarily small neigh- 
bourhood of. any set (αι, α3; --- Gm). 

We omit the proof of this theorem, which is easy. 

Theorem 1.341. Jf ται and m= 1, then, provided only that 0 is irrational, 
we may take 


p(n) == 


(a function independent of both 0 and a). | | 
This follows at once from the argument (a) of 1.11. It is natural to sup- 


pose that, when m>1, we may take 
™m™ 
p(n) --- (m) Vn, 


where w(m) depends only on m. But this we have not been able to prove. 

A comparison of Theorems 1.33.and 1.341 shows very clearly the differ- 
ence between theorems involving ® and those involving φ, and the greater depth 
and difficulty of the former. 


ol 
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1.35. Theorem 1.33 shows that it is hopeless to expect any such simple 
result concerning @ as is asserted concerning ᾧ in Theorem 1. 341. It is however 
possible to obtain theorems which inyolve ® and correspond to Theorem 1. 341, 
if we suppose that certain classes of irrationals (as well as the rationals) are 
excluded from the range of variation of 6. In the two theorems which follow it 
is supposed that m=1 and k=r. 

Theorem 1.350. Let 6 be confined to the class of .irrationals whose partial 
quotients are limited, a set which is everywhere dense. Then we may take | 


O =12(6). 


Theorem 1.351. Let 0 be confined to the class of tirrationals whose partial 
quotients ay, satisfy, from a certain value of n onwards, the inequality 


An<nit° (ὃ >0). 
Then we may take, 
Φ = A(log λ}}} δ᾽ 2 (8) 


where δ' is any number greater than ὃ. 

The interest of the last theorem lies in the fact that the set in question is 
of measure 1,1 so that we may take ὦ to be of the form ἃ (log 4)'+*2(6),? 
where « is an arbitrarily small positive-number, for almost all values of 0. 

The proofs of these theorems are simple and depend merely on an adapt- 
ation of KRoNECKER’s argument reproduced in 1.11. Suppose first.that the par- 
tial quotients of 0 are limited. We can choose H so that, when ἃ is assigned, 
there is always a denominator gm of a convergent to @ such that 


(x . 350) 24<Qm< Hi 


We take g = qm. It follows from KRronecKER’s argument that there is for any « 
a number » such that 


I(v@)—al<2/q, g/2<v<3q/2, 


and so 


[(76)—a]<x/a 


for some ¥ / less than a constant multiple of λ. 


i 


' By a theorem of Borer and Bernstern. See Borer, Rendicontt αἱ Palermo, vol. 27, Ρ. 247, 
and Math. Ann., vol. 72, p. 578; Bernstein, Math. Ann., vol. 11, p. 417. 

It is not difficult to replace A(log A)it® by ἃ log A (log log A)I+*, or by the correspond 
ing but more complicated functions of the logarithmic scale. 
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The proof of Theorem 1.351 is very similar. We suppose that 


Im —1_< 2 A < Ym > 
and so 


Gm[m'!+9<24<Qm.- 
There is a constant ρ such that g,, > e?”; and from these facts it follows easily that 
dm <A (log λ)1} δ' 


for sufficiently large values of 4. The proof may now be completed in the same 
manner as that of Theorem 1.350. 

It is natural to suppose that these theorems have analogues when m>,1. But 
our arguments, depending as they do on the theory of continued fractions, do 
not appear to be capable of extension. 3 


1.4. — The general sequence (f(m) 6) and the particular sequence (a”@) 


1.40. We return now to the general sequence (f{(n)6): it will be convenient 
to write A, for f(n). We suppose then that (A,) is an arbitrary increasing sequence 
of numbers whose limit is infinity.? | : 

It would be natural to attempt to prove that, if 0 is irrational and a is any 
number such that 0 <a<1, ἃ. sequence (n,) can be found such that 


(An, 0) — α; 


but ‘we saw in 1.00 that this statement is certainly false, for example when 
An = 2" or ha= Nn! 

The result which is in fact true was suggested to us by a theorem of BERN- 
STEIN,? which runs as follows: 

If dn ts always an integer, then the set of values of 6 for which 


(An @)— 0 


18 of measure zero. 
This result, when considered in conjunction with what we have already 
proved, at once suggests the following theorem. 


| In the introductory remarks of 1.00 we stated our main problem subject to the restrict- 
ion that An is an integer. No such restriction, however, is required in what follows. 
* F. Bernstein, loc. cit. ᾿ ἮΝ | 
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Theorem 1.40. The set of values of 0, for which the set of points (An@) 18 
not everywhere dense in the interval (0,1), 18 of measure zero. | 

In other words, the main question asked in 1.00 may be answered affirm- 
atively if we make exception of a set of measure zero. 

1.41. The proof will be based upon the following lemma. 

Lemma 1.41. Suppose that a finite number of intervals are excluded from the 
continuum (0,1), and that the length of the remainder S is 1. Let a be any number 
betwen o and 1, and consider the set T of (1 intervals of length δίλ (ὃ <1) whose 
centres are at the points 


a+r a+[A]—11 
a ee το 


Ὁ ὦ 
> 


Then the length of the common part of S and T 18 
| O0l+ 6, 
where &,—0 a8 A—o. 

The truth of the Jemma is almost obvious. A formal proof may be given 
as follows. Let the lengths of the intervals excluded from S beJ,,l,,...,ly. If 
now we extend each of these intervals a distance 1/24 at each end,? we obtain 
a system of p intervals of length. 


"6 τοὶ, Ὁ Τ' (5 Ξξ ',2,-" }). 


We denote what is left of (ο, 1) by S’. 

If (a +ry/Aa falls in S', the whole of the corresponding interval of 7 falls in 
S. Hence the part of S inside T has a length not Jess than ».6/4, where p. is the 
number οὗ points (a+r)/A in S'. If »,,%,...,% are the numbers of these 
points which fall in the intervals excluded from S', we have 


ν ἜΣ ν,-Ξ- [1], (». -- τὴ «{'; 
and so 


μ. Ξε [A] — Sv, >A—1— p--ASl, 
a I 
=A—p—1—A2d (1. +5] 


pa eae ee 


1 It is of course to be understood that an interval, or a part of an interval, which falls 
outside (0, 1), is to be replaced by the congruent interval inside. 

3 We suppose A large enough to ensure that this extension does nut cause any overlap- 
ping. If any part of an extended interval should fall outside (0,1), as will happen if an inter- 
val contains 0 or 1, we of course replace this part by the congruent part of (0, 1). 
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since 2/,=1-—l. Hence the length in question is greater than 


67 —2 Pts, 

| A 

| A similar argument, which we may leave to the reader, furnishes a corre- 
sponding upper limit for the length; and the lemma follows. It is plain that 
ξλ =O (x/A). | 

1.42. We can now prove the following theorem, which is a generalisation 
of BERNSTEIN’s, but is itself contained in Theorem 1.40. 

Theorem 1.42. J} I ts any interval contained in (0,1), the set © of points 
6 such that no one of the points (An0) falls inside I, is of measure zero. 

Let a be the centre of I and ὃ its length; and let 7, be the set 7' of the 
lemma, with 4=Am,. If, for any value of m, θΘ falls in 7',, then (Am ® falls in 
I, and so @ belongs to the set complementary to 0. 

Let 


S,= T, +7T,+ cob ἢ 


and let J, be the length of S,. Finally let 7,—-1 as n—-«2. We have to show 
that | = 1. 

We now apply the lemma, taking S to be the set Sn complementary to Sp, 
and T to be T,,. If m is large enough, the length of the common part (Sn, Tm) 
of 3, and Tm is greater than 


ὃ (τ —l,y) —eé. 


Any point which belongs either to this set or to S, itself belongs to some S,. 
Hence 7 | | 
I>1,+6(1—l,) —é; 

and so | 
which is impossible unless J = 1. 

1.43. We can now complete the proof of Theorem 1.40. Let HZ, be the 
set of values of 6 such that some one of the intervals 


bh 68. PSE 


contains no point (4,0). Then Z£, is of ‘measure zero, and 80 
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is of measure zero. . ἡ | 
If now the set (Am@) 0) is not everywhere dense in (0, 1), there is an interval 
Yr r+ *) 


i which contains no (4m0@). We can choose n so that some interval [ξ, 


falls inside ἡ. Τῆθη θΘ belongs to HZ, and so to #. Thus the theorem is estab- 
lished. Re οὐ & | | 

1.44. Perhaps the most interesting special sequence falling under the gen- 
eral type (f(n)0) is that in which f(n) =a", where a is a positive integer. When 
θ is expressed as a decimal in the scale of a, the effect of multiplication by a 
is merely to displace the digits. To study the properties of the sequence (α"9) 
is therefore equivalent to studying the distribution of the digits in the expression 
of 6 in the scale of a: it is to this fact that this form of f(n) owes its peculiar 


- Interest. 


Let b be one of the possible digits 0, 1, 2,..., @a—1, and let p(n, m) denote 
the number of decimals of » figures whose digits include exactly m δ᾽ 8. Then | 


n! on 
(1. 441) p(n, m)— ΠῚ τα | mi 
We write 
n 
(x. 442) y—m—"; 


so that μ is. the excess of the number of b’s above the average. 

We shall base our investigation on a series of lemmas. 

Lemma 1.441. Given any positive number ὃ, we can find a positive number 
é such that 


(x ᾿ 443) p (n, m) Fen OT Os = pig oayiane a” 
Μ ) πὶ (α --- 1) ἢ, 
where 
a? 
στ (α --- α)} 


for |u|<en and all sufficiently large values of n. 

We omit the proof of this lemma, which depends merely on a straightfor- 
ward application of Stirztine’s Theorem. 

Lemma 1.442. Given any positive number «, we can find a waaitibe number 
C such that 
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p(n, m)<ate—s” 
jor |u|>en and all sufficiently large values of n. 


Suppose, e. g., u > Sen. Then 


| I 
| | a—1—-—@e 
p(n, m+) _ n—~—-m fame’: 


p(n, m) ~ (a—1)(m +1) εν: 


(a - τ) (x + 26ε) 


and from this it is easy to deduce the truth of the lemma when μι» ε3. A sim- 
ilar proof applies when μ <—en. 


Lemma 1.443. Let c be a positive constant. Then 


(I . 4431) lim α΄" Ν᾽ p(n, m) <1, 
n i) - 
lx]<cVn 

(I . 4432) lim απο δ p(n, m) <x, 
n—> οὐ ἘΞ 
t>—ecVn 

(x . 4433) lim a~" 3 p(n, m) «τ. 


Of these three inequalities the first is plainly a consequence of either the 
second or third. It will be enough to prove the second. 
We have 


en (a— 1) nla 
α- p(n, m)=a-" δὲ π᾿ απ’ δ -- 8, +8,, 
w>—eVn —cVn En 


say. By Lemma 1. 442, 


And by Lemma 1. 441, 


CF. —_—_—_—__———— at ὃ Σ ates 
V2am(a — r)n 
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lo a) 
< Mae Jaen + e—(a— δι uy, 
V2na(a—1)n 
—cVn 


The term of order 1/Vn may be ignored. The remainder is less than 


2 
a+o 


V2 a fa — 1) 
— ce 


ο΄ (a— 6) 2 dé, 


which is less than 1. Thus the lemma is proved. In a similar manner we can 


prove : 


Lemma 1.444. Jf ν isa function of n such that v/ Vn—o, then 


α--" Σ p(n,m)< κ 5 e— (α -- 6) in. ἀξξαι 
lih<v ἡ | 

where K depends only on a. 
1.45. We are now in a position to prove our main theorems. We observe. 
first that all irrational’ numbers 0 between o and 1, whose decimals have just m 6’s 
in their first n figures, may be included in a set of intervals whose total length is 


a-—"p (n,m). 


For let 0,,0,,...,, where g=a", denote the terminating decimals of n fig- 


ures. The set of intervals (0,,0,+a—") just fills up the whole interval (ο. 1). 


Among the numbers 69, there are p(n, m) which have just m b’s, which we may 
call 5,,5,,..-, §; and the set of intervals (¢,.& +a—*”) fulfils our requirements. 
) Theorem 1.45. Let ὃ be any positive number. Then the set of numbers 0 


for which " 
fim Ml ς 7711 ὁ 
π- το ἢ log n α 


ἐ8 of measure I. 


Let S denote the complementary set. Any number belonging to S satisfies 
ΕΣ δ) Vn log π = Vy 


for an infinity of values of n, 0’ being any positive number less than Jd. 


1 The end points of the intervals will be rational numbers satisfying the condition. In 
what follows we may confine ourselves to irrational values of 0, since the rational values form 
in any case a set of measure zero. 
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All 6's for which this inequality is true for a particular ἢ may be enclosed 
in a set of intervals whose total length is 


(I . 451) | α΄" Σ p(n, m). 
| lel<», 


We can choose a positive number 0” such that 


ὁ" 2 3! ὁ!" 
δ' γα ---. -- 
2 α Vo 


> 0, 


and then choose n, so that the expression (1.451) is less than 


κα τωτννάν anal 

Vn 

for n>n,. To prove the theorem it is enough to show that the result of sum- 

ming this expression for n=n,,n,+1,...... can be made as small as we please 

by choice of ,; and it is obvious that this conclusion cannot be affected by the 

presence of the term a~". But 
Vn 


-- e- (α -- δ γνῃ [π <e 
Vn 


—(a— 6") (st 6! ) log π 


—j— dj 
=n 1 eu 


where 


nm _ any {2 20! τος 
δ΄" > (α a") (E+. 8 I 


2 " 1 Sit 
=26'Va—5 228» 9, 


Va 
and plainly 


Ὁ 
m4 


can be made as small as we please by choice of n,. Thus the theorem is proved. 
Theorem 1.45 includes as a particular case 
Theorem 1.451. J? nz ts the number of b’s in the first n figures of the ex- 
pression of 0 as a decimal in the scale of a, then 


ἢ ο nia 


for almost all vilues of 0. 
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1.46. Theorem 1.45 shows that the deviation, from the average nia, of 
the number of occurrences of a particular figure ὃ in the first ἢ places, is not 
in general of an order materially greater than Vn.1 If we were to suppose that 
there was a steady deviation from the average (instead of a merely occasional 
deviation), we would naturally obtain a more precise result. Thus reasoning 
analagous. to, but simpler than, that which led to theorem 1. 45, leads also to 

Theorem 1.46. If p(n) with n, then the set of 0’s for. which 


|e (m) Ving (n) ας 


ts of measure zero. 

This theorem, however, is included in a much more interesting and general 
theorem which we shall now proceed to prove, which, to put it roughly, assigns 
a lower limit for the deviation in either direction. | | 

1.47. Theorem 1.47. If c is any positive constant, the set of 0's for which 


u(n) >—cVn, 


and the set for which u(n)<cVn, are of measure zero. 
Let | 


ἘΞ Ι 
o =e ἢ (r+ 55). 
m=! 


By Lemma 1.443, there is a positive number ὃς, such that 


lima" ¥ p(n, m) =I— ey. 
ere u>—c Vn 


And if c<c,<c¢,, it is clear that — 


lima-* ¥ p(n, m)=1—0e,, 
et ἐδ uw>—e,Vn 


where 
ὃς > δὲ, > Veo - 


Let E, be the set of the theorem. We can enclose #, in a set of intervals 
of total length 


1 It follows from the elements of the theory of errors that the 'most probable error’ is of 
order Vn, 
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anni Σ p(n, γι) 41 — = be. 
n> —ecVn, 
Consider now any one of the 
N = Σ p(n, m) 
intervals of this set, each of which is of length a—™; and let §= (a"@). As 0 


ranges in the interval in question,.§ ranges in the whole interval (ο, 1). 
If 0 belongs to E., the corresponding & has the property that 


u(n')>—cVn, - πὶ 
for all values of η΄; and so, if π' is large enough compared with n,, 


u(n')>—c'Vn', 
where 


ec =c(1 + 2-7), 


We may now enclose the £’s in a set of intervals whose total length is. 
less than | 


I 
I — 5 be; 


and therefore we may enclose the 6’s which lie in the particular interval under 
consideration in a set of intervals whose total length is less than a-™(x—= δε). 


If we do this for each of the N intervals, we have enclosed the 6@’s in a set of 
intervals of length less than 


I,\/ ΟΣ 
(rx 24.) (1—Z0e). 


Repeating this argument, it is clear that we can enclose the @’s in a set of 
intervals of total length less than 


($9) 20) See}. 


c™ Ξι- (I a 7 ἜΠῚ) (x + 2°54) aged (x + 2.2%), 


where 
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the indices n, being integers which tend to infinity with ν, as rapidly as we 
please. Plainly c”)<c, and so 


I I 
dv) > δε.» :-- 2 ὃ.) < 1 -- 2 δε ’ 


I I I I ᾿ 
[--- Σ δὴ) [1 — 2 8.) ---(r Σδιοὴ τα -- 284.) +1, 


As this tends to zero as ν -- οο, our theorem is proved. 

From Theorem 1.47 we can at once deduce 

Theorem 1.471. The set of θ᾽8 such that to each 0 corresponds ac for which 
u(n)>—cVn is of measure zero. 

Let ὅς denote the set of Theorem 1.47. The set of this theorem is plainly 
the sum of the sets H,, H,, E,,...; and so is of measure zero. 

1.48. So far we have considered merely the occurrence of a particular 
digit 6 in the decimal which represents 6. But our results are easily extended 
so as to give analogous information concerning the occurrence of any combin- 
ation of digits. The method by which this extension is effected is quite simple 
in principle, and it will be sufficient to show its working in a special case. 

Consider the succession 317 of digits, in the scale of ro. In the scale of 
tooo, the number 317 corresponds to a.single digit +; and, if 9 is expressed in 
the scale of 1000, it will, by theorem 1.451, be almost always true that the 
number n, of occurrences of τ, among the first ἢ figures, satisfies the relation 


Me ~ T000" 

_ Now the combination 317, in the expression of @ in the scale of το, will 
occur when, and only when, the digit τ occurs in the expression of one or other 
of the three numbers 


6, 109, 1008 


in the scale of 1000. Hence it is almost always true that ‘the number of occur- 
rences of the combination 317, in the first n digits of the expression of θ in the 
scale of ro, is asymptotically equivalent to 


n 


ee 


1000 


We may now, without further preface, enunciate the following theorems, 
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Theorem 1.48. Jt 1s almost always true that, .when a number @ is expressed 
in any scale of notation, the number of occurrences of any digit, or any combination 
of digits, is asymptotically equivalent to the average number which might be expected. 

Theorem 1.481. Jé 1s almost always true that the deviation from the average, 


in the first n places, is not of order exceeding V n log n. 
Theorem 1.482. Jt 18 almost always true that the deviation, in both directions, 


ts sometimes of order exceeding Vn. 

Theorem 1.483. The number of the first n numbers (a0) which fall inside 
an interval of length ὃ included in the interval (0, 1) is almost always asymptotically 
equivalent to dn. 

The last theorem is merely a translation of theorem 1.48 into different 
language, and a corresponding form may of course be given to theorems 1. 481 
and 1. 482. 

1.49. Throughout this section (1.4) we have confined ourselves to results 
concerning a single irrational 9. Some of our theorems, however, have obvious 
many-dimensional analogues. It will be sufficient, for the present, to mention the 
following, which are generalisations of Theorems 1.40 and 1.483 respectively. 

The interval (0, r) is now replaced by an m-dimensional ’square’. 

Theorem 1.49. The set of values (0,, 0,--- 4m), for which the points 
(AnO,, 4n92,:::4nOm) are not everywhere dense in the square, is of measure zero. 

Theorem 1.491. The number of the first n points (a’0, a" 0,, ---a” Om), which 
fall inside a portion of the square, of area ὃ, is almost always asymptotically equt- 
valent to dn. 

We leave the proofs to the reader. The first theorem may be proved by 
an obvious adaptation of the proof of Theorem 1.40, and the second deduced 
from Theorem 1.483 by a process of correlation very similar to that employed 
n 1.48. 
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CORRECTIONS 


p. 175. The last displayed formula but one should read: 
1 1 1 
αι ας ας: 
p. 177. The parenthesis in (1.338) should read: (0 < p < 5). 
p. 185, Lemma 1.444, Under the sign of summation, read: Ιμ| > ν. 
». 185, last formula. Read: [μ]. 


.». 186, (1.451). Read: [μ] > ν,- 


p. 188. In the second displayed formula, read , for n. 


COMMENTS 


§ 1.00. A simpler notation, which has come into use since the time of this paper, renders un- 
necessary the use of fractional parts and the special convention when « = 0. Instead of writing 
—e < (n,0)—a « ε 

one now writes 

—e<n,0—a<e (modl), or |n,€—a|<e (mod}). 

§ 1.01. As mentioned in the footnote on p. 157, the form of Kronecker’s theorem which is stated 
by Hardy and Littlewood as Theorem 1.01, and generalized by them in Theorem 1.011, is only 
a particular case of the original theorem of Kronecker (though the general case is deducible from 
it). The original theorem gave necessary and sufficient conditions for a system of linear equations 
(not generally homogeneous) to have an arbitrarily good approximate solution in integers. The 
condition in Theorem 1.01 that 9,,..., θη. shall be linearly independent irrationals is a particular 
case of Kronecker’s condition on the arithmetical rank of a system of linear equations. It is 
customary now to express the condition in the form: 1, 4,,..., §,, are linearly independent over 
the rationals. 

A good account of Kronecker’s theorem, in the form considered by Hardy and Littlewood, 
is given in ch. 23 of Hardy and Wright. Here several later proofs are given and their merits 
compared. This account supersedes most of § 1.1 of the present paper. 

Theorem 1.011 implies the existence for any ε > 0 (under the conditions stated) of infinitely 
many integers such that 


\nK0,—axy|<¢ (mod1) forl<p<cm1l1<K<k. 


P. Sziisz (Acta Math. Acad. Sci. Hungaricae, 4 (1953), 115-18) has proved that there exists 
a number M(6,,...,9,3 %) such that there is an integer n with the property in every interval 
(t,¢+M). , 

ὃ 1.14(a). We have here an early result on one-sided, or asymmetrical, Diophantine approxima- 
tion. It will be seen that Hardy and Littlewood realized the important distinction (in the case 
of homogeneous approximation, when the a, and f,, are zero) between approximation from one 
side and from both sides. For an investigation into this question, see C. A. Rogers, Proc. London 
Math. Soc. (2), 52 (1951), 186-90. 


§ 1.14(b). The two theorems stated here are early results on uniform distribution (mod 1). In 
the first, it is to be understood that 1, 6, ¢ are linearly independent, as in Kronecker’s theorem. 
The second result includes as a particular case the uniform distribution of v@(mod 1) for any 
irrational 0. This seems to have been first proved by P. Bohl in 1909 in work on perturbation 
problems, and independently by Sierpinski and Wey] at about the same time (see Koksma, p. 92). 


In his important memoir of 1916 (Math. Annalen, 77 (1916), 313-52) Wey] gave his criterion 
for uniform distribution in terms of exponential sums, and this provided a powerful technique 
for proving the uniformity of distribution of many sequences. On the relationship between this 
memoir and the work of Hardy and Littlewood, see 1916, 9. The method of exponential sums 
also enabled Weyl to prove a stronger form of Theorem 1.011 asserting simultaneous uniform 
distribution; see Koksma, p. 93, Satz 10. 

The Bohr—Littlewood Cambridge tract, announced in footnote 2 on p. 164, never appeared. 
But the Bohr—Littlewood manuscript formed the basis for Titchmarsh’s tract on the Riemann 
zeta-function and (to some extent) for Ingham’s tract on the distribution.of primes. Titchmarsh’s 
tract developed later into The theory of the Riemann zeta-function (Oxford, 1951), and this 
contains the applications of Kronecker’s theorem to the zeta-function mentioned in footnote 1 
on p. 158 of the present paper. 

More recently, Kronecker’s theorem was the starting-point for an important body of work by 
Turan (see his book: Eine neue Methode in der Analysis und deren Anwendungen, Budapest, 1953). 
If 1, 0;,...: 9, are linearly independent, Kronecker’s theorem asserts that for any real «,,..., %, and 
any ε 0 there exist integers v for which 


™ 
1+ Σ δἰνο τ > m+1l—e. 
j=1 


But it is impossible to give any bound for ν, or to name any interval in which some v must fall, 
unless the hypothesis is strengthened by assuming some quantitative measure for the degree 
of linear independence of 9,,..., 8,,. The general idea of Turén’s work is that if one is content with 
a much weaker inequality, it is possible (under reasonable conditions) to give good limits for v 
and (what is equally important) to omit the requirement of linear independence. The work 
has applications to the zeta-function and to a variety of questions in analysis and in analytic 
number theory. 

§ 1.31. The specific problem (p. 174) of finding a function Φί(λ) such that for any 6 there is a solu- 


en [.,30] < A“? (mod 1) 


with ἢ < (A) has been answered most effectively to date by Heilbronn (Quart. J. of Math. 19 
(1948), 249-56). He proved that if A is large (as one may suppose) the result holds with 
(A) = A?+*, where ὃ is any fixed positive number. A similar and more general result, but one 
that is less precise for this particular problem, had been found by Vinogradov in 1927 (see 
Koksma, p. 119). The conjecture, described by Hardy and Littlewood as ‘not unnatural’, that 
perhaps one could take (A) to be proportional to A, is, however, false. For take 0 = a/p, where 
p is a large prime of the form 4z-++1 and a is a quadratic non-residue (mod). On choosing A 
so that ®(A) = »-- 1, we should deduce from the conjecture that there is a quadratic non-residue 
(mod p) which is bounded independently of p, and this is obviously false. 


§ 1.33. The conjecture at the beginning of this section, which Hardy and Littlewood say they 
believe to be improbable, is in fact false. This is a particular consequence of results found later 
by Blichfeldt (see Koksma, p. 86, Satz 6). 

§ 1.34. There were earlier results, not mentioned by Hardy and Littlewood, of the same character 
as Theorem 1.341. Thus Chebyshev proved in 1866 that there are infinitely many n > 0 for 
which |jn6—a| < 2/n (mod 1) (1) 
(Koksma, footnote on p. 76). This is equivalent to 6(m) = }n in the present notation. Minkowski 
proved that provided « is not of the form n,9—m,, there are infinitely many integers n for which 


1 
[ηθ--αἰ < in| (mod 1); 


here n is not restricted to positive values. This result is best possible of its kind. The best possible 
result when n is restricted to positive values was found by Cassels (Math. Annalen, 127 (1954), 


. 27 τ ὧν 
288--304); the constant which replaces 2 in (1) above is 3807’ and the proof is difficult. 
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The conjecture concerning ¢(n) when m > 1 is false, as follows from the results of Blichfeldt 
mentioned above. There is, in fact, a vital difference in problems of non-homogeneous approxima- 
tion between the one-dimensional case and the many-dimensional case. . 
§ 1.4. This section is an early contribution to the subject now called ‘metrical’ Diophantine 
approximation. Almost the only previous papers were those of Borel and Bernstein quoted on 
p. 179. For a recent account of the subject, see Cassels’s Tract, ch. 7. The later part of the section, 
beginning with § 1.44, is concerned with ‘normal decimals’, and on this subject the reader should 
consult ch. 9 of Hardy and Wright. | 

The notion of an exceptional set of Lebesgue measure zero can be refined by considering the 
Hausdorff measure of the exceptional set. See, for example, Eggleston, Proc. London Math. Soc. 


(2), 54 (1952), 42-93. 


SOME PROBLEMS OF DIOPHANTINE APPROXIMATION. 


BY 
G. H. HARDY and J. E. LITTLEWOOD, 


TRINITY CoLLEGE, CAMBRIDGE. 


II. 
The trigonometrical series associated with the elliptic 
3-functions. 
2. o. — Introduction. 


2. 00. The series 
2) q’ 2/,I+2 ao", ΓΞ 2 >) (— τὴ)" 9”, 
1 1 4 
where q=e*'*, are convergent when the imaginary part of τ is positive, and 
represent the elliptic 9-functions 
9, (0, t), I; (0, τ), ϑ, (ο, 2 ig 


When τ is a real number z, the series become oscillating trigonometrical series 
which, if we neglect the faetor 2 and the first terms of the second and third 
series, may be written in the forms 


* The notation is that of Tannery and Moxx's Théorie des fonctions elliptiques. We shall 
refer to this book as T. and M. 


1914, 3 (with J. E. Littlewood) Acta Mathematica, 37, 193-238. 


67 


68 


194 G. H. Hardy and J. E. Littlewood. 
1,3. ῖ 
Σ ela) ἐν δ entate, Σ (— 1)” οὐ πα. 


These series, the real trigonometrical series formed by taking their real or 
imaginary parts, and the series derived from them by the introduction of con- 
vergence factors, possess many remarkable and interesting properties. It was 
the desire to elucidate these properties which originally suggested the researches 
whose results are contained in this series of papers, and it is to their study 
that the present paper is devoted.! 

2. o1. We shall write 


l\2_. . . 
(2.011) sh = Del’a)"*¥#, gh τ Yeraie, of ΟΣ (-. τὴ" ἡ πές 


von von vn 
It is obvious that, if 8, is any one of δῇ, 85, 8%, then 
(2. o12) 8, = O(n). 


Our object is to obtain more precise information about s,; and we shall begin 
by a few remarks about the case in which ὦ is rational. In this case s, is 
always of one or other of the forms 


O(1), An + O(z), 


where A is a constant. It is not difficult to discriminate between the different 
cases; it will be sufficient to consider the simplest of the three sums, viz. sn. 

We suppose, as plainly we may do without loss of generality, that z is 
positive. Then zx is of one or other of the forms 


24+ 1 2A 2A+1 2A 
2u 4μττπ 2u+1 4u +3. 


. : ae 
according as the denominator of ξ-- πα is congruent to 0, 1, 2, or 3 to mod- 


ulus 4. 


1 Some of the properties in question are stated shortly in our paper ‘Some problems of 
Diophantine Approximation’ published in the Proceedings of the fifth International Congress of 
Mathematicians, Cambridge, 1912. 
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Now it is easy to verify that 


8-} 


Σ e2 v? tris 
0 


is of the forms 
(+1+7)Vs, +Vs, 0, εἰν 


according as 8=o0, I, 2, 3 (mod. 4); and from this it follows immediately that 
88 is of the forms 


(+1+12)An+ O(z), 

+ An+ Ο(), 

O(t), 

+1An-+ O(1), 

in these four cases. Thus, for example, the series 
Σ cos (9? 7 2) 


oscillates finitely if x is of the form (24+ 1)/(2u +1) or 24/(4u +3), and 
diverges if x is of the form (24+ 1)/2u or 24/(4u +1). 


2. 1. — O and o Theorems. 


2. 10. We pass to the far more difficult and interesting problems which 
arise when z is irrational. The most important and general result which we 
have proved in this connexion is that 


(2. τοι) Sn = 0 (n) 


for any irrational x. This result may be established by purely elementary 
reasoning which can be extended so as to show that such series as 


+ This result (or rather the analogous result for the sine series) is stated by Bromwicu, 
Infinite Series, p. 485, Ex. 10. We have been unable to find any complete discussion of the 
question, but the necessary materials well be found in Diricaier-Depexkinp, Vorlesungen tiber 
Zahlentheorie, pp. 285 et seg. See also Riemann, Werke, p. 249; Genoccui, Atti di Torino, vol. 10, 
p. 985. 
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(2. 102) Ν επί, D entnic, πὸ 


also possess the same property. We do not propose to include this proof in the 


present paper. Although elementary, it is by no means particularly easy; and it 


will find a more natural place in a paper dealing with the higher series (2. 102). 
In the present paper we shall establish the equation (2. 101) by arguments of a 
more transcendental, though really simpler, character, which depend ultimately on 


the formulae for the linear transformation of the 9-functions, and will be found 


to give much more precise results for particular classes of values of z. 

2. 1x. It is very easy to see that, as arule, the equation (2. ror) must be 
very far from expressing the utmost that can be asserted about s,. 

It follows from the well known theorem of Rissz-Fiscner that the series 


i +6 


cos 22762 sin n? aa 
(2. 111) >: 3-7 (δ»ο) 
- ed 
n? n? 


are Fourier’s series. Hence, by a theorem of W. H. Youne’, it follows 
that they become convergent almost everywhere after the introduction of a 
convergence factor n-° (d'>0). As ὃ and δ' are both arbitrarily small, the 
series themselves must converge almost everywhere. Hence the equation 


1 
(2. 112) st —o(ni**) 


must hold for almost all values of x. It is evident that the same argument 
may be applied to s} and s,, and to the analogous sums associated with such 
series as (2. 102). 
If, instead of the series (2. 111), we consider the series 

| cos n? 7 x sin n? 72% 
(2. 113) it a ee τ 1! 
n2 (log n)2t° n2 (log n)2*° 
and use, instead of Youna’s theorem, the more precise theorem that any 
FouRIER’s series becomes convergent almost everywhere after the introduction of 
a convergence factor 1/logn,? we find that we can replace (2. 112) by the 
more precise equation | 


: 348 
(2. 114) οὲ = οὐ 7? (log n)? " 


‘ Comptes Rendus, 23 Dec. 1912. 
* Harpy, Proc. Lond. Math. Soc., vol. 12, p. 370. The theorem was also discovered inde- 
pendently by M. Russz. 
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and it-is evident that we can obtain still more precise equations by the use of © 


repeated logarithmic factors. These we need not state explicitly, for none of 
them are as precise as those which we shall obtain later in the paper. These 
latter results have, moreover, a considerable advantage over those enunciated 
here, in that the exceptional set of measure zero, for which our equations may 
possibly cease to hvld, will be precisely defined instead of being, as here, 
entirely unspecified. The main interest of the argument sketched here lies in 
the fact that it can be extended to series such as (2. 102).! 

2. 120. We proceed now to the analysis on which the principal results of 
the paper depend. These are contained, first in the equation (2. 101), and 
secondly in the equation 


(2. 1201) Sn = O(Vn), 


which we shall prove for extensive classes of values of z. 
In Chap. 3 of his Calcul des Résidus, LinDELGF gives an extremely elegant 
proof of the formula 


q—1 a p—l 
(2. 1202) Dew ti vig = τ δε" πὶ aD 
0 Ρ “ 


where p and q are positive integers of which one is even and the other odd.? 
Our first object will be to obtain, by an appropriate modification of LINDELOF’s 
argument, analogous, though naturally rather less simple, formulae, applicable 


to the series Di ere, where ἃ is irrational, and to the other series which we 


are considering. 
We shall, however, consider sums of a more general form than those of 
which we have spoken hitherto, viz. the sums 


1.2. 
[ δὴ (x, θ) τε Σ εἴπ ** cos (2¥—1) 29, 


v<n 
(2. 1203) δὴ) (ας, Θ᾽ = Dd οὐ πές cos 2v70, 
vn 
ϑηία, θ) = Σε- 1)» e” πὶσ eos 2 νη. 
von 


*The argument may even be extended to series of the type J e’n*® where Jn is not 
necessarily a multiple of z; but for this we require a whole series of theorems concerning 
DIRICHLET’s series. 

* The formula is due to Genoccni and Scuaar. See Linpetér, 1. c. p. 75, for references 
to the history of the formula. 
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Here x and @ are positive and less than 1, z is irrational, and n is not neces- 
sarily an integer. These sums are related to the functions 9,(v,1),... a8 85»... 
are related to 3,(0, 14),... 

2. 121. We consider the complex integral 


fers cos 22204 w cot wz dz 


taken round the contour C shown in the figure. We suppose that the points 
o, n are in the first instance avoided, as in the figure, by small semicircles of 


tH n+tH 


ΝΈΕΕΕΕΞΕ 
ἧς 


mee ἢ) 7 n—1iH 


radius g, and that 9 is then made to tend to zero. An obvious application of 
CaucHy’s Theorem gives the result 


n 
Ι 2 I 9 φ 
(2. 1211) 2 οὐ πία cos 2 v0 aes Pf erie cos 2279 cot wz dz, 
! 
0 a 


where P is the sign of CaucHy’s principal value, and the dashes affixed to the 
sign of summation imply that the terms for which »=o and »=™n are to be 
divided by 2. 

We shall find it convenient to divide the contour C into two parts C, and 
C,, its upper and lower halves, and to consider the integrals along C, and C, 
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separately. When we attempt to do this a difficulty arises from the fact that, 
owing to the poles of the subject of integration at zo and z=n, the two 
integrals are not separately convergent. This difficulty is, however, trivial and 
may be avoided by means of a convention. 

Suppose that /(xz) is a real or complex function of a real variable x which, 
near x =a, is of the form 


-Ξς + 9 (2), 


where ᾧ (“) is a function which possesses an absolutely convergent integral across 
x==a; and suppose that, except at x=—a, f(x) is continuous in the interval 
(a, A), where a<a<A. Then Cavcuy’s principal value 


A 
P [10 )άς 


exists; but /(x) has no integral in any established sense from a to a or from α 
to A. We shall, however, write 


P i (eae tim | [1 ide ὃ logel, 


A A 
Ρ | fe)dz—tim| | f(a)de 1 log εἰ, 


ate 


and it is clear that, with these conventions, we have 
a A A 
P | f(a)az + ΡΙ {(2)dz -- Ρ { f(a)dz, 


It is clear, moreover, that a similar convention may be applied to complex 
integrals such as those which we are considering; thus 


tH 
P| οὐ πία cos 2270 w cotmz dz 
0 
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(taken along the line 0, 7H) is to be interpreted as meaning 


i 
lim | ert cos 2270 2 cot wz αξζ -ἰ loge). 
é—0 
ἐξ 


We may now write (2. 1211) in the form 


I 
(2. 1212) Σ ονἡπὶ cos 2v70 = oo Ὁ [- ῃ ez cos 2270 cot wzdz, 
Ce Ci 


where now C, and C, are each supposed to be described starting from o. In 


the first of these two integrals we write 


cot 7z=—2 ἘΣ 
and in the second 


COU Gs agai 


The two constant terms in these expressions give rise to integrals which may be 
taken along the real axis from o to n, instead of along C, and C,; uniting and 
transposing these terms we obtain 


7 
n a 
( Ι owns 2° a 
2. 1213) > ε cos 2 »τ76θ — [6 cos 22πθ ας -- 7, -ἰ 1,, 
Ι 
0 


0 


where 


e- 2204 I 


err 
1, =? |r cos sR CL ALS 


oP ( cos 2200 1 


14 


e2eut I 
Ca 
We now write 
I 9 . 4 ie 2(k 1) ᾿ e2kent 
ae a Zant ent Bcd care) 1 1 ae Cena etre 
tent 6 +e + +e + τ πρὶ 
in J,, and 
I Yeni Agni 2(k 1) ; e— 2hent 
————--——— == ρ 2ent —4ent 4... —2(k—1) “πὶ ee ae 
feat, = +e ats Be + Tjian 
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in J,. If we observe that 


| ersirsaven cos 2z70dz4+ | ef? πὶχ--δνεπὶ aos 2zmO dz 


C, Cs 


n 


= 2 feta COS 2 vz7 COS 2270 dz, 


υ 


we see that (2. 1213) may be transformed into 


n k-1 7 
! ° 242 
(2. 1214) > ez cos 2v70 — 2 > e* "© cos 2vmz cos 2zw0dz—K,+ K,, 
f I 
0 0 


where 
Ὁ e2zhert 
K, =P | et 008 2200-5 Ζ, 
ὅι 
᾿ ᾿ ; e—cheni 
K,=P fer cos 2270 ey Sry dz. 


Cs 


2. 122. We shall now suppose that H πλοῦ, so that the parts of C, and 
C, which are parallel to the axis of x go off to infinity. If z==§+%7, and 7 
is large and positive, the modulus of the subject of integration in K, is very 
nearly equal to 


2 αρ {--ἐπη( τ ἔα —6) | 


while if z=&§—in, and 7 is again large and positive, the modulus of the sub- 
ject of integration in K, is very nearly equal to 


= exp {—2n(k—E2—0)}. 


From this it follows immediately that, if 
(2. 1221) k>naz +, 


the contributions to K, and K, of the parts of C, and C, which we are causing 
to tend to infinity will tend to zero. 


15 
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We are now left with two integrals each of which is composed of two 
parts taken along rectilinear contours, and we may write 


ἦτ ΓΟ 1...) 


K,= (Pp {—? {) οὐ πὶ cos 2270 


ezkext 


2} 


—in n—t 


: oe Ξκεπὶ 
Po Sia ones 27 πὶ 5g τ χοὸς π 
K,—(P P Je cos 221 0a dz. 
0 


} 


Of the four rectilinear integrals thus obtained two, viz. the two taken along 
the imaginary axis, cancel one another. In the other two we write 


Z=n+2t, z=n—it 


respectively, and then unite the two into a single integral with respect to ¢; 
and when we substitute the result in (2. 1214) we obtain 


7 

ὍΣ k—-1 

Σ er cog 2910 --- 2 Σ [ems 605 2v7z cos 22 πθ dz=K, 
f { 

0 0 ὅ 


where 


isa) 
e—2k at 


K=1 || οτία(ι"-- δ) { εὔπαπέ cos 2(n — it) 710 — e—2neat cos 2(n + tt) 20> at. 


0 


2. 123. We now write 


and we proceed to show that 


(2. 1231) K" =O 2: 


Xv 


uniformly in respect to 0, by which we imply that there is an absolute con- 
stant A such that 


Some problems of Diophantine Approximation. 203 


A 
K"|< == 
|K"|< 2 


for o<a<1, 0<O@<1, all values of n, and all values of & subject to the in- 
equality (2. 1221). 

We may plainly ignore the factor ie” in K. The factor in curly brack- 
ets is equal to 


2(cos 2nz@ cosh 2Ζέπθ sinh 2nant +2 sin 2nv0 sinh 2tw0 cosh 2nzzt). 


The factor e—*** we separate into its real and imaginary parts. When we 
multiply these two factors together our integral splits up into four, of which 
the integral 


fos) 


ea 2kat 


dt 


(2. 1232) [cos fax cosh 2έπθ sinh 2nxat ——_,; 
ΞΘ ἘΣ 


1 


is typical; and it will be sufficient to consider this integral, the same arguments 
applying to all four. 

The function 1/(1— e—?*4) decreases steadily as ¢ increases from 1 to οὐ. 
Hence, by the second mean value theorem, the integral (2. 1232) may be writ- 
ten in the form 

- 
(2. 1233) A [ cos fax cosh 2ἐπθ sinh 2nzamt e—**t dt, 


where A (as always in this part of the paper) denotes an absolute numerical 


constant, and 7’>1. In (2. 1233) we replace the hyperbolic functions by their 
expressions in terms of exponentials; and the tnvegra! then splits up into four, 
of which we need only consider 


T 
(2. 1234) A [ cos t2 7x ες 2πέίι--πα--θ) qt, 


. 


1 


the arguments which we apply to this integral applying a fortiori to the rest. 
The integral (2. 1234) may, by another application of the second mean value 
theorem, be transformed into 


Tl 
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1" 
“Φ 


(2. 1235) A | cos @aadt,!' ( « 1" «17. 


1 
Now, if 7 and 7" are any positive numbers whatever, we have 


Τ' Va 
J 20% Bra dt = —- | cos ru? du; 
Vx 
Τ TVz 
and the integral last written is less in absolute value than an absolute constant. 
We have therefore proved the equation (2. 1231), and it follows that 


n 
n ’ k—1 /° - 
(2. 1236) > ez cos 2 yt --- 2 pe | ern cos 2¥7z 008 2220 ἀξ -- K'+ O | em 
! ! 
0 0 9 


2. 124. The next step in the proof consists in showing that, in the equation 
(2. 1236), k may be regarded as capable of variation to an extent Ο (1) on either 
side, that is to say that we may replace k by any other integer k' lying between 
k—A and k+A, without affecting the truth of the equation. That this is 
so if k is increased is obvious from what precedes, as the inequality (2. 1221) is: 
still satisfied; but when & is decreased an independent proof is required. 

We consider separately the effects of such a variation on the two sides of 
the equation (2. 1236). As regards the left hand side, it is plain that our 
assertion will be true if 


71 
; I 
ferns cos 2zmadz=O V: 


υ 


uniformly for all values of n and a, and therefore certainly true if 


γ᾿ 


| eerie t2znta dz=0O γ΄: 2 
ΜΗ" 


0 


1 The A in this formula is of course not the same numerical constant as before. 
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But 


tL) 71 
ΠΣ anniv | οπίσ( τα zy dz 
0 0 
nt+alzr 
= em πίαξ! Ef εξ πῖΣ d 2 
alz 
nVze+alVz 
-- -Ἐ etiajs | gxiu® dy. 
Vz 
a} Vz 
is evidently of the form desired. 


to consider the effect of a variation of k on the right hand 
The difference produced by such a variation is plainly of 


side of (2. 1236). 
the form 


—Qhrt __ g-—2k'a 
Ἷ 6 έ [ἐπππὸ -- ἐπ" πὲ] Serre) dt 
I ee ες ἐπέ 


t 
--Ὁ | e—2atlk—nz—O) qt 


0 


-0(:)-0 Vt. ᾿ 


Thus finally we may regard the k which occurs on either side of (2. 1236) as 
capable of variation to an extent O (x1). 


2. 125. We proceed now to replace the integrals which occur on the left 
hand side of (2. 1436) by integrals over the range (0, ©). We write 


nm 
Φ 


a 
ἐπ τὶς cos 2vmz COS 2220 dz = {-[- 1_—T,. 


Now consider the integral 
[ ern COS 2 »72 Cos 2270 dz, 


v 


taken round the| rectangular contour whose angular points are n, n +N, 


19 
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n+N+¢H, nt+iH. The modulus of the subject of integration is less than 
a constant multiple of 


e—2an(ga—v—B). 
and from this it is easily deduced that, if 
yt+0< ne, 


the contributions of the sides (n+ N, n+N+7H) and (n+ N+iH, π 1) 
tend to zero as N and H tend to infinity, and so that the second integral 
which occurs in our expression for J, may be replaced by one taken along the 


line (n, n+i0). In order that this transformation may be legitimate for 


y=0,1...., k'—1 we must have 
(2. 1251) ἀζἰ «πα τ τ--θ. 


It is important to observe that this condition and the condition (2. 1221) 
cannot always be satisfied with k= k'; but that the difference between the least 
k such that k>nz-+ 6 and the greatest k' such that k’< nx + 1 —6 cannot be 
greater than 1.! 

On the assumption that (2. 1251) is satisfied, we have 
ntin 


k’—1 


x sin (2k' —1)zz 
a) 1" = |.e”*™* cos sen ink 122 ας 
: ιν sin 72 
2 


οΌ 
== | e(n?—#)niz—2nant eos 2(n + 1t) 20 
0 


my ἢ 


sinh (2 k'—1)at 
sinh zt 


dt 
say; and so, bearing in mind the results of the analysis of 2. 124, 


οῦ 
n ki— ᾿ 
All . ° 
(2. 1252) 2, e"tz cos 2v70— 2 7) eit Cos 2vmz 008 2216 dz 
0 0 0 


aJ'=1+0 Was 
x 


1 It is these facts which render necessary the analysis of 2. 124. 
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2. 126. We next write 


6) 1 ου 
b= [- Ὁ fare 
0 0 1 


and we proceed to show that 
L! — O Vi 
x 


so that L may be replaced by L' in (2. 1252). The argument is practically the 
same as that of 2. 123. We have to consider a number of integrals of which 


ω 


(2. 1261) { cos x cosh 2t26 e—2next 


1 


sinh (2k’—1)at 


sinh at at 


is typical. Writing 2e—-**/(1—e-?™) for cosech wt, observing that the factor 
1/(1 —e—?) is monotonic, and using the second mean value theorem as in 
2. 123, we arrive at the result desired. 

We may accordingly replace ZL by L’' in (2. 1252). And our next step is 
to show that the k' which occurs in this modified form of (2. 1252) may be 
regarded as capable of variation to an extent O(1). Here again our analysis is 
practically the same as some of our previous work (in 2. 124), and there is 
therefore no need to insist on its details. We may now write (2. 1252) in 
the form 


k—-1 


> 
9 0 
~8—¢+0YV 

Μη 


OD 
% » 
Ι . : 
(2. 1262) Σ ον" πὶς cos 2 νσθ--- 2 [evn 605 2¥7z 608 2270 dz 
f 
0 


where 


3 , : e—2kat : : Ε 
R = i| ertz(e—f) Spent cos 2(n —tt) πθ--- e—2"2#t cos 2(n + 1t)1 6} dt, 


(2. 1263) 


sinh (2k—1)at 
sinh zt 


ν mi { ence tae cos 2(n + tt) 20 dt; 


0 
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and, as the k’s which occur in these equations may all be regarded as capable 
of variation to an extent O(1), there is no longer any reason to distinguish 
between & and ἀ'. 


2. 127. Again 
1 
ῷ ee I eta(n?—f) Q ἀι, 
(2. 1271) " πε ew “τ 
ῦ 
where 


Q = e—(Ph—I)at ἡ e2nent cog 2(n — it) 0 — e—2n24t cos 2(n + tt) 0 
— 2e—*next sinh (2k—1) wt cos 2(n + tl) 70 
= 2 cos 2n76 cosh 2έπθ sinh (2 5 ---- 2k 4 τὴ at 


+ 21 sin 2n70 sinh 270 cosh (2nz— 2k +1) at 
We select the value of & for which 


—1I<2nx—2k 4+1<1; 
and the integral (2. 1271) splits up into two, of which it will be sufficient to 
consider the first, viz. 


1 
sinh (2nxz — 2k + 1) at 


(2. 1272)  7%cos anid | erie cosh έπθ ry er dt. 
0 
This is of the form 
1. 
(2. 1273) O(x) [τ ἢ cosh χέπθ nh oat ay 


0 


where a=|2nx—2k-+1]. It will be enough to consider the real part of this 
integral, the imaginary part being amenable to similar treatment. 
The function 
sinh azt 


sinh zt (0 «α <1) 


decreases steadily from ἃ as ¢ increases from zero. Hence 


Some problems of Diophantine Approximation. 209 
1 . h τ 
cos z xt? cosh ἀν Ὁ πὶ dt—a | cos wai? cosh γχίπθ dt 
sinh zt 
0 0 
τ 
=a cosh 2rze0 | 008 xt? dt, 


x ad 


τ and τ' denoting positive numbers less than 1. Since o<a<1, 0<0<1, the 
first factor here is of the form O(1); and the second is (cf. 2. 123) of the form 


O Vi. Hence finally | 


ᾷ- ὁ =O τὸ 
“" 


and so the left hand side of (2. 1262) is itself of the form oV :. 
2. 128. But 


οο 


; I ae 20 
[ ern COS 2¥72 008 2270 dz = i? ε΄ πε εενηα egg ———.? 
2 


0 


Substituting this expression in (2. 1262), and observing that k may now be 
supposed to be the integral part of nz, we obtain 


Theorem 2.128 If 0<2<1, 0<O0<1, then 


— a 


γι γι. 
A t F : 2v70 I 
δ εὐ πία cos ζνπῦ -- V: e— | x y e—Vailz cos a O τ᾿ 
x 


where O γι: denotes a function of n, x, and 0 which ἰδ in absolute value less 


than a constant multiple of Vs 


We have omitted the lower limits of summation, and the dashes, which 
are now plainly irrelevant. 

We can also prove, by arguments of the same character as those of 
§§ 2. 121 et seq., 


1 Linpewor, 0. ¢., p. 44. 
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Theorem 2. 1281. Under similar ‘conditions 


ως (v— Σ᾽ aie 7 aun ‘ 
de 2 cos (2 --- 1) 70 — Ξ ε- πίθεα Σ»-- 1)” οὐ πές cos erie —) 


ως ; ὶ 015: SS (v—5)*xile (2 ν --- τὴπθ Ι 
Σ (--- τ)» ez cos 276 — — e— milla de 2 ὄπ τς .5- es 
2x x 2 


It will hardly be necessary for us to exhibit any details of the proofs, 
and we will only remark that the integral 


ἴω cos 22πθ cot πς dz 


of 2. 121 is replaced by one or other of the integrals 


i 


fem cos 2276 tan mz dz, | ett cos 2270 cosec 72 Az. 


It is on the transformation formulae contained in Theorems 2. 128 and 2. 1281 


that all the results of this part of the paper will depend. 
2. 13. We have the following system of formulae: 


si(a+1, 0)=Vis2 (x, 0), 
glx+1,0)= sni(z, 9), 
si(a +1, O)= s(x, 0), 
s3(—x, 0)= si(z, 0), 
si(—a, 0)= 85, 6), 


(2. 131) st(—a, 0)—= ah (zx, 6), 
«3 (2 0) ΒΑ os (— 1. θ + O ye 
ae x "7\ 2 2 2 
8 — Ω --πέθ3α 98 [--ξ; =| πὴ 
δὲ (χς, Θ) V ie σέ δα gts ae +O = 


7 ' I @ 
sn(z, 0) = V: ernie ig (—Z 2] + 0 Vi 
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Here s, denotes the conjugate of s,. It will be convenient in what follows to 


write oV: in the equivalent form 


Now suppose that x is expressed in the form of a simple continued fraction 


(2. 132) a age 
and write 
(2. 133) ΕΣ: ao 
᾿ 133 a,¢2,°' a,+2,°°"’ 
0, = 2 [2], 0, = % [4 
x 2 x, L, 
so that 


O0<a,-<I, 0<O0-<1 


for all values of r. Further, let 4, denote an unspecified index chosen from 
the numbers 2, 3, 4; and_let ὦ denote a number whose modulus is unity but 
whose exact value will vary from equation to equation. 

This being so, we have 


s! (x, 0) = Fash, [--Ξ, = + ve 
= Fae, (—a,—2,, 64) ie 
= Gath (— αι, 0) + 2) 
= ee (a, 0) + 5Ὲ}. 
Transforming s4,(z,, 0,) in the same way, we obtain 
δία, 6) το 7 οἷς, (Bas 0) + 01) [τς + past. 
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Repeating the argument, we find 


λ fa ee hy 
si(z, 9) νι ποι meet ys Oy) 
I I I 
+ O(1) f+ ξξβ t+ tO 
OT LX, S| 
(2. 134) 
17) dy 
I I 
+ O(1)) 4+ et tI 
( N72 Va x, Ee} 
Now 
a I 
"I+ Bai 
(2. 135) Pega ee, 


I+ X41 2 
and so 2u,...a%,—0 88 r—co. We may therefore define » by the inequalities 
(2. 136) NUH... Ly 7>Ly SL SNUB, ... Lyi. 
This baie so, the first of the equations (2. 134) gives 


si (x, 0) =O(nVam,.. . ty-1) 


(2. 137) 
I I I 
+ O(1))} = 4+ = +--+ SI 
Ora LX, OX, .. . ys 
and the second gives 
ὅλ te st (x, 0) =O gat pes to tgs) 
( 371) n le, 6) ΓΞ Vex, VEd, .. . Lyi My 


We have thus two inequalities for s+ (x, 0), the further study of which depends 


merely on an analysis of the continued fraction (2. 132). These inequalities, 


however, may be simplified. For, by (2. 135), tr%r41 <=, and so 


I I I 
ae © Ἔ 1... ———— 
Va Vax, Vex, : 0 + Cy] 
I 
x a (1 + Vay + Κα, tyit ++ +V 0,2, ... Zy—1) 
Varn, * 6 «© Ly—t1 
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Oe ey ey εξ ξε. -} 
ἘΞ γες- | γ2. V2 


Κ 


Veuw,... yy 


Hence (2. 137) may be replaced by 


(2. 138) 84 (x, 0)=O(nVax,... ty) + O 


ia ..ς . yt 
and similarly (2. 1371) may be replaced by 


I 


Vex ... Ly] Ly 


(2. 1381) δ (x, θ) Ξε Ὸ 


2.ὄ 14. From (2. 138) and (2. 1381) we can very easily deduce the principal 
results of this part of the paper. 
Theorem 2. 14. We have 


8n(z, 0) =o0(n) 


for any irrational x, and uniformly for all values of 0. In particular, if 0=o0, 
we have 


8n = 0(n) 


Since nza,...2%y-1 >1, the second term on the right hand side of (2. 138) 


is of the form O(Vn). And since x2,...%)1—-0 88 y—oo, the first is of the 
form o(n). Thus the theorem is proved. | 

Theorem 2. 141. If the partial quotients a, in the expression of x as a con- 
tinued fraction are limited, then 


8n(x, 0) =Ol(Vn), 
uniformly in respect to 0; and in particular 
8 =O(Vn). 


These results hold, for example, when x is any quadratic surd, pure or mixed. 
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838 


214 G. H. Hardy and J. E. Littlewood. 


For, if a,< K, x, lies between 


= 
K Κι 


and so 
UU, ... Ly ty > HH,... Ly /K>1/ (nk). 


Using (2. 1381), the result of the theorem follows. 
Theorem 2. 142. If an—O(n®), then 


1 1 
Sn(x, 0) =O n? (log n)? Je 


Theorem 2.143. Jf an—O(e%"), where o <= log 2, then 


τ ἰδ δ 
Sn (x, θ) = 0(n? + igo + ), 
for any positive value of «. 
For 


I an 
Uy... ky SUM... My 1 <2 2 


where μι =v or w= v—1, according as ν is even or odd. Hence 
su 
nN>2? , 
2+e)logn 
yc (2+ 8) 10g π᾿ 
log 2 
But 
αὔριο τ as ΤΣ θα 2 RP: Oe, 


where H is a constant, and so 


es eee —o(.?" Vn) _ on (log n)*}- 
H #4 °o @¢ © Ly 
This proves Theorem 2.142. Similarly, under the conditions of Theorem 2. 143, 
we have 
or 1,0 4, 
rane eee, Vn) =O (εὐ "τε ) 
γα χει ιν τῶν 
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2. 15. Suppose now that p(n) is a logarithmico-exponential function! 
(Z-function) of n such that the series 


(2. 151) Σ- τὴ 


is, to put it roughly, near the boundary between convergence and divergence, 
so that the increase of ~(n) is near to that of n. Then, arguing as in 2. 14, 
we see that, if a, =—O{p(n)}, 


H 
LU, ... ἂν - on™ Parana oe 


ἜΞΕΞΕ Ὁ ΕΣ -- ΟΥ̓ τ φ(ν) =OV ng (log ἢ): 


Veq,. . ¢@ Ly 


Now it has been proved by Bore, and BrrnstEin® that the set of values of 
x for which 
An = Op (n)} 


is of measure zero when the series (2. 151) is divergent, and of measure unity 
when the series is convergent. Hence we obtain 

Theorem 2.15. 1| p(n) is a logarithmico-exponential function of n such 
that 


a ; 
p(n) 
is convergent, then 


Sn = OV ng (log n) 
for almost all values of x. In particular, if ὃ is positive, then 


1 


8n=O \n? (log aye ὃ 


for almost all values of x. 
It was this last result to which reference was made in 2. 11. 

ee ee δος τος τ fee τς το τ Ξ τ τας ἘΞ 5 
1 Harpy, Orders of Infinity, p. 11. 


2 Gee Bore. Rendiconti di Palermo, Vol. 27, p. 247, and Math. Annalen, Vol. 72, p. 578; 
Bernstein, Math. Annalen, Vol. 71, p. 417 and Vol. 72, p. 585. 
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2. 16. Suppose that a series Dun possesses the property that 
Sn =U, + U,+--- + Un = OL (n)}, 


yw being a function which tends steadily to infinity with n; and let g be a 
function which tends steadily to zero as n— οὐ, and satisfies the condition that 


p(n) 
(0) 4 ζγὴ 


is convergent. Then it follows immediately, by an elementary application of 
ABEL’s transformation, that the series 


p(n) 
Σ ψφίπ) "- 


is convergent. This obvious remark may be utilised to deduce a number of 
corollaries from some of our theorems. To give one instance only, it follows 
from Theorem 2. 15 that the series 


I 
yn ew’ mz cos 25,70 (« > =| 


is convergent for almost all values of z, and, for any particular z, uniformly 
with respect to 6. | 
A rather more subtle deduction can be made from Theorem 2.14. It does 


not follow that, because s,—o(n), the series >= is convergent; and indeed 
we shall see later that it is not true that (e. g.) the series 


emnta 


(2. 161) > 


n 


is convergent for all irrational values of x. But it is true that, if s,—o(n), 
the series >= is either convergent or not summable by any of CesARo’s means!; 


and this conclusion accordingly holds of the series (2. 161). Similarly, if 2 is 
such that a, = Ο(1), the series 


er nig 


Vn 


* Harpy and Litrtewoop, Proc. Lond. Math. Soc., Vol. 11, p. 433. 
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possesses the same property. We shall see later that it is the second alternative 
which is true. 

2.17. So far we have dealt with series in which the parameter 6 occurs 
in a cosine cos 27)770 or cos(2n—1)z0@. It is naturally suggested that similar 
results should hold for the corresponding series involving sin 2n70 and 
sin (2n—1)79@; and this is in fact the case. These series are, from the point of 
view of the theory of functions, of a less elementary character: they are not 
limiting forms of series which occur in the theory of elliptic functions. But it 
is not difficult to make the necessary modifications in our analysis. 


We write 
(--})'a 
σπία, θ)-- Se : sin (2¥ —1) 70 
vin 
(2. 171) σπία, 0) = Den sin 270 


von 


o4(x, 0) = > (— τ)» e**# sin 27 0 


vn 


Theorem 2.17. If 0o<a<1, o<O<1, then 


On (2, 9)-- VL τσ Ons [-Ξ 4 +O Vi. 
᾿ τ. έν τι r 9 I 
On(z, O)= ae mU"|2 σὴς (—> ἘΞ +O = 
o4 (2, -V: e-aittes σὰ, (2, } +0 Ve 


uniformly in respect to @. | 
Let us consider, for example, the second of these equations. We start 
from the integral 


fem sin 22720 a cot wz dz, 


and we arrive, by arguments practically the same as those of 2. 121—2. 127, 
at the equation 


ao 


n nz 
Bac I 
(2. 172) Σ ον" τὶς sin 2vn0 --- 2 Σ eZ cos 2ymz sin 22710 dz ~oV 2. 


0 
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The only substantial differences between the reasoning required for the proof of 


this equation and those which we used before lie in the facts, first that some 
of the signs of the principal value which we then used are now unnecessary, 
and secondly that the two integrals along the axis of imaginaries no longer 
cancel one another. These integrals, however, are of the form 


ου 


δπί : h ο΄ κπέ 
6 sinh 2Ζέπσπθ ἘΞ at dt, 
ὅ 


and are easily seen to be small when & is large. They are accordingly without 
importance in our argument. 

The integrals which occur in (2. 172), unlike the corresponding cosine 
integrals, cannot be evaluated in finite form. We have, however, 


(2. 173) 2 | ene cos 2 »πζ 81ὴ 22:0 dz=I(v + Θ) --- [ (ν --- Ο), 
where 
(2. 174) I(A) = | ez sin 220A dz. 

ὃ 


Now let us consider the integral 
| ene as (A > 0) 


taken round the contour defined by the positive halves of the axes and a circle 
of radius R. It is easy to show, by a type of argument familiar in the theory 
of contour integration, that the contribution of the curved part of the contour 
tends to zero as R—-o. Hence we deduce 


ao οο 
ΠΕ : ‘5 pe sg ; 
fe nizt+2QentA dz = if e—Pata— έπα di; 


ὃ 
and so 
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I (A) == εἰ πὲς (@227014 __ cog 227 A) dz 


0 
δ ἊΝ 
— ἐ fern cos 2zwA dz + i dt. 
0 0 


Again, it is easy to show that 


_Pnie—2tnA qt — 2 Ea 
fe dt—7 a3 0 (33) 


where §=1/27. Hence 


I(v + θ) --- 1 (ν -- Θὴ τε ὁ | οὐ πίς {cos 2(v + 0) wz — cos 2 (ν --- θ) 202} dz 


ὕ 


ΕΟ. ae [3] 
(2. 175) Εν, oy δ ἡ y 
a V: e— (02+ v7) wile gin 2v7 6 +O [3] : 
x μη Vv 


From (2. 171), (2. 173), and (2. 175) we at once deduce the second equation of 
Theorem 2. 17; and the others may be established similarly. 

2.18. From Theorem 2. 17 follow the analogues for the sums o of those 
already established for the sums s. Thus we have 

Theorems 2. 18, 2. 181—4. The results established in Theorems 2. 14, 
2. I41—3, 2. 15, for series involving cosines, are true also for the corresponding 
series involving sines. | 

2.19. The preceding results have a very interesting application to the 
theory of TayLor’s series. 

Let 


f(z) = Sanz 


be a power series whose radius of convergence is unity, and let, as usual, M (r) 
denote the maximum of |/| along a circle of radius r less than 1. Further, 
suppose that 

M (r) = O(1 — r)-4, 
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and let 
g(r) = lanl. 


Then it is known that! 
Sn foas 
g(r) =O(r—1) 8. 


Further, it is known that the number — occurring in the last formula cannot 


be replaced by any smaller number, that is to say that, if dis any positive 
number, a function f(z) can be found such that the difference between the 


orders of g(r) and M(r) is =—d 2 But so far as we are aware, no example 
has been given of a function {(z) such that the orders of g(r) and M (r) differ 
by as much as = We are now in ἃ position to supply such an example. 


Let 
{(z)= Σ ο"ὐπὶξ an 


where ξ is an irrational of the type considered in Theorem 2. 141, 8ο. ὑμαῦ the 
partial quotients in its expression as a continued fraction are limited. Then, if 
z= re, we have, by Theorems 2. 141 and 2. 181, 


- | 
S,= ΩΣ Ὡνπὶθ--. O(Vn), 


uniformly in 6; and from this it follows that 


τες 2x40) --- π ρπβπὲξ-2ηπὶθ . : : 
f (2) = f (ret#0) = Syne oV er 


uniformly in 6. Hence 
] ft 
M (r) =O ΞΕ ταῖς 


δ 
1--Υ 


while 


g(r) = Jr = 


* Harpy, Quarterly Journal, Vol. 44, p. 147. 
* Harpy, 1 ¢., p. 156. 
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Thus the orders of g(r) and M/(r) differ by exactly =, If we consider, instead 
of f(z), the function 


1 
πὴ : I 
Din" 9 eats on (0 < a < ‘) 


we obtain in the same way an example of a function such that 
M (r)=O(1—r)-2, 
Γ (a + =) 
g(r) ~ Ie 
{13:9} Ὁ 
These examples show that the equation 
M (r)=O(1 — γγ« (a >o) 


does not involve 
1 
g(r)=o(1—r) 2; 


a possibility which had before remained open. ! 
z. 19. Theorems 2. 14 etc. also enable us to make a number of interesting 
inferences as to the behaviour of the modular functions 


1.2 | 
Σ «5 2) : > q”’, > (— x)" φῆ 


as 4 tends along a radius vector® to an irrational place e* on the circle of con- 
vergence. Thus from Theorem 2. 14 we can easly deduce that, if f(g) denotes 
any one of these functions, then 


1 
f(q) -- ο(ι---  4ᾳ}} ?; 


and from Theorem 2. 141 that, if δ is an irrational of the class there considered, 
then | 


1 
| f(q)=O(1—Iq]) “. 
gee 
’ * Harpy, l. c., p. 150. | 
* Or along any ‘regular path’ which does not touch the circle of convergence. 
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These results are, however, more easily proved by a more direct method, which 
enables us at the same time to assign certain lower limits for the magnitude of 
\f(q)], and to show that Theorems 2. 14 et seg are in a certain sense the best 
possible of their kind. It is to the development of this method, which depends 
on a direct use of the ordinary formulae for the linear transformation of the 
9-functions, that the greater part of the rest of the paper will be devoted. 


2.2. — ῷ Theorems. 


2. 20. We have occupied ourselves, so far, with the determination of cer- 
tain upper limits for the magnitude of sums of the type s,. Thus we proved 
that s,—o(n) for any irrational x, and that 8, = O(Vn) for an important class 
of such irrationals, including for example the class of quadratic surds. But we 
have done nothing to show that these results are the best of their kind that 
are true. The theorems which follow will show that this is the case. 

We shall begin, however, by proving a theorem of a more elementary cha- 


racter which involves no appeal to the formulae of the transformation theory. 


Theorem 2. 20. Suppose that p(n) is a positive decreasing function of n, 
such that the series > p(n) is divergent. Then it is possible to find irrationals x 


such that the series 


D9 (2) er*n2 


is not convergent. The same is true of the series 


D9 (n) dvs *, YAH 1) p(n) e*, 


and of the real and imaginary parts of all these serves. 

Consider, for example, the real part of the first series. We shall suppose 
that, among the convergents p,/q, to x, there are infinitely many of the form 
24/(4 +1). Let (q,) be a subsequence selected from the denominators of these 
convergents. We are clearly at liberty to suppose that the increase of d»4+1, 
when compared with that of any number which depends only on g, and the 
function @, is as rapid as we please. 

We shall consider the sum 
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Ayqy—l 
δ = . p(n) cos (η x2), 


Ty 


where A, is an integer large compared with g, but small compared with νοι} ἄν. 
We shall suppose A, so chosen that 


8 ἄγαν 

(2. 201) q,? Ν φ(η)-- ὦ 
σν 

(2. 202) dy41/ Ay qy— 0; 


and we shall show that, in these circumstances, |S,| tends to infinity with », 
and hence that the series 


> p(n) cos (n? 2x) 


cannot converge. 
We may consider, instead of S,, the sum 


Ayqdy—l 
(2. 203) S', = δὲ p(n) cos (ππι}μ! 4ν). 
ἄν 
For 
Aydy—1 
S,—S', = Σ p(n) {cos (n? 2x) --- cos (n* 7τ Ὁ» / 4ν}}. 
Ty 
Now 


2 2 
n® (2— Pe) | ἕ τ «ἐφ, 
dv Dv FJ v+i qd v+1 
where αἴνει is the complete quotient corresponding to the partial quotient a,41, 
and q'y41 = @'y41Q + Q@—1; and from this it follows that |S, — δ΄} is less than a 
constant multiple of 


Aig ΝῊ 
— p(n), 
4 v+1 q 


and so of 
A; dy | φίνει <A; Qv | Qy41- 


Thus S,—S',— 0 as v—, in virtue of (2. 202). 
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We may write S', in the form 
Ay—1lgqy—l 
S'y= > Σ P(r dy Έ 8) cos (s* zx py / gv). 


γα} s=(0 


If in this sum we replace g(rq,+s) by (rq), the error introduced is not 
greater than | 


Ay—l gy—l A,—1 
SS Dietra)d—P (rg + 8)}<% > {9(rar) —gl(rt+ 1) a} 
r=1 s=Q | r=] 

<P (q). 


Thus, with an error not greater than q,9(q,), and a fortiori not greater than 
φνφί(ι), we can replace S', by 


Ay—1 4ν--1 _ Ayal 
(2. 204) S'.= ΣΝ φί(γ 4) δ cos(s*xp./g)=+ Vm Dlr). 
ra) ΓΙ; ren) 
Now 
᾿ Ay@y 
(qv) + φία 4.) + + PK (Ay — 1) Qu} 2 D> (nr) 
Vv 24 
1 Ayqdy 
>= δ p(n)— φ (), 
4ν δ, 
and so 
I A Wy 
[SL δὰ p(n) — Vg, (x). 
Hence | 
Ayd@,y 
[s",] sued -Φ . : I 
y n)- ——) 
P(t) 9a) { Bas: 


ἂν 


which tends to infinity with », in virtue of (2. 201). Hence S',, and so ὅν, 
‘tends to infinity with »; which proves the theorem. 
In particular it is possible to find irrational values of x for which the series 


Σ cos (n? πα) Σ cos (ηἷ 72) 


n n log n 


oo @e: 


are not convergent. 
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2. 21. We shall find it convenient at this stage to introduce a new nota- 
tion. We define the equation | 


f= 2(9), 


where ᾧ is a positive function of a variable, which may be integral or con- 
tinuous but which tends to a limit, as meaning that there exists a constant H 
and a sequence of values of the variable, themselves tending to the limit in 
question, such that | 


If{|>Ho 


for each of these values. In other words, f= ἢ (φ) is the negation of f =o(¢@). 
In the notation of Messrs WHITEHEAD and RussEtL we should write 


f=2(9).= .~ (f=0(9)). Df. 


2. 22. We shall now prove the following theorems. 
Theorem 2. 22. If x is irrational, then 


= (Vn). 


Theorem 2. 221. I [φ is any positive function of n, which tends to : zero as 
n— oo, then it is possible to find irrationals x such that | 


85. = 2(n¢@). 
These theorems show that the equation 


Sn = O(Vn) 


established by Theorem 2. 141 for a particular class of values of x, cannot: pos: 
sibly be replaced by any better equation; and that the equation 


Sn = 0(n) 


of Theorem 2. 14 is the best that is true of all irrationals. We shall deduce 
these theorems from certain results concerning the elliptic modular functions. 
2. 23. We write 


q= evr — οπί(α τ ἐν) == ρ΄ πντεπὶς 


== rene ( »ο, y>O0, O<r< 1). 
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3, (0, t)=2 y ΟΣ 
1 
I,(0, τ) ξὸσ τ 2 Sq", 
1 
9,(0, τ) =1I+2 Saag. 


1 


We suppose that pn/qn is a convergent to 


I I 
γε -5- -- --.» 
ι @, 


and write 


Dn—1 Yn — Pn Qn—1 = Yn = +I. 


We shall consider a linear transformation 


π.-. +dt 
“αι δε, 
where 
a=Ppn; b=—Qn, 
(Dn odd) , 
Ο = Yn Pn—1> ὦ = —n Qn—t; 
a=—Dn, b= qn, 
(pn even). 
= — In Pn—-1> d = tn Qn-1; 


In either case ad -—bc=7,=—1. 
Finally, if a'n4: is the complete quotient corresponding to dn41, we write 


Q'n+1 - O'n+41 Qn + Yn—1, 
and we take 


aaa I/(n Q'n+1)- 
When 


Pn—1 18 even, Pn 18 odd, 
Gn—1 18 Odd, Qn is even, 
we shall say that the convergents Pn—1/qn—1, Pn/Gn form a system of type 
E ὯΝ 
O# 
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There are six possible types of system, viz. 


(oz) ( 2] oo (eo) (eo): oo 


which we number 


τ 2°; 39, ἃ, 59, 6°. 
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The following remark is of fundamental importance for our present purpose. 


In any continued fraction whatever, one or other of the systems 1°, 2°, 5°, 6° must 
occur infinitely often. This appears from the fact that the second column in 
cases 3° and 4° is O, O, and that all cases in which the first column is O, O 


fall under 1°, 2°, 5°, or 6°. 
2. 24. In cases 1°, 2°, 5°, or 6° we have 


I 


J,(0, tT) = ——==—_ I (0, 7), 
30, 1) wVa+ br ( ) 
where ὦ is an 8-th root of unity, and ϑ stands for one or other of ϑ, and 9,.! 
Now 
: +1I—1 V2 
Ια + br] =|>n—gn2—gniy| — 2 2—4 _ 72. 
Gn+1 d n+1 
Also, if Ὁ = e**7, we have 
IQ] =e-™, 
where 
c+dt d I 
i ἐμ, Fear -15- b(a + br) { 
ges I nt I 
(τ [φ' εα)} Ἐ φν 24, ° 2 
Hence 


1 
lQl<e Σ΄ <1/(4.8)<.21, 
2101+ 2]Q|4 + --- « 2(. 21) + 2(. 21)" +-:- 


oe 
2 


' T. and M.,, Vol. 2, p. 262 (Table XLII). 
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[9(ο, 17) Ξε [τ 206 Ἐ 294: ...} >: 
Consequently | 
) ΒΝ "ΝΕ 
[Js (o, t)| >KI Q'n+1 > K Van φ' καἰ == KV1/y. 


From this follows at once | 
Theorem 2. 24. If q=re™*, where x is irrational, then 


42 3qr—2l]/ 
ee ΕΣ | = 


. 688 r--T!. 


From this we can deduce Theorem 2. 22 as a corollary. For if we had 


$n =0(Vn), 


the series 
I+2 Dd ernie n = >; Un” 
1 : 
would satisfy the condition 
_ 4 
Uy t Uy ++) + un =ol(Vn), 


and so we should have 
Dd Unt = (α — 1) Dd) (uo + Uy, + +++ + Un) 7" 


-- αι -- τ Σ ο(η) γ" 


ΠΧ τι 


ι --- γ] 


. 
3 


an equation which Theorem 2. 24 shows to be untrue. 
Again, let o(x/y) be any function which tends to zero with y. We have 


[ 9, (0, t)|>KVq'nai = KI I/Qny- 


We choose a value of x such that, for an infinity of values of n corresponding 
to one of the favourable cases 1°, 2°, 5°, 6°, we have 


b 1 [ Qn > φίφη 4 κει); 
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this may certainly be secured by supposing that a,4; is sufficiently large. We 
have then 


|9,(0, 7) > KV1/yp(r/y). 
From this we deduce 


Theorem 2. 241. Given any function » which tends to zero, it is possible to 
find trrational values of x such that 


I+ 22a AV + 9(- Si 


when q=re™* and r—t1. 

From this theorem Theorem 2. 221 follows as a corollary just as Theorem 
2. 22 followed from Theorem 2. 24. 

2. 25. It is interesting to consider a little more closely the case in which 
ΟΣ is an irrational for which a, = Ο (1). 

Let us, instead of considering only the special value 1/(gnq'n+1) of y, 
consider the range R, defined by 


I x 
q'a+i I= dn 


or 


<y< ————  , 
In Q'n+1 9 Dong nsl 


where 7 qn/Q'n+i- It is clear that, for different values of n, these ranges 
cover up the whole range of variation of y. If now y=(€/(qnq'n4i), 80 that 
4y<¢<1/n, we have 


SS eer ee ee . 


Suppose first that n corresponds to a system of one of the types 15. 20,503 0" 
Then the argument of 2. 24 shows that the absolute value of ϑίο, 7) lies 


between : and 3, If on the other hand n corresponds to a system of type 3° 


or 4°, we have 
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I 


ϑ,(ο, τ) -- ----Ξ----- 
(0, τ) ωγα- bt 


9.(ο, 7). 
Now 
I,(0, T) = 2 (EOP QP τ -.), 
and the absolute value of the second factor lies between 7 and >. On the 
other hand 4 lies between g'i41/ (φῇ + 4.1) and g'nzi/2 Qn, and a fortiors between 


: and = (K +1), where K is the greatest value of a partial quotient. Hence 


in this case also |9(o, 7')| lies between fixed positive limits. 
Thus, as the ranges R, fill up the whole range of variation of y, we can 
determine two constants H,,.H, so that 


A, Η, 
-ὴϑξξξξ:ΞξΞ-Ξ-: :-[. 0, VU « --- ΞΞΞΞΞΞΞΞΕΞΞ" 
Via + δ τ] a Via + bc| 


4 
Via + A= \/ Vy la + cy) 


and it is easy to see that the second factor under the radical lies between fixed 


But 


positive limits. Hence we obtain 
Theorem 2. 25. Jf q=re™**, the partial quotients to x being limited, and 


r—t1, then 
4 
= : 1 
I—r 


2. 26. In the preceding discussion, the argument which showed that 


oO 


I +24" 


1 


A> - was independent of any hypothesis as to the continued fraction. Hence 


we have in any case 
H, Hi, 


|9;(0, 1)} <—— -- -ἔ-ς--- - - -θ----- 
Maso γτγ)φη τη" + δὲ ν᾽ 


=O : | =0 (=| 
Vqny Vy 

&8 gn— 0. Hence we obtain 
Theorem 2. 26. For any «irrational value of x, we have 


* The formula fo implies that |/]/¢ lies between fixed positive limits: see Harpy, 
Orders of Infinity, pp. 2, 5. 
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I +2 Dan πο τὶ . 
1 I-f?r 


This result may of course also be proved as a corollary of Theorem 2. 14, by 
reasoning analogous to that used in 2. 24. But the direct proof is none the 


less interesting. 

2. 27. The argument used in 2. 24, in deducing Theorem 2. 22 from Theo- 
rem 2. 24, may be adapted so as to prove an interesting generalisation of the 
former theorem. Let us write, as before 


a 
I + 2 Σ enntz aia ΝΕ ΧΩ 
1 


and suppose that k! S* / nk is one of CesARO’s means associated with the series 


2, Un: Then 
(2. 271) St = Q (,.1.). 


For if this were not so, we should have 


1 
καὶ 
> Un” = (1 —r)F+} δ δὲ a= (1 --- 7)} Ὁ} ὁ O (; 4) rn 


“Wh 


From (2. 271) it follows that the series > un cannot become summable (Ck) on 


1 
- the introduction of a convergence factor n *.! And from this we deduce 
Theorem 2. 27. The series 


>> ne en ntz (« < | 
7. 


cannot be convergent, or summable by any of CESARO’s means, for any irrational rz. 
We need hardly remark that the same is true of 


(n—3)* nie a 
δητας : ; Σ (— 1)" n—* er, 


On the other hand, if a> . all these series converge presque partout (2. 11, 2. 16). 


1 Harpy and Litt.ewoop, Proc. Lond. Math. Soc., Vol. 11, p. 435. 
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2. 3. — An application to the theory of trigonometrical series.! 


2. 30. The problem of finding a trigonometrical series whose coefficients 
tend to zero, and which converges, if ever, only for a set of values of the ar- 
gument of measure 0, was first formulated by Fatou? and first solved by 
Lusin.’ The results of the earlier part of this paper have led us to a solution 
of Farfou’s problem which seems to us to have considerable advantages over 
Lusin’s. | | 

We can, in fact, prove the following theorem, which is an extension of 
Theorem 2. 27. 


Theorem 2. 30. The series 


Σ ηα cos (n? πὶ 2), >. n—* sin (n? 22x), 


I GS ois 
where o<a ce are never convergent, or summable by any of CESARO’s means, for 


any irrational value of x.4 

Considered simply as solutions of Farou’s problem, these series have, as 
against LuUsIN’s, two advantages. In the first place, they are series of a simple, 
natural, and elegant analytical form. In the second place, the problem of con- 
vergence is solved completely; there is no exceptional set of values of x for 
which doubt remains.® 

2. 31. We proceed to the proof of Theorem 2. 30. This theorem is a 
corollary of 


' An abstract of the contents of this part of the paper appeared, under the title »Tri- 
gonometrical Series which Converge Nowhere or Almost Nowhere», in the Records of Proceed 
ings of the London Math. Soc. for 13 Febr. 1913. 

? Acta Mathematica, Vol. 30, p. 398. 

® Rendiconti di. Palermo, Vol. 32, p. 386. 

‘The cosine series converges when ὦ is a rational of the form (21+ 1)/(2#+4 1) or 
2A4/(4u + 3), the sine series when αἱ is a rational of the form (24+ 1)/(2# +1) or 24/(4n 4+ 1) 
(see 2. οἱ). In the abstract referred to above this part of the result (which is of course trivial) 
was: stated incorrectly. 

5 It is only since this paper was written that we have become aware of a different solution 
given by H. Sremnsaus (Comptes Rendus de la Société Scientifique de Varsovie, 1912, p. 223). 
Sreingavs also solves the problem of convergence for his series completely; they converge, in 
fact, for no values of x Thus in this respect our examples have no advantage over his; the 
advantage; if anywhere, is on his side. In respect of simplicity etc. our examples have the 
advantage over his as much as over JLusin’s. 
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Theorem 2. 31. Jf g=re**, where xis irrational, then, as r—1, both the 
real and the imaginary parts of 


f(q)=1+2 29" 


4 


are of the form a\y/_=_}. 


In fact, when once this theorem has been established, Theorem 2. 30 follows 
from it in the same way as Theorem 2. 22 followed from Theorem 2. 24. And 
the proof of Theorem 2. 31 is in principle the same as that of Theorem 2. 24, 
though naturally more complicated. 

Our notation will be the same as in 2. 23. We shall prove first that, in 


cases 1°, 2°, 5°, and 6°, we have 
1 


(i) | |9,(0, t)|>Ky 4, 


(ii) am J,(0, τ) --- Ξ mr » ὃ 


for all integral values of m, K and ὃ being positive constants, provided either 
(a) Qn4i1>1 
(8) Qn41 = 1, Anyo=I1. 


We shall express this shortly by saying that 1°, 2°, 5°, 6° are favourable cases, 
except possibly when 


Anti =I, Anyo2>T1; 


a ’favourable case’ being one in which we can prove the inequalities 


(2. 311) IR{9,(0, 1)}}» Ky t, IT(9,(0, 1}}}» Κγ΄ . 
We have 

(2. 312) 9,(0, t) = = 90, TT). 

If Qngi>t, 


IQlae "78th ρα χο ἢ 


and if d@n4, ΞΞῚ, Gngo=I, 
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Gov _ pg Fy Gert 3. 
dn Q'n42 qn 2 
3 
a gee 
lQ]<e < τ 
In either case 


20] + 2[0 + a 


and so 
(2. 313) [9 (ο, Τὴ» 5; jam  (ο, 7')| « arc tan 2 <0. 
Again 
a+ bt=+ (n+ ἢ {4΄ κεἰ, 

eo _1 

(2. 314) la+ br] *=2 *Vqnyi>Ky 4, 
-1 I I 

(2. 315) am (a + br) l= Lage | (mod. =a) 


From (2. 312), (2. 313), (2. 314), and (2. 315) it follows, first that the modulus 


1 
of 9,(0, τ) is greater than a constant multiple of ψ 4 (as has been shown already 
under 2. 24), and secondly that 


I I I 
(2. 316) am 9,(ο, t= Zn + ἘΠ (mod. ἢ; 


I : I 
where [35] denotes a number whose absolute value is less than ταῦ: Hence 
I2 ‘ 


am 9,(ο, τ) must differ by at least 


from any multiple of ~ 1; and so the cases which we are considering are all 


favourable. 

2. 32. We shall now prove that, as n—, favourable cases must recur in- 
finitely often. This will complete the proof of Theorem 2. 31. 

We represent the state of affairs, as regards the oddness or evenness of 
Pn and qn, in a way which will be made most clear by an example. If every 
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Pn is odd, and q, is alternately odd and even, we represent the continued frac- 
tion diagrammatically in the form 


OO0OO0O0dO.... 
OEOEO.... 


— and so in other cases. 
Suppose first that O O occurs infinitely often above. Then one or other 
of the systems 


( π᾿ (eo) 


must occur infinitely often. If the first, which is system 2°, either favourable 
cases recur infinitely often, or the ensuing partial quotient is always 1. We 
represent this state of affairs by the symbol 


es 
OF 


In this case our diagram continues 


O O|L. 
Ο ΕΟ’ 
OF). : . 
and as | E ο) Is case 5°, either favourable cases recur continually, or the next 


quotient is also 1, so that we have 


But then the first four letters represent a system of type 2° followed by two 
quotients @y41=1, @n42—= 1; and this is a favourable case. Thus if * Ἴ recurs 
continually, favourable cases recur continually. | 

We consider next the result of supposing that " Ἂ recurs continually. 


This is case 4°. If the diagram continues with an O above, it must continue 
in the form 

O 
O 


OOO 
EOE 
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and then we can repeat our previous argument. The only alternative is that 
it should continue. 
OOE 

£EQO 
— and as the last four letters form a system of type 6°, the next quotient 
must (in the unfavourable case) be 1. Hence we obtain ᾿ 

00 Ε|0. 

E ne O|F 
The next quotient must also be 1; and so the system of type 6° gave in reality 


a favourable case. 
We have thus proved that, whenever the succession OO recurs continually 


above, we obtain an infinity of favourable cases. It only remains to eonsider 


the hypothesis that p, is alternately odd and even. 
If we have OF above, we have one or other of the systems (0 0] [ῃ ἊΣ 


systems 5° and 6°. Thus we have a favourable case unless dn41—1. If the 
system is of type 5°, we are led to | 


— so that the system ‘is favourable. On the other hand, if it is of type 6°, 


0 Elo. 
E o|o 


As the next numerator is even, the next denominator is odd. Hence the next 


we are led to 


system is [ μὴ 
οο 


We have now examined all possible hypotheses, and found that they all 
involve the continual recurrence of favourable cases. Thus Theorem 2. 31 is 
established. | a 

2. 33. From this theorem we can, as was explained in 2. 31, deduce 
Theorem 2. 30 as a corollary. The latter theorem has an interesting consequence 
which we have not seen stated explicitly. 


, and we have seen that this case must be favourable. 
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The series 


> πα δὲ (n? πὶ 2), Σ n—* sin (η3 x 2), 


I : 
where a < 3? are not FOURIER’S series. 


For if they were they would be summable (C1) almost everywhere, by a 
theorem of LeBzseur.! It follows that trigonometrical series exist, such that 


D2 ({an|2+° + [b,,]2+°) 


is convergent for every positive ὃ, which are not FourteR’s series. This 


is of interest for the following reason. If Σ (a, + δ) is convergent, the series 


is the Fourter’s series of a function whose square is summable.* Further if 
p is any odd integer, and 


D (lanl *? + 10,15) 


is convergent, then the function has its (1 + p)-th power summable.‘ It 
would be natural to suppose that the Riesz-Fiscuzer Theorem might be capable 
of extension in the opposite direction. One might expect, for example, to find 
that a series for which 


D> (lan|!+? + [δ,1}}} 


is convergent must be the Fourier’s series of a function whose [ + 7th 


power is summable. That this is not true has been shown by Youna, by 
means of the series 


* Math. Annalen, Vol. 61, p. 251. See also Legons sur les sériés trigonométriques, p. 94 
where however the proof is inaccurate. A Fourier’s series is in fact summable (6 δὴ), for any 
positive δ, almost every where aie. Proc. Lond. Math. Soc, Vol. 12 p. 365). That our series 


_ are not Fourier’s series when a <-_ can in fact be inferred merely from their non-conver- 
2 


gence, since to replace n—¢ by n—8, where β is any number greater than a, would, if they were 
Fournier's series, render them convergent almost every where (Young, Comptes Rendus, 23 Dec. 1912). 
? Or even for which 
ΣΕ [α}" + [onl? 
(log nits — 
is convergent. 
8 This is the ‘Rigsz-Fiscuer Theorem’. 
* 'W. H. Younes, Proc. Lond. Math. Soc., Vol. 12, p. 71. 
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cos na+sinnx 
Σ- Ὸ.- 
nt (log n)? 


— here p= 3. Our examples however show a good deal more, viz. that as 
soon as the 2 which occurs in the Rigsz-FIscHER Theorem is replaced by any 
higher index, the series ceases to be necessarily a FouRrER’s series at all. 

2. 34. There are other classes of series the theory of which resembles in. 
many respects that of the series studied in this paper. One such class comprises — 
such series as | 


νὰ cosec πῶ, Σ (— 1)" cosec nx 


and the corresponding series in which the cosecant is replaced by a cotangent: 
these series are limiting forms of g-series such as 


7 


Σ Pars: Sar 
[~— ᾳ"» 
Another class comprises the series 


2 {m2 —F} Σι- τη α)-- 


and the corresponding series in which nx) —~ is replaced by nz. We have 
5 : Ρ y 


proved a considerable number of theorems, relating to these various series, of 
which we hope to give a systematic account on some future occasion. 


CORRECTIONS 


p. 211 (2.132) and p. 226 ( fourth displayed formula). Read: 
See 
Ξ age 


p. 231. The fourth root in the first displayed formula should be a square root. 


x 


COMMENTS 


The basic result of the paper, Theorem 2.128, was later named the approximate functional 
equation of the theta-function. It is not, however, of the same character as the approximate 
functional equation of the Riemann zeta-function, discovered later by Hardy and Littlewood 
(1923, 5). The former is an approximate transformation of one finite sum into another, the 
latter is an approximate expression for {(¢-+7#), when 0 < o < 1, as the sum of two finite sums. 

The original proof of this result, given in the present paper, is unnecessarily elaborate. Simpler 
proofs were given later by Hardy and Littlewood themselves (1925, 4), by Mordell (J. London 
Math. Soc. 1 (1926), 68-72), and by Wilton (ibid. 2 (1927), 177-80). Mordell uses contour integra- 
tion round a parallelogram, but with the vertical sides replaced by sides inclined at an angle 
ἐπ to the real axis. Wilton uses Poisson’s summation formula 


b οο b . 
Σ 70) τ. Sf fever de 


in much the same way as Dirichlet used it in his evaluation of Gauss’s sum. Wilton also gives 
ὃ. numerical estimate for the constant in the error term. 

§ 2.10. The transformation formula for a sum of the form 

> entniz 

(see 2.102) expresses this sum in terms of a similar sum with k replaced by K, where 
1/k+1/K = 1. If k is a positive integer greater than 2, the transformation does not give any 
useful information about the magnitude of the original sum. A very general transformation 
formula, applicable to a wide range of sums of the type 


Σ ginjerwifm, 

was given by van der Corput (Math. Annalen, 87 (1922), 66-77, and 90 (1923), 1-18). For 
ἃ somewhat simpler treatment, see Wilton, J. London Math. Soc. 9 (1934), 194-201 and 247-54. 
For an account of the part played by such formulae in some problems of analytic number theory, 
see Rankin, Quart. J. of Math. (2) 6, (1955), 147-53. 

For references to later work on sums of the form > et7iz, see Koksma, ch. 9, ὃ 3. 
§ 2.120. The exact formula (2.1202) is attributed (following Lindeléf) to Genocchi and Schaar. 
But it is an easy deduction from the value of Gauss’s sum, and may well have been known to 
Gauss or Dirichlet. 
§ 2.13. In the estimate (2.138), the last term can be omitted, by virtue of (2.136). 

It may be helpful to restate (2.138) and (2.1381) in the usual symbolism of continued frac- 
tions. If 1 1 1 


the choice of ν made in (2.136) is effectively equivalent to 
αν <n< ἄν γι (1) 
(it is actually equivalent to 4, < m « 43...» where q, is the ‘complete quotient’, as defined in 
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§ 2.22) and instead of (2.138) and (2.1381) we get | | 

8, = O(min(ngy*, gi). | (2) 
This renders the deduction of Theorems 2.14, 2.141, 2.142 more immediate. 
§ 2.14. In Theorem 2.143, the constant log2 could be replaced, in both occurrences, by 
log 3(3+5). The inequality ey < 2-P, 


used by Hardy and Littlewood, could be replaced by a stronger inequality with 1/u,_, on the 
right, where wu, is the vth Fibonacci number. This leads to the above improvement. 

Theorem 2.143 has the defect that it gives no information if p is large, and in particular it 
leaves open the question whether any postulated explicit upper bound for a, as a function of n 
implies some explicit upper bound for s, which is better than o(n). This is in fact true. For 


nome : a, = O(expf(n)), 
where f(n) is any increasing function. Then 
Qn = O(expC, F(n)), 

where ΟἹ is a constant and F(n) = f(1)+...+f(n). It follows from (1) above that 

| ν-Ε > G(C,logn), 
where @ is the function inverse to F. Hence, by (2) and the fact that g, > exp(C,v) always, 
we Βᾶν8 8, = O(ng;z*) = O(nexp(—C,v)) = O(nexp(—C, G(C, logn))). 
This is the desired explicit upper bound. 

Further results of the type of this section were given in 1922, 5. 


The dependence of s,(z,@) on @ was investigated by Behnke, who proved the curious result 
that for any irrational xz there is some @ for which 


8,(2,0) = O(nt). 
See Koksma, p. 111. 


§ 2.19. In connexion with this application to the theory of functions, see 1916, 3 and comments. 
§ 2.3. Again see 1916, 3 and comments. 


SOME PROBLEMS OF DIOPHANTINE APPROXIMATION: 
A REMARKABLE TRIGONOMETRICAL SERIES 


By G. H. Hardy and J. E. Littlewood 


TRINITY COLLEGE, CAMBRIDGE, ENGLAND 
Received by the Academy, August 7, 1916 


1. The title of this note is perhaps not very appropriate: we retain 
it because the contents of the note form a natural sequel to those of 
three papers which we have published under same title elsewhere,! 
and in particular those of our second paper in the Acta Mathematica. 
We there discussed in detail the series | 


» ον (1.1) 


and other similar series associated with the elliptic Theta-functions, 
and used our results to elucidate a variety of difficult points in the theory 


1916, 3(with J. E. Littlewood) Proceedings of the National Academy of Sciences, 2, 883-6. 
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of Taylor’s series and trigonometrical series. We have since discovered 
that even simpler and more elegant illustrations may be derived from 
the series 


Sven log »- 267in (1 2) 


This series behaves, for different values of the parameters a and θ, 
far more regularly than does the series (1.1). To put the matter roughly, 
the behaviour of the series does not, in its most essential features, depend 
upon the arithmetic nature of a. | 

2. Our fundamental formula is’ | 


m ,—ya" dnin pti 7 (-- »)" 
Sree mics (ot aa) Σ στ OD 


Here a > 1,p is real, and R (y) > 0. The formula becomes illusory 
when p is zero or a negative integer, but the alterations required are of 
a trivial character. The formula is easily proved by means of Cauchy’s 
Theorem: similar formulae were proved by one of us in a paper pub- 
lished in 1907.? 

We now write y = o + it, where ¢ > 0, suppose that σ — 0, and ap- 
proximate to the series of Gamma-functions by means of Stirling’s 
Theorem. We thus obtain 


Ht? 


e* f(z) = Ε (σ) - φ(σ), (2.2) 
log a 
where 
f (z) = a" nP—* ein log n on. | (2.21) 
1 
2π (2x)? | εἶθ ae) | (=) 
airs χη Oe. = ὁ σι = @log(%), (2.22 
Ιορ α΄ (log a)?tt ee δι δὶ Cee 


so that r— 1 when -σ 0; 


@ 


Ε (σὴ) = ~ gh” ο΄ (ein οἷ. ΝΙΝ (2.23) 


0 


and ὁ (σὴ is of one or other of the forms 


A+o(i1),O (tog 1) Ο (67°), 


according as p<3, p=, or p>}. 
3. It is known’ that, if p>0, 


F (σ) =O (07°), F(c) - ῶ (σ 5), (3.1) 
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when o — 0, the second of these formulae meaning‘ that F (σὴ) is not 
of the form ὁ (σ 9), and the two together that 


O<h= limo’ F (c)< ο. (3.2) 


These relations all hold uniformly in ¢. It follows that, if p > 0 and 
γ =|z|— 1, the function f (z) is exactly of the order (1 — τ)", and this 
uniformly in @. Incidentally, of course, it follows that every point of 
the unit circle is a singular point: but this is known already.® 

The series furnishes an example in which the orders in the unit circle 
of the functions f (z) = 2a,” and g (s) = =| a,|2” differ by exactly ἢ, 
the maximum possible.® 

When p = 0,f (z) is bounded, but does not tend to a limit when z 
approaches any point of the unit circle along a radius vector. We know 
of no other example of a function possessing this property. When p<0, 


f (2) is continuous for | 2| <1. 
4. Let 


" 


ee κρ-ὶ tik log k + 26nik. 4.1) 

zs (4.1) 
and suppose first that p > 0. Then it is easy to deduce from the results 
of §3 that s, is of the form Ὁ (7°) when n— ©. The corresponding 
‘O’ result lies a little deeper: all that can be proved in this manner is’ 
that s, =O (πῇ logn). But a direct investigation, modelled on that of 
the early part of our second paper in the Acta Mathematica, shows that 
the factor log m may be omitted. It should be observed that an essential 
step in our argument depends on an important lemma due to Landau,® 


according to which 
x 
| { ΧΎ e* log (nx) dx 
1 


for X21, y20,7>0. We thus find that s, is, for every positive value 
of a, exactly of the order n°, and this uniformly in 6. The series 


> ηρ΄-ἰ Xin log n+ 20min (4.3) 


15 never convergent, or summable by any of Cesaro’s means. 

When p = 0, s, is bounded, but the series is never convergent or 
summable. When p< 0 it is convergent; and uniformly in θ. 

5. For further applications it is necessary to consider the real and 
imaginary parts of our function and series separately, and this is most 
easily effected by introducing some restriction as to the value of a. 
Suppose that a is an integer, not of the form 4k-+1. Thus we may take 
a = 2,a=2n/log 2. Then the results of §§3-4 hold for the real and 


<23.X7t5 (4.2) 
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imaginary parts of the function or the series. In particular the series 
a cos (an log n+ 20rn) (ρ 0) | (5.1) 


is never convergent or summable for any value of 0, and is accordingly not 
a Fourier’s series. We thus obtain a solution of what, in our former | 
paper, we call Fatou’s® problem which combines all the advantages 
of those given previously by Lusin,® Steinhaus,® and ourselves. 

We can also obtain in this manner exceedingly elegant examples of 
continuous non-differentiable functions. Thus the function 


f (8) a (1<6<4) (5.2) 


does not possess a finite differential coefficient for any value of 0. 


1G. H. Hardy and J. E. Littlewood, Some problems of Diophantine approximation: 
(i) Proc. Fifth Int. Congress Math., Cambridge, 1, 223-229 (1912); (ii) Acta Math., 37, 155- 
190 (1914); (ii) 71δὲά., 193-238. 

2 G. H. Hardy, On certain oscillating series, Quarterly J. Math., 38, 269-288 (1907). 

3G. H. Hardy, Weierstrass’s non-differentiable function, Trans. Amer. Math. Soc., 17, 
301-325, (1916). 

47. c. supra (1) (iii), p. 225. 

δα, N. Watson, The singularities of functions defined by Taylor’s series, Quarrerly J. 
Math., 42, 41-53 (1911). 

6 6. H. Hardy: (i) A theorem concerning Taylor’s series, Ibid., 44, 147-160 (1913); (ii) 
Note in addition to a theorem on Taylor’s series, Jbid., 45, 77-84 (1914). 

7 Cf. E. Landau, Abschitzung der Koeffizientensumme einer Potenzreihe: (i) Arch. Math. 
Physik, ser. 3, 21, 42-50 (1913); (ii) [bid., 250-255; (iii) Zbid., 24, 250-260 (1915). 

8 E. Landau, Uber die Anzahl der Gitterpunkte in gewissen Bereichen, Géttinger Nach- 
richien, 687-771 (p. 707), (1912). 

9 For references see p. 232 of our paper (1) (iii). 


CORRECTION 


The statements at the end of § 3 and of § 4 about the case p = 0 are incorrect: 
see the end of 1916, 9. 


COMMENTS 


The interest of this paper is almost entirely analytical, and (as the authors 
remark in the first sentence) its inclusion under the general title ‘Some problems 
of Diophantine approximation’ is not entirely appropriate. 

The substance of §§ 1-3 is given again, in somewhat more detail, in Little- 
wood’s Lectures on the theory of functions (Oxford, 1944), pp. 99-102. 

The substance of §§ 4-5, with further results, is given in ch. 5 of Zygmund’s 
Trigonometric series (2nd ed., Cambridge, 1959). See also the references on 
p. 379 of Zygmund. 


SOME PROBLEMS OF DIOPHANTINE APPROXIMATION: 
THE SERIES Σ 6 (λ,) AND THE DISTRIBUTION OF 
| THE POINTS (λ, αἹ) 


By G. H. Hardy and J. E. Littlewood 


TRINITY COLLEGE, CAMBRIDGE, ENGLAND 
Communicated by E. H. Moore, December 5, 1916 


1. In our previous writings on the subject of Diophantine approx- 
imation, which we refer to in a short note published in the October 
number of these PROCEEDINGS,! we alluded in several places to a series 


of further results which, we hoped, were to form the material for a third 


memoir in the Acta Mathematica. The prosecution of this work was 
delayed, in the first instance, by our occupation on a long memoir on 
the theory of the Riemann Zeta-function, now in type and shortly to 
appear there, and subsequently by other causes; and there is, under 
present conditions, little hope of its completion in the immediate future. 


The subject has since been reopened by the appearance of work by other 
writers,’ and in particular of a very beautiful memoir by Weyl in the — 


latest number of the Mathematische Annalen.t This paper contains 
allusions to our unpublished work: and it seems desirable that we 
should make some more definite statement than has appeared hitherto 
of our results and the relations in which they stand to Weyl’s. 

The main problems which we considered were three. 

2. (a) The first problem was that of proving that, if e(x) = é™* 
and 

λ, Ξ an +a, wi+.. .- αὶ 

is a polynomial in n with at least one irrational coefficient, then 


5, = DieOs) = o(n). 


We may plainly suppose that every a has been reduced to its residue 
to modulus unity: and there is no substantial loss of generality in sup- 
posing the frst coefficient irrational. | 

This theorem we enunciated first, in the special case in which Δ, = 
an*, in our communication to the Cambridge Congress, characterising 
the proof as ‘intricate.’ In our second memoir in the Acta we discussed 
in detail the case k = 2, using a transcendental method which leads to 
a whole series of more precise results; and we promised a proof of the 
more general theorem in the third memoir of the series. Weyl’s memoir 
contains a complete statement and proof, both quite independent of 
ours, of the theorem in its most general form. 


1916, 9 (with J. E. Littlewood) Proceedings of the National Academy of Sciences, 3, 84-88. 
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The limitation on the form of \,, which appears in the theorem as we 
stated it, was introduced merely for the sake of compactness of expres- 
sion and does not correspond to any real simplification of the problem. 
Our argument indeed depends upon an induction which compels us to 
consider the problem generally. ‘The most comprehensive result which 
appears in our analysis is as follows: given any positive numbers ε and ἡ 
we can determine v (e), N (ε, η), and a system of intervals 7, including all 
rationals whose denominators are less than v, and of total length less than 
n, 80 that | 5, | < en for n > N, all values of a exterior to the intervals 7, 
and all values of oa, a2, . . . . , a. From this result it follows at 
once that 5, = o (m) for any particular irrational a, and uniformly in 
αι, ἀῶ, . . .. ,ν αὖ. 

Weyl’s proof and ours are widely different, and each, we hope, may 
prove to have an interest of its own. The same is true of the deduc- 
tion of the formula ¢ (/ + it) = o (log ἢ, made by Weyl as well as by 
ourselves. 

3. (b) The second principal problem was, to use Weyl’s phraseology, 
that of the ‘uniform distribution’ (Gleichverteilung) of the points (An) 
where (x) is the residue of x to modulus unity. Suppose that m is the 
number of the first 2 such points which fall within an interval 7 of 
length 6. Then the points are said to be unzformly distributed if nj ~ 6n for 
every such interval 7. It is plain that a corresponding definition may 
be given of uniform distribution of an enumerable sequence of points 
in space of any number of dimensions. 

That the points (\,) are uniformly distributed when k = / and a is 
irrational was proved independently by Bohl, Sierpinski, and Weyl 
in 1909-10. The general result (with the same unessential limitation 
as to the form of λ,) was stated by us in our first paper in the Acia. 
Our proof, which has never been published, proceeded on the same lines 
as that of the thoerem of §2._ But Weyl has now established a ‘prin- 
ciple’ which renders such a proof entirely unnecessary, and which has 
led him to results in this direction far more. comprehensive than any of 
ours. This ‘principle’ is expressed by the theorem: if 

» ὁ (md,) = 0 (n) 
1 
for every positive integral value of m, then the points (dn) are uniformly 
distributed in (0, 1). The proof depends on a simple but ingenious use 
of the theory of approximation to arbitrary functions by finite trigo- 
nometrical polynomials; and there is a straightforward generalisation 
to space of any number of dimensions. 
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Weyl’s ‘principle’ enables him to deduce, with singular ease and ele- 
gance, theorems of ‘uniform distribution’ from theorems of the char- 
acter of that of §2, and to generalise them immediately to multidimen- 
sional space. It enables him to prove, for example, that the points whose 
coordinates are 


(np ag) (p=1,2,..., kg =1,2,...,bhn = 1,2, 3,...) 


where ay, o2, ...., a ts any set of linearly independent irrationals, 
are uniformly distributed in the ‘unit cube’ of kl dimensions. All that we 
had been able to prove was that the points were everywhere dense in 
the cube. 

4. (c) Corresponding questions arise in connection with an arbitrary 
increasing sequence λι, Az, As, . . . . . - Are the points (A, αὐ), for 
example, uniformly distributed? The answers to such questions in 
general involve an unspecified exceptional set of values of a of measure 
zero, instead of (as when A, = *) a specified set such as the rationals; 
they are, in other words, only ‘almost always’ true. 

In our first paper in the Acta we proved quite generally that the set 
(λ, a) is almost always everywhere dense. The corresponding theorem 
of ‘uniform distribution’ we discussed only in one especially interesting 
particular case, that in which ἃ, = a", where a is an integer. The 
theorem is in this case substantially equivalent to results obtained by 
Borel,‘ from the standpoint of the theory of probabilities, and by Faber,® 
as a corollary of Lebesgue’s theorem that a rectifiable curve has a tan- 
gent at almost every point. Our analysis however contains the first 
direct and general discussion of the problem, and leads to results nota- 
bly more precise than that of mere uniformity of distribution. These 
results were afterwards made the subject of important generalisations 
by Fowler,? whose investigations covers all cases in which }, increases 
with tolerable regularity and as fast as an exponential of the type δ". 
Weyl’s ‘principle’ enables him to reduce this problem to a study of the 
series De (A, a), and leads him to the following theorem, so far the most 
general of its kind. Jf ¢ > 0, 6 > 0, and δ, increases by at least ¢ 
whenever n increases from h by as much as h (log h)~'~*, then 


5, = ie (ua) = 0(n), (1) 


and the points (rn α) are uniformly distributed, for almost all values of a. 
In our second.paper in the Acta we stated that the equation could, 
in very many cases, be replaced by the much more precise equation 


5, = O (n***) (2) 
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for every positive e«. The publication of Weyl’s work had led us to a 
re-examination of this question and to the following theorems. 


A. 7 (i) : Ant{ne] — λ,- ὦ, 
Gi) = Jar[?@+farl?+...+]a,|? = 0 (n'*9, 


for every positive e, then 


(iii) δ» (α) ΞΞ > a,c (rye) = O (n***) 


1 


for almost all a’s and every positive ε. 


B. If (i) ts replaced by (17) MntinBte] — Ay @, where 0 « β <1, then 
(iii) may be replaced by 


Gi”) s, (a) =O (42+), 


To these two theorems Weyl’s forms a completing third. It should be 
observed that (i) is certainly satisfied if λ,ρμ -- ἃ, 2c > 0, and in 
particular if ἃ, is always integral, and (ii) if 4, = O(n‘), and in partic- 
ular if ad, =1. , 

If Δ, is an integer, and we separate the real and imaginary parts in 
the equation (iii), we obtain a theorem concerning a particular system 
of normal orthogonal functions for the interval (0, 1), viz., the functions 
V2 cos 2mhx, V2 sin 2rA,x. Our argument is then directly exten- 
sible to a general orthogonal system, and we are led to a new and inter- 
esting proof of Hobson’s® theorem that if ¢,(x) is any normal orthogonal 


system, and =n°|c, |? is convergent for some genie ὃ, then Zenda (x) is 


convergent almost everywhere. 

Weyl’s hypothesis concerning \, asserts, roughly, that the increase 
of \, is appreciably more rapid than that of (log μ)2. It is easy to see 
that this hypothesis cannot be capable of much wider generalisation. 
For, when Δ, = log 1, 5, is definitely of order. It seems probable, too, 
that the index ἢ (1 + 8) of Theorem B is the correct one. 

5. We conclude by correcting an error in our recent note. The re- 
sults concerning the special case p = 0 are stated wrongly. It is not 
true that, when p = 0, f(z) and s, are bounded; all that we can assert 


1 
is that they are of the forms O (tes 


-) and O (log m) respectively. 


That f (z) should be bounded would contradict a general theorem of 
Fatou,’ in virtue of which a bounded function must tend to a limit, for 
almost all values of 6, when z = re” tends to the circle of convergence 
along a radius vector. The error has no bearing on the general case. 
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Legons sur la théorie des fonctions, 2d. ed., Paris. 

® Faber, G., Math. Ann., Leipzig, 69, 1910, (372-443), especially p. 400. 

* Hobson, E. W.,-London, Proc. Math. Soc., (Ser. 2), 12, 1912, (297-308). 

1 Fatou, P., Acta Math., Stockholm, 30, 1906, (335-400), especially p. 349, 


CORRECTIONS 


p. 85. In the last line but one of the second paragraph, read [(1- it). 
In the first line of the last paragraph, read k = 1. 


p. 86. In the first displayed formula, read n?q,. 


COMMENTS 


ἢ 4. It does not appear that proofs of Theorems A and B were ever published. 
_ For some results, valid for almost all «, when the A, are integers, see Koksma, 
pp. 94-95. 
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A Problem of Diophantine Approximation 
By G. H. Harpy 


I have on several occasions found myself faced by the following prob- 
lem, which appears to be one of considerable interest and difficulty. 
Suppose that a and θ are positive and a > 1, and that (x) denotes the 
difference between x and the integer nearest to x Then, in what 
circumstances can it be true that 

(αἴ) > 0, (1) 
when n --» ©, 1.€. that ard = p, +e, (2) 
where p,, 18 an integer and «, > 0? 

The general problem seems, as I said, to be one of great difficulty. 
There is, however, one case in which the answer is almost immediate, 
namely, that in which a is an algebraic number. We have in fact the 
following theorem: 

THEOREM A. Suppose that a is a real algebraic number greater than 
1, the root of an irreducible equation 

kja™+k,a™-1+...+kh, = 0, (3) 
where ky, kj,..-. Ky, are integers. Then, in order that numbers @ should 
exist which satisfy (1), it 1s necessary and sufficient that ky = 1, so that 
ais an algebraic integer, and that the moduli of all the roots of (3), other 
than a itself, should be less than 1. The numbers @ are then all rational in 
the corpus of a; and (a6) = O(b"), (4) 
where ὦ is the numerically largest root of (3), other than a itself. 


We have 


= > Pn t+ Σ ε, x” = p(x)+e(x), 


l—azx 
say; and 
θ 
l—azx (kph, 2+... +h, 1) = > Int" 2 ont”, (5) 
where In = ky Dnt ky Part thin Pa—m 


C= hee ee eae eke cas, 
p’s and e’s with negative suffixes being regarded as equal to 0. The 


1919, 4, Journal of the Indian Mathematical Society, 11, 162-6. 
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left hand side of (5) is a polynomial of degree m—1, so that 
Intl, =9 (ἢ 35 πὴ). 
As q, is an integer, and ζ,, > 0, we must have 
In = 9, Cn = 9, 
from a certain value of » onwards. Thus p(x) and ¢(z) are rational 
functions, with the denominator 
ko th, at... thi x™. 
It is evident that p(x) can be expressed in the form 
ltl e+...41,- — 
ko th, e+...-k,, x 
where p(x) is a polynomial and J, ἢ»... are integers. From this it 
follows, in the first place, that k, = 1, so that a is an algebraic integer.* 
Now, let us denote the roots of (3) by 
ἃ, Ay, Ae,..., 01, Daya. 
the a’s having moduli not less than 1, and the δ᾽ Β moduli less than 1. 


Then 
pla) = pla) ++ > Ae 24+ τι ae (6) 


the A’s and B’s being rational in the corpus a a and none of them being 
zero. On the other hand e(x), since its coefficients tend to zero, can 
have no pole inside or on the circle |x| = 1, and so 


p(x) = p(x)+ 


= By 
e(z) = e(t)-+ > TG? (7) 
where e(x) is a polynomial. From (6) and (7) we obtain 
θ But Be 
i— Ot Te t+ τε ἘΣΤΕ 
so that A = 68, A, = 0, B,+ Bi, = 0. 


But we have already seen that no A, can vanish. It follows that there 
can be no root of (3) of the type a,. 


Eo tl, a+... +b,-12"7! 

kyt+h e+... +h, 2™ 
is expansible in a Taylor’s series with integral coefficients, ky must be 1. 
For a proof of this well-known proposition see, e.g., P. Fatou, ‘Séries 
trigonométriques et séries de Taylor’, Acta Mathematica, vol. 30, 1906, 
pp. 335-400 (p. 369). 


ἘΠῚ 
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The conditions stated in Theorem A, with reference to the equation 
(3), are therefore necessary. Also θ = A is rational in the corpus of a, 
and ¢,, which is, from a certain value of n onwards, equal to > Bi, bf, 
is of the form O(b"), where ὃ is the numerically greatest root of (3), 
other than a itself. 

In order to complete the proof of the theorem, it is only necessary 
to show that, if (3) satisfies the conditions stated, 6’s exist which satisfy 
(1). And this is obvious; for | 

| a”+S bn 
is integral for all values of n so that 
(αἴ) = Ο(δ5). 
Thus (1) is satisfied when θ = 1. 
2. Theorem A is a special case of a more general theorem: 


THEOREM B. Suppose that a; (j = 1, 2,...,r) 1s an algebraic number, 
greater than 1 in absolute value, and the root of an irreducible equation 


kg 9+ ky aM 71+.. thins = Ὁ; (8) 
that P,(n) is a polynomial with integral coefficients; and that 
d(n, 6) = P(n)at0, + P,(n)azé,+...+P(n)aré.. 
Then, in order that tt should be possible to find a system of numbers 8,, 92; 
.-> 8,, all different from zero, for which 
(f(n, θ)) > 0 
when n --Ὁ οὐ, it is necessary and sufficient that ky, = 1 for each value of j, 
so that a; is an algebraic integer, and that, among the complete system of 


roots of all the equations (8), all save a,, ας,..., a, themselves should be in 
absolute value less than 1. Each 0, is then rational in the corpus of the 


corresponding a;, and (b(n, θ)) = or neb"), 
where c 1s a constant and b is the numerically greatest among the roots of 
the equations (8), other than ay, do,..., a, themselves. 


The proof of this theorem does not differ in principle from that of 
Theorem A, the role of the polynomial 


Ko thy τῆ ΕΣ, ἀπὸ 
being now played by 


K(x) = II (Ko gt hey g Oo Rin, 5 BM) 
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where 8, is the degree of P,(n). The special theorem is, from our present 
point of view, more interesting than the general one, and I shall there- 
fore confine myself to enunciating the latter. | 


3. With Theorem A should be associated another theorem which is 
merely a special case of a theorem already proved by Borel.** 
THEOREM C. Jf a and θ are positive, and a > 1, and 
(α"θ) = O(6"), 
where 0 <b <1, then a 18 algebraic. 


Combining Theorems A and C we obtain an interesting criterion for 
the transcendentality of a, viz. 


THEOREM Ὁ. Ifa> 1, 49> 0, and 
(a0) > 0, 
then a is algebraic or transcendental according as the equation 
(a8) = O(e-8") 
is or 1s not true for some positive value of 6. 


4. It is interesting to consider in more detail the two simplest cases 
of Theorem A. : 


In the first place, suppose m = 1, so that a is rational. If then (1) — 


is satisfied, a must be an integer, and αὖθ must be an integer for suffi- 
ciently large values of n. Thus the only solutions are given by 
θ = pla”, 
where p is an integer.t 
The next case is that in which m = 2. Then the equation satisfied 


** ἘΠ, Borel, ‘Sur une application d’un théoréme de M. Hadamard’, 
Bulletin de la Société Mathématique de France, ser. 2, vol. 18, 1894, 
pp. 22-25. Borel’s theorem is really (when stated in slightly different 
language) that which corresponds to B as C corresponds to A. 


The criterion is a simple one: to find an application of it is quite 


another matter; and I know of no example of a transcendental ὦ which 
satisfies (1) for any value of θ. | 


+ This trivial case of the theorem is of interest in connexion with 


Weierstrass’s function. [See G. H. Hardy, ‘Weierstrass’s non-differen- 
tiable function’, Transactions of the American Mathematical Society, vol. 
17, 1916, pp. 301-25.] 
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by a is of the form ey: 


and it will easily be verified that, in order that this equation should have 
two real roots a and ὃ, such that a > 1, —1 <6 <1, it is necessary 
and sufficient that 
m > Il, l—-m <n < 1+”. 
The simplest case is that in which m = 1,n = 1, and 
a=43(V5+1), b= }(—Vv5+)). 

The determination of the corresponding values of @ presents no diffi- 
culty. We have in fact 

TuroreEM Εἰ. [If a is a real quadratic surd greater than 1, and values 
of 0 exist which satisfy (1), then 

a2—ma—n = 0, 


where m >1,1—m <n <1-+m. The corresponding values of 6 are the 


numbers q 
{2 + ete 


if m is odd, and the numbers 


4 -» 
᾿ ἐπ τε 
if m is even: here r is zero or a positive integer, and p and q halves of in- 
tegers; and, when m is odd, p and q are either both integers or both halves 
of odd integers. 
When a = ζ(ν5- 1) the simplest values of θ᾽ are 
6=1, 9θ-- "55. 


COMMENTS 


This is the only paper on Diophantine approximation which was written by Hardy 
without Littlewood’s collaboration. 

In the footnote on p. 163 it is tacitly supposed that ky,..., km, have no common 
factor. For the result quoted there, see also Pélya and Szeg6, Aufgaben und 
Lehrsdtze aus der Analysis, Section VIII, Problem 156. 

The algebraic integers « (or a) occurring in Theorem A, that is, those a > 1 
whose algebraic conjugates α΄ all satisfy [χα < 1, have since been called the Pisot- 
Vijayaraghavan numbers; though it will be seen from this paper that their most 
important property was discovered by Hardy. 

Vijayaraghavant gave various further properties, the main one being that 
Theorem A still applies if the sequence αὔθ has any finite number of limit points 
(mod 1) instead of just 0. 

Theorem C can be regarded as a first step towards the more precise theorem of 
Pisot (1946) that if os 

ΣΝ 
n= 


converges, where a, @ are real numbers, a > 1 and θ - 0, then « is necessarily 
algebraic and of the type defined in Theorem A. For an account of this and other 
work, and references, see ch. 8 of Cassels’s Tract. For further references, see Pisot, 
Journal fiir Math. 209 (1962), 82-83. 


{ For references, see J. London Math. Soc. 33 (1958), 252-5. 
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Some problems of Diophantine approximation: A further note on 
the trigonometrical series associated with the elliptic theta-functions. 
By Prof. α. H. Harpy and Mr J. E. LirrLewoop. 


[Received 6 July 1921.] 


1. This note contains a short addition to a memoir, with a 
similar title, published in 1914 in the Acta Mathematica*. In that 
memoir we considered the sums 


8,2 = 8,2 (2, 0) = Σ εἴ" - ἐδ" *** cog (2v — 1) πθ, 
ν Ξ ἢ 

8,3 = 8,8 (x, θ) = Σ 6" τὴς cos ὥνπθ, 
vSn 

Sat = 8,5 (x, 0) = Σ (— 1)” e” *™™ cos ὥνπθ, 
ysu 


where x and 6 are real and ὦ irrationalf. There is plainly no real 
loss of generality in supposing either z or @ to be positive and less 
than unity, if it be understood that @ may be zero. 

Our main results may be stated as follows. We denote by 
S, = 8, (x, 6) any one of the sums 8,2, s,°, s,,4. Then, in the first place, 


P/N, ) Mere errr err re (1.1), 


for every irrational z, and uniformly in θ {. And this equation is 
a best possible equation of its kind; there is no function ¢ = ¢ (n), 
tending to infinity with n, such that 


for every irrational z ὃ. 


* G. H. Hardy and J. E. Littlewood, ‘Some problems of Diophantine Approxi- 
mation’, Acta Mathematica, vol. 37 (1914), pp. 193-238. 
{ The second and third sums reproduce one another when θ + $ is written for 6. 
They are considered separately for the sake of formal symmetry in the analysis. 
p. 213 (Theorem 2-14). It should be observed that we there use s, in the 
more restricted sense of 8, (z, 0). 
§ p. 225 (Theorem 2-221). 


1922, 5 (with J. E. Littlewood) Proceedings of the Cambridge 
130 Philosophical Society, 21, 1-5. 
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On the other hand much more than (1:1) is true for special 
classes of values of z. In particular, if 


phe ses | 
Q,+ Ag+...’ 
and the partial quotients a, are bounded, then 
Bee A). ...«ονονονννν ον νεενννονν (1-3), 
and again uniformly in 6*. And this result too is a best possible 
of its kind, for 
4, Ξε (VAN) δ υουνύνν του ἐρνονα (1-4) 


is false for 6 = 0 and any irrational zf. 


2. There was one obvious gap in our former results. We did 
not give any simple criterion for distinguishing the classes of 
irrationals x for which 

SPAMS): ρους ἐς θυυφἠρνώρον δὸς (2:1), 


where ἃ is an assigned number between 4 and 1. The theorems of 
this character which we proved{ were avowedly tentative and 
unsatisfactory. We did not even prove that some equation of the 
type (2°1) holds for every algebraic x. It is this gap which we pro- 
pose to fill in the present note. 

We denote by p,/q, ἃ typical convergent to z, taking 


Po9 mL ML, 
Qo 1’ qi αι᾽ Gg Ag+]? 
and write, a8 in our former memoir, i 
1 561 
Gy +a? “2 Gg + oy?” 
a,’ = a,+ “15 ae = Ag+ Le; eoe9 
In = Ay! 4,-α + Yn-2- 
We shall say that an irrational z is of class k if 
nay <AGnE — sssesesessseeseeeeees (2-2), 


where A= A (zx) is independent of n. We shall use A generally to 
denote a number of this kind, not the same in different formulae. 
If x is of class k, and k < k’, then =z is of class k’. 

If x is of class k, 


*? 


1 A A 
—> » 2. 
7.4. ἄμμι In 

* p. 213 (Theorem 2.14]). 

{ p. 225 (Theorem 2.22). 

} p. 214 (Theorems 2.142, 2-143). 


| Pa— Wnt | = 
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Further |\p—qu|> Ξ ΠΡ Υ eases, ..«.«[2:9) 


for all positive integral values οἵ p and g. Thus a number of class k 
might be defined as one for which (2:3) is true. If a, is bounded, 
(2-2) is true with ὦ =1, so that x is of class 1. In particular a 
quadratic surd is of class 1, and every algebraic number is of 
finite class. 

We shall now prove 


THEOREM A. If 18 of class k then 
$= ON), Ἐξ a eesti (2.4), 
and uniformly in θ. 
In particular we have, as a corollary, 


ΤΉΒΟΒΕΜ B. Jf x 1s algebraic then s, = O (n*), for some value 
of a less than 1, and uniformly in θ. 


We shall also prove that Theorem A is in a sense the best 
theorem of its kind. This will follow from 


THEOREM C. It is possible to choose an x of class k and a θ so that 
k 
Sn + oO (n ), a= E+1 ΠΥ ery (2.5). 


3. We require the following lemmas: 
1 


Lemma I: Anti t+ En41 In = oe πὸ 
For | 
: ; + 2nGn— 
Ansa t Ln4iQn = (Angi + Ln41) In + 4,.. = 28. Ὁ 4,... = In — Yn-1 
3 n 
1 
ΑΒ σι Ὁ Tom ary 
the lemma follows. As an obvious corollary we have 
1 
Lemma 2: Προς eee a 


4. We can now prove Theorem A. If we choose v so that 


NUL, ... By Dy <1 S May «.. Lyng vvereececers (4:1), 
we have* 
1 . 
8, = O(NV χα, ... Vy) + O =) = O(nV χα; ... Zy_1), 
(4-21) 
* L.c., Ὁ. 213. 
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and also &, =O (——) ΤΕ Τ᾿ (4.22). 
ν σὰ ... ὧν 
We write 
LL; Le eee Vy-1 = nj (0 «73 1). 
Then 
= = νει + B41 <4, +1< Aa,,< A 7s <Aq,*-}, 
by (2-2); and so, by Lemma 2, 


1 
<< A (sty... ty 4)" FY < Anta, 
v 


It follows, from (4-21) and (4-22), that 


s, = O(n!-4), 5, =O(nt) oo. (4-3), 
or S,=O(n’), y= Min(1—4)j,4h)) ......... (4-4). 
k . 2 
Now 1-378 11 (j= εξ τ)» 
k 2 


Hence in any case 


which proves the theorem. 


Theorem B is an immediate corollary, since an algebraic number 
of degree m is of class m— 1*. 


5. The proof of Theorem C also requires only a slight modifica- 
tion of our former analysis. We take 6 = 0, and write, as before, 


q = emt = ρτέατταν — γρπία (4 >0, y> 0, O< r< 1)...(5-1), 
Je = ὃς (0, τὴ = 14 20g" oeeeccecceee (5-2). 
1 


Suppose it were true that 8, = ο(η5). Then the series 
] + 2 aq = ] Ἕ ΟΣ ροππίαᾳ γη3 _ Lu, 7™ 


* By the classical theorem of Liouville: see, e.g. Borel, Lecons sur la théorie des 
fonctions (ed. 2, 1914), pp. 26-29. It has indeed been shown by A. Thue (‘Uber 
Annaherungswerte algebraischer Zahlen’, Journal fiir Math. vol. 135 (1909), 
pp. 284-305) that an algebraic number of de m is of class $m +e for every 

itive «. See Borel, Legons sur la théorie de la croissance (1910), pp. 164-165. 
More recently C. Siegel (‘Approximation algebraischer Zahlen,’ Math. Zeitschrift, 
vol. 10 (1921), pp. 173-213) has shown that an algebraic number of degree m is of 
class 24/m -- 1. 
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would satisfy the condition 
Um = Ug t Ut... + Um = 0 (m#*), 
and we should have 
9, = Du,” = (1— 7) DU γ = 0{(1— γ) τ ἐκ) = 0 (y~ #4) ...(5°3). 


It is therefore sufficient to show that (5-3) is false for an appro- 
priate x; that is to say that 


| S3 (0, 7) | > Ay m8 eee (5-4) 


for a sequence of values of y whose limit is zero. 
We suppose that — 
Re ee. ae eee ORR CTT TE (5-5) 


for an infinity of values of z, and consider, as on p. 229 of our 
former memoir, the range R,, of values of y defined by 


1 1 


: 35 τ᾿ 


Tn+i 
It is sufficient to fix our attention on a single value of y, viz. 


y= 9, ἘΠ, 


which plainly falls within R, when k> 1. 
We employ (as on p. 226 et seq.) the linear transformation 
Oe dr _ , Pa-1— In-iT 
αὖτ Ξ Ρᾳ-- 4, τ ᾿ 
where the sign is chosen so as to make ad -- be = 1; and here we 
make another assumption, viz. that this transformation is one of 
the types which (following Tannery and Molk) we denoted by 
1°, 2°, 5°, or 6°, and which transform ὃς (0, τ) into one of the 
functions 3, (0, 7) or ὃ, (0, 7’). It is plain that this may be secured . 
by an appropriate choice of x*. 
This being so we have, as on p. 2807, 
Ι ᾿. -t k 
at ity?) > Aga + Ga "τὲ Aga 
n+1 


[S51 >4( 


> Ay τάν. Ay ~ *, 
which proves the theorem. 


* We cannot prove that s,, =o (πα) is never true for an irrational of class k; for 
it is possible that every ἢ for which (5-5) is true should give rise to a transformation 
of type 3° or 4°. 

Ἷ The condition a,=O(1), used there, is only required in connection with 
cases 3° and 4°, here excluded. 


COMMENTS 


This is a supplementary note to 1914, 3. The results of that paper, on 
the order of magnitude of s,(z,0), were proved on various suppositions 
as to the rate of increase of a,, in the continued fraction for 2, as a func- 
tion of n. Here irrationals x are classified according to the values of ἢ 
for which q,,;/¢ is bounded. This classification has been followed by 
later workers (see Koksma, pp. 27-28). 


§ 3. The work of this section can be greatly simplified by using the 
estimate (2) in the comments on 1914, 3. This gives 

By = O((ng, ἡ) αἱ NEY) = O(nHEtD) 
if ¢,,1/¢% is bounded. 


§ 4 (footnote on p. 4). Our knowledge concerning approximation to 

algebraic numbers has been completely transformed by Roth’s theorem 

of 1955. In the language of Hardy and Littlewood, the theorem implies 

that every algebraic number is of class 1-++ « for any ¢ > 0. Thus we have 
8, (x, 0) = O(ntt) 

if x is algebraic. 


135 


136 


SOME PROBLEMS OF DIOPHANTINE APPROXIMATION: THE 
LATTICE-POINTS OF A RIGHT-ANGLED TRIANGLE 


By G. H. Harpy and J. E. Litriewoon. 


(Received March 30th, 1920.—Read April 22nd, 1920.] 


([Hetracted from the Proceedings of the London Mathematical Society, Ser. 2, Vol, 20, Part 1.] 


1. Introduction. 


1.1. The problem considered in this paper may be stated as follows. 
_ Suppose that w and w’ are two positive numbers whose ratio 0 = w/w’ 
is irrational; and denote by A the triangle whose sides are the coordinate 
axes and the line 


(1.11) τ τ ὧν = > 0, 


and by N(y) the number of lattice-points* which lie inside A. How 
accurate an approximation can we find for N(n) when ἡ ts large? And 
how does the accuracy of the approximation depend upon the arithmetic 
character of 0? We call this problem Problem A. 

Such ‘“‘lattice-point”’ problems are, in general, very difficult. It 
is enough to recall the two most famous of them, the problem of the 
circle (the problem of Gauss and Sierpinski), and the problem of the rect- 
angular hyperbola (Dirichlet’s divisor problem), both of which have heen 
the subject of numerous researches during the last ten years. The 
particular problem which we consider here has not, so far as we know, 
been stated quite in this form before. It is however easily brought into 
connection with another problem which has attracted a certain amount of 
attention, and which has been considered, from varying points of view, by 
Lerech,+ by Weyl,; and by ourselves.§ This problem, which we shall eall 


* A lattice-point (Gitlerpunkt) is a point whose coordinates x and y are both integral. 

+ M. Lerch, l’ Intermédiaire des Mathématiciens, Vol. 11 (1904), pp. 145-146 (Question 1547). 

~ H. Weyl, ‘‘ Uber die Gleichverteilung von Zahlen mod. Eins”, Math. Annalen, 
Vol. 77 (1916), pp. 318-352. 

ἃ G. H. Hardy and J. KE. Littlewood, ‘‘ Some problems of Diophantine approximation ’’. 
Proceedings of the fifth international congress of mathematicians, Cambridge, 1912, Vol 1, 
pp. 223-229, 


1922, 6 (with J. E. Littlewood) Proceedings of the London Mathe- 
matical Society, (2) 20, 15-36. 


16 G. H. Harpy and J. K. LirrLewoop | April 22, 


Problem B, is as follows. Suppose that, as usual, [2] denotes the integral 
part of z, and that 


(1.12) {2} = «—[x]—}. 
Then what is the most that can be said as to the order of magnitude of 


(1.13) s (0, n) = Σ ἱνθὶ 
y=1 


when nis large ? 


1.2. We begin, in ὃ 2, by proving the formula which establishes the 
connection between Problems A and B, and shows that the first problem 
is a generalised and more symmetrical form of the second. We prove in 
fact that 

ἃ 
ἘΣ eee emg 
(1. al) ΝΟ Ξ ϑωω θὼ a’ δ 0), 
where S() is a sum very similar to the sum 1. 18. 
It is trivial that 


2 
(1.211) Ni) = 5 +0), 


the area of the triangle, together with an error of the order of the per- 
meter. The second and third terms of (1.21) occur naturally when we 
consider, instead of A, the similar and similarly situated triangle whose 
vertex is at (1, 1) instead of the origin ; for the area of this triangle is 

tf n 1,1 

δωω Qo eo! δ᾽ 
But no closer approximation than (1.211) is in any way trivial; and, 
when @ is rational, S(y) is effectively of order η, 80 that a universal 
formula, professing to be more precise than (1.211), would necessarily 
be false. 

In §3 we deduce transformation formule for N and S, which are 
generalisations of a formula given without proof by Lerch, and which 
enable us to study these sums by means of the expression of θ as a simple 
continued fraction. In § 4 we prove (a) that 


(1. 22) S(y) = o(n) 


for any irrational θ, and (b) that (1.22) is the most that is true for every 
such irrational. Incidentally we obtain the corresponding results con- 
cerning Problem B: the first of them at any rate is in this case familiar, 
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In § 5 we consider more closely cases in which, the rate of increase af the 
quotients in the continued fraction is comparatively slow, and in particular 
the case in which they are bounded ; and we prove that in this case 


(1. 28) S(n) = O(log »), 


and that this result too is a best possible result of its kind. There are 


naturally analogous results for Problem B; that corresponding to (1.28) 
was stated as a new theorem in our communication to the Cambridge 
congress, but had, as was pointed out to us by Prof. Landau, been given 


already by Lerch. 


Up to this point our argument is entirely elementary, and both methods 
and results are of a kind to be found in our previous papers on Diophantine 
approximation or in those of other writers. We have therefore aimed at 
the maximum of compression and have omitted a good deal of elementary 
algebraical calculation. The concluding section (ὃ 6) 18 more novel. In 
it we prove that if 0 is algebraic then 


(1 . 24) S(n) = O(n"), 


where α “1. This result is unlike any which we have been able to prove 
before, and is obtained by entirely different methods, based on the proper- 
ties of the analytic function | 

τὰ ᾿ 


= $206) αν ὦν 0) ἧς op map 


This function will be recognised as a degenerate form of the “ Double 
Zeta-function ”’ introduced into analysis by Dr. Barnes.* 


2. Reduction of Problem A. 
2.1. We write 


aw ΦΡΙΣ oly. 
where | O0<f<1, O0<¢f"<1. 


* KE. W. Barnes, ‘‘ A memoir on the Double-Gamma-funation ’’, Phil. Trans. Boy. Soc., 
(4), Vol. 196 (1901), pp. 265-387 ; see in particular pp. 314-349. For a study of some of the 
properties of the degenerate function (for which the ratio w/w’ is real) see G, H. Hardy, ‘‘On 
double Fourier series, and in particular those which represent the double Zeta-function with 
real and incommensyrable parameters ’’, Quarterly Journal, Vol. 87 (1906), pp. 53-79. 
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Suppose first that there is no lattice-point on the line (1.11), or AB 
of the figure. Then the number of lattice-points inside OAB is 
(2. 12) Ni) = Σ He] = [2-][4]+¥ [γ-- 6] | 
. ἢ δε wo! τ ὥ wo yal fa a 


Now [—2x] = —[z]—1+e,, where e, is 1 or Ὁ according as z is or is not 
an integer; and «0—/’ cannot be an integer, smmce then η-- μω would be 
an integral multiple of w’ and there would be a lattice-point on AB. Thus 


(2.18) [7’ -- μθ] = -- [μθ--1-- = — uf T+ (μθ-- δ} 3. 


| Substituting into (2.12), and using (2.11), we obtain, after ἃ httle re- 
duction 


2 
(2.14) N@) = 7 53570 TPT SM): 
where 
(2.141) φ = 3f+40f1—S/) 
and 
(2. 142) S(n) = = {uO—f'}. 


Since ¢ is bounded, the problem is reduced, substantially, to the dis- 
cussion of S(x). 

The preceding argument requires a trifling modification when there is 
a lattice-point on AB; there cannot be more than one, since θ is irra- 
tional, In this case the sum (2.12) gives N(n)-+1 instead of ΝΟ). 
There is one value of μ for which μθ--- }" is integral, and for this « the 
—} in (2.18) is changed into 3. The net result is to leave the final 
formule unchanged. 


8. The Transformation Formule. 


8.1. In order to obtain a formula for the transformation of N(m) or of 
S(n), we employ the familiar device of adding together the number of 
lattice-points of the triangles OA B, O'A'B' of the figure. 

If we take new axes O'X, ΟὟ, as shown in the figure, it is plain that 


r+Y= [τ|, X+y = [2 |+15 
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and the equation of 4.8, referred to the new axes, is 
(8.11) wo X+wY = ἡ-ὠ(1 --  - Ἐ΄ ( -- 7 = Η, 
say. Repeating the arguments οἱ § 2, we find, for the number N’(#) of 


lattice-points of O'A’B’, 


2 
(8.19) NH) = ἐξ-,-- 5 - Ξ ἐφ 5.8), 
@W @ @ 
where 
(8.121) 6=4F4+ ro 
and 
8,122 s(p=s 1” Fi 
( me ) ae θ 9 


F and F” being defined by 


(3 . 128) ΗΕ - [5.5 a = |= +F, 0<F£<1, 0<F'<1. 


3.2. We suppose now that w<w, θ «1. A glance at the figure 


shows that [ 4 τε [27 

w’ δ w! ° 
Substituting for H in terms of ἡ, from (3.11), we find at once that 
(8. 21) F' = 6(1—/). 


The same argument shows that 


(8.22) palit _», 
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where p is an integer ; it happens that the value of p is not material to 
the argument. 
It is also clear from the figure that 


(8 28) νον ΝΜ) = [2 || 4]—« 


where ε is zero unless there is a lattice point on AB, and then unity. 
Substituting for N(m) and N’(H) from (2.14) and (8.12), using (2.11), 
(8.11), and (8. 21), and reducing, we obtain, finally, 


fia -- Ὁ 
20 


(3-24) S+S'+e = -- 2-2 (f+/)—40f1—f)+ 


8. 8. It is important, in view of Problem B, to show that this formula 
includes a formula given by Lerch.* Suppose then in particular that 
wo =1, ὠὡξεθ «1, and write 


wai fis we) 
(8 81) s=2 {nO}, = Σ᾿ δ}; 


where m is the integral part of 2. 
Starting with an arbitrary positive integral », we write ηθ = M+4é, 
where M is an integer and 0 < ὃ < 1, and take 


Then f'=0, F=4 (mod 1), 


by (2.11) and (8.22); and there is no lattice point on 4B, so that ε = 0. 
Suppose now that q is a positive integer and 


g<*Zf<qti- 


1-- ὃ 1—6é 
Then ἢ ἘΞΞ a er ἢ =ntqt/, f= 3 4: 
Also H = 4+1+06(1—/) lies between M+2 and M+8. Hence 


(3.32) gad (>t) ---ἘῈὸ {583} 48; 


v=1 


* M. Lerch, loc. cit. 
t It is easy to see that (1—3)/@ cannot be integral. 
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and 
1--ὃὁ 1--ὃ 
8.8.) |G} = is : =p) =o not. 
Also 
[η|9] 
(8.88 S= Σ᾽ {m6} = Σ Σ΄ (μθ0} = s+ z i@u-+r)O} = 5- 80» 


say. And (n+1)0, ..., (n+ q)0 have all the meer: part M, since 
θ-«1--ὃ < (q+ 18. “Hence 


(8.84) S, = Σ (n0-+r0—-M—¥) —— ἢ (0θ- ὃ-- ἢ) = $q(qt+ 1)6+9(6—4). 


Substituting from (8.32), (8.321), (8.38), and (8.84) into (8.24), and 
reducing, it will be found that 
d(1— 9) 


(8. 35) sts' = 3δ-- “τ 


which is the formula of Lerch. 


4. Results concerning an arbitrary irrational 0. 


4.1. ΤΉΒΟΒΕΝ Al.—If 0 = oo! ts irrational, then 


We may clearly suppose that 0<1. Suppose that 


-.1 1 1 
oy) OF ΕΟ 
(4.12) = eee | ΞΕ i 


~ +6,’ + a+," 
We have, from (8. 24), 

(4. 18) S+38' = O(1/6), 

the constant of the O being independent of both η and. 90. 
We write 7 = ωξ, so that 

= (0+ 0U—ft1—f' = £+0(0), 


and we write ἢ and «, in S’ instead of Ε΄ and». Then 
Hie 


( At, | id ; | 
Ss Σ 19. Ay = Ot 2 im A-Al = OW +S, 


22 ο΄ 6. H. Harpy and J. Εἰ. Litruewoop _ [April 22, 
say ; so that 
(4. 14) S = O(1/6)—S,. 
Similarly, we have 
δι -- Ο([θὺ) -- 5. S, = O(1/0,) —Ss, coe, 


where S,, Ss, ... are sums of the types 
£00, £000, 
δὰ Ξε {H#a9.—fa}, Sy = 1H393—fa} » “τὸ 


so that S, = O(€00,), S,= O(€00,9,), 
It follows that 


(4.161) S=0 (3) +0 (5: +...+0 (ς::) Ἔθιξθθ, ... θ,..ὺ 


and 


»--ο([1)..ο(... (.1. 
(4.152) S=O (3 )+o (g-)+..+0 (4) +0(€06, ... 6,-18,). 
‘We shall require both of these equations. 


4.2, We choose ν so that 
(4. 21) £00, ...θ0..χθ, <1 << £60, ... θ,.... 


It may be verified at once* that θ,θ,.,1 « 4 for every s. Hence on the 
one hand 


(4. 22) | 60, ... 8,1 = O(2-»), 
and on the other 


1,1 1 _ 1\ _ yore - Ξ 
(4.28) δ. Ὁ δ- +. g— = ον Max 5.) =O (a3) = 0(2-*£). 


From (4.151), (4.22), and (4.28), we obtain 
(4. 24) S = 002-¥ £)+ "ὦ = of), 
since » tends to infinity with €; and the theorem follows from (2.14) and 


(4. 24). 


ὦ See our paper ‘‘ Some problems of Diophantine approximation (FI)”’ [Acta Mathe- 
matica, Vol. 87 (1914), pp. 193-288 (p. 212)}. 
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4.8. To Theorem ΑἹ corresponds, for Problem B, the well known 
theorem : 
THEOREM B1.—I/ 0 is irrational, then 
8(θ, ἢ) = Σ {uO} = o(n). 
μΞὶ 


The proof of this theorem is included in that of Theorem A1. We 
have only to take 7 = kw’, where & is an. integer, so that f’ = 0, and to 
write ὃ = /w = k/0, n = [ξ]. | 


4.4, Tororeu A2.— If y(n) is any function of ἡ which tends steadily 
to infinity with ἡ, then there is an irrational θ such that each of the 
inequalities 

2 
ees. en! pea . ΜΕΝ, ΣΕ, eee ΜΝ Ὁ ἘΝ 
NO) δῦ δὼ Bul 7 v(n)’ Niu) ri og “- 


is satisfied for a sequence of indefinitely increasing values of n. 


ἘΣ. ΝΣ 
Ys (n) 


Thus Theorem Ai is the best possible theorem of its. kind. 
Making the transformations indicated in 4.8, we see at once that it 
is enough to prove 


Turoreu B2.—If y(n) is any function of n which tends steadily to 
infinity with n, then there is an irrational 0 such that each of the in- 
equalities 


s(6,n) > —— s(0,2)< — 


Fay’ 


is satisfied for an infinity of values of n. 


Te 


ΤῸ prove this we use Lerch’s formula (8.85). Writing 
(4.41) n, =[n0] = ηθ---δ, πᾳ = 1,0,—6), ..., Ἄγε = Nr Op—sy, 


ὃ, (1 — δ.) 


(4 . 42) Ps = 46,— 20, : 


we have 


(4.48) 80,0) = φυττϑ (Hs %) = φοτ-ϑίθι, πῃ = φοττφι-Ἐδίθῳ νῷ 


=... Ξ do— Git ---+(— 1)" or +8 (6,41, Nr+r)0 


We suppose α;..: even, and lege e: large in comparison with the pre- 
ceding quotients a, a, ..., ay, and take n, = }a,41. ‘Then Nr41 = 0 and 
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6, is practically 4, so that ζ6, (1 -- δ.) is certainly greater than 3. Having 
fixed n,, we can determine 72,_1, %,_2, ...,%, ἢ from the equations (4.41); and 


)}ν «ς θ - 00, S99. 6,4 _ 00, ... O,-1 


It is then plain that, if a,,; is sufficiently large in comparison with the 
preceding partial quotients, s(0, 2) will have the sign of (— 1)", and 


ces 
200, 


Ar+1 ώ 


20 “ wir)’ 


(4. 41) | s(0, n) | > $1 ¢-| > > 


And, by choosing a @ for which sufficiently violent increments in the 
order of magnitude of the quotients occur at an infinity of stages in the 
continued fraction, we can secure the truth of (4.41) for an infinity of 
values of 7. 


5. Results concerning special classes of vrrationals. 


5.1. Taeorem A3.— If the quotients a, in the continued fraction for 
6 = w/w’ are bounded, then 


2 
σι te ee 


THeorEM B3.— Under the same condition, 
8(θ, n) = O(log 7). 
To prove Theorem A3, we retary to the aralysis of 4.1 and 4.2, but 
use (4.152) instead of (4.151). In this case we have plainly 
1 1 1\.2. 
s=0(%)+0 (5) +...+0 (5) = OW. 


(ςᾳ.--5.-ἰ = 9 (age) = οΦ, 


we have ν = O(log €) = O(log η); and the theorem is proved. Theorem B3 
follows a fortiori : this is the theorem which, as we explained in 1.2, was 
claimed as a new theorem in our communication to the Cambridge con- 
gress, but is really due to Lerch. 

It will easily be verified that, if we assume 


ay, = O (nw?) tp > 0), 


Since oe” — 
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we obtain an error term of the: order 
S = O{ (log 2) Ἐν 
if we assume a, = O(e"), where p lies below & certain limit, we-obtain 
S = O(n’) (© « 1).* 


As 80 little is known concerning the order of magnitude of the quotients 
in the continued fractions which express irraticnals of particular types, it 
is hardly worth while to go into further detail. 


5.2. THeonum A@.— There are values of 0= w/o’, with bounded 
quotients, such that each of the inequalities 


2 2 
NQ)— x5 — ον --ς τ» Kleen ΝΟὺ-- 7 5—go— gg «-- Κιοβη, 


20w' lw 200 YY Jo’ 


where Καὶ ts a positive constant, is satisfied for a sequence of indefinetely 
uncreasing values of 7. 


ΤΉΒΟΒΒΜ B4.—There are values of 0, with bounded quotients, such that 
each of the inequalities 


s(0, 2) > K log ἢ, 8(θ, 2) « — K log x 
us satisfied for an infinity of values of n. 
Thus Theorems A3 and B3 are also best possible theorems of 


their kind. To prove this, it is plainly enough to prove Theorem B4; 
and this we shall do by considering the simplest irrational of all, viz. 


2 1+i+i1+ 
aie _ 1 _ v5+1 
We write Θ -- g = og 


and take the convergents to θ to be 


βρ. 9. All mall 
40 1 κα 1” ᾳ 2° 
Then it is easily verified that 
1 


qsa= Jd (Θ᾽ + (—1) G+, Ps = Ys-1- 


Compare ἢ. 214 of our memoir in the Acta Mathematica referred! to above (p. 22). 
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5.3. We first take ἢ = ᾳε in the formula (8.31). We find without 
difficulty that [ᾳ,0] Ξ- 4,., ὅτε 4.θ--[ᾳ,6] = 6, | 
ifsiseven,and [4,60] ΞΞ 4...--1, 6=1—6**}, 
if s is odd ; and that in either case 
(5.31) o,= = {6} 
satisfies the equation 
(5 . 82) obo =f (Ot + (—11 07). 

Using this recurrence equation to express o, in terms of 
oy = 10} = ἐν --Ι, 
we find, after reduction, that 


Gt? ΠΕ 5 , 


(5 . 88) 73 O75 


Suppose now that | 
(5 . 84) $(0,n) = 2 (vO; (Qs KM « Gor). 


We can express 7 in one and only one way in the. form 
N= 4φι 4, +9, t+ Ἔφη = Ut A, 


where 8, 8)» 8.» ... ate descending integers differing by at least 2; and 
Qi 
s(0,n) ΞΞ σ. Σ (4. Ἔμ)θ] : 
μ- 


Now q;0 differs from an integer by less than does any μθ. Hence 
[(ᾳ,-Ἐμ)θ] = g.-1+[16] 
and (4, μ)θ} = q,0—q.-1 +u0— [μθ]--- = (—1) 6*'+ {u8;, 
8(θ, ἢ) = o,+(—1)°6*'Qi+5q. 


We now write 
Qi = Qt dat--- $9, = Ut, O2= Int Ys: 
and so on, and repeat the argument. We thus obtain 
(5.85) s(0,n) = o,+6,,+a,,+...+¢,, 
+ (— 1)? 4" Q, + (— 1)" 68! Dat... H(— 1-1, 
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5.4. If in (6.35) we substitute the values of the o’s given by (5 . 88), 
the first two terms of (5.83) will plainly give a contribution bounded for 
all values of s, so that 

| θ 
(ὅ. 41) otont...to, Ξε τ τας (--τὐ +(—1)"+...+(—D") +00). 
Again 


k 
(5 . 42) Z1= 24,= Σ (Θ: ἘΠΕ (--»θ}5) 
r=1 


52 


and the sum of the second terms is numerically less than ἦς, and a fortiors 
than s. The sum of the contributions of all such terms to (5.35) is 
therefore less in absolute value than 


sO +s Oatl μος, = O(1). 


These terms, then, may be disregarded. Making this simplification, and 
substituting from (5.41) and (5 . 42) into (5. 85), we obtain, finally, 


(5. 48) 8 (θ, n)= O(1)— a 1)*+.. +(—1)*)] 
Εἰ τ: a θπτῖρι.. -θ5τ9ὴ 
εἰ-". (θ1- 5- Os. ae 

ν΄ ὅ 
(—1)%-! k-17 9 
Fae pT Oot 


5.5. This formula enables us to study the behaviour of s(8,”) for 
different forms of 7, and in particular to prove our theorem: Let us take, 
for example, 


= 4k+4, s, = 4k, sy=4k—4, ..., 5, = 4. 
Then the right-hand side of (5 . 43) becomes 


4θ 1 (¢—6+ 6-60-14... 44-6 7 7 
a5 * ( 1-- θὲ ) +00) = Cs+0 (1), 
- Ὁ Ὁ} of το 120 
ἘΠ στ 776 (= 8) =~ 86 19: 


and s(0, Ὁ) is negative and greater than a constant multiple of s. Simi- 
larly, if we were to take 


s = 4k+3, 3, = 4k—1, Sieg GE es, 
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we should find s (9, 2) to be positive and greater than a constant multiple 
of s.. Sinee s is greater than. a constant multiple of log n, this com- 
pletes the proof of Theorems A@ and B4. 


5.6. We should perhaps, before passing to more transcendental in- 
vestigations, add a word concerning the case, so far excluded, of a rational 
6. It is easy to see that, when Θ is rational, no such results as we have 
proved in the irrational case are true: s(0, 1) is effectively of order 7, and 
the oscillatory part of N(y) of order 7. Thus, to take a simple case, the 
series > { 2x! is | 

ἽΝ AEE — πα HET ὉΠ 


and 8(3, n) ~ — Ain. 


In general, for a fixed rational 6 = p/q, we have 8(θ, ἢ) ~ A,n, where 
4.-»0 when g>o. | 


6. Transcendental methods : results true for all algebraical values of 8. 


6.1. The substance of our concluding section lies somewhat deeper. 
Our goal is to prove 


THEOREM A5S.—If 0 = w/w’ is an algebraic irrational, then 


nis 
N@) = 5-505 tO): 


where a<il. 
ΤΉΒΟΒΕΝ BS.— Under the same conditions 
5(θ, 2) = O(n") (a « 1). 


We require some preliminary lemmas concerning the function 
= 1 


(6.11) (4(s, a, w, ὦ") = <2 Ga nat ae) : 


where ὦ, w, and w' are positive, and 8 ΞΞ στ ὐΐ, This function is a de- 
generate form of the double Zeta-function of Dr. ΕἸ. W. Barnes. Barnes 
considers only the case in which (as in the theory of elliptic functions) the 


ratio 8 = w/w’ is complez. The series (6. 11) defines the function in the — 


first instance for o > 2. 


6.21. Lemma a.—The function ¢(s, a, ὦ, w') 1s an analytic function 
of 8, regular all ower the plane except for. simple poles at the points s = 2 
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and s=1, where it behaves like 


ae ee w+-w'—2a 1 


ww’ s—2’ 200! = s—l- 
respectwwely. | 

This is proved by Barnes when Θ is complex, and his proof, depending 
on the formula 


7 nr _ tL (1—s) 6 π(-ὦ} 
(6.211) (,(s, ὦ, ὦ, ὦ) = On | aed ey ἀμ 


is equally applicable in the case considered here. We should observe that 
(-- δ = e&&-Dies(-),| where log(—u) has its principal value, that the 
contour of integration is the same as in the well-known Riemann-Hankel 
formule for the ordinary Gamma and Zeta functions, and that the formula 
is valid for all values of s except positive integral values. 


6 22. Lemma B.—Suppose that 0<a<-w+o', and that 0 = w/e! 
is an algebraic irrational. Then there is a Καὶ such that — 


sin {ΞΞῳ.--ΑἜ2α--ἡτὶ 


ᾧ (δ, α, ὦ, 1 < 
6.20) δι τὺ ee 


m=1 οι} sin 
ω 
_ (2m ' 
1 2 sin fom ᾷω--α): 3 -- πὶ 
+ oF > 1-3 - Mwr | 
m=1 m 810 aa 


for σ «--- Κ. 


To prove this formula we start from the integral (6. 211) and integrate 


(2) 


(2) 


@) 


round the eontour shown in the figure. We suppose, as plainly we may, 
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that the horizontal lines (8) pass at a distance greater than a constant ὃ 
from any pole of the subject of integration, and that the loop (1) passes 
between the origin and the poles + 27i/w, + 27t/w’ nearest the origin. 
This being so, it is easy to see that the contributions of the rectilinear 
parts of the contour tend to zero when the sides of the rectangle move 
away to infinity, and that 7 


¢ = I (1—s) lim 2R, 
where R is ἃ residue of the integrand. A simple calculation shows that 


the residues yield the two series required. If 0= w/w' is algebraic, we 
have | 


. mo’ T 
sin gin 


mor is 
ot > m=, —|> m~, 


where c is a constant ΠΕΣ on the degree of the algebraic equation 
which defines 0. It follows that the two series of the lemma are abso- 
lutely convergent if o is negative and sufficiently large.* We shall 
suppose in what follows that the series are absolutely convergent for 
o<-—kK. The formula (6.221) may of course hold in a wider region 
than this. 


6.28. Lemma y.—If |t|— © then 
&(s, a, w, w') = O(e!*), 
for every positive e, and uniformly throughout any jimte sitet val of 


values of σ. 


Suppose that σ᾽ «σ «σῷ. We may suppose the contour of integra- 
tion in (6. 211) deformed in such a manner that 


| p| = larg (—u) | << ἐπ-  ἀε 
at every point of it, and | @| = 4r+he 
at all distant points. We have then 
|u| < Ala [4el <A ful4 ett, 
where A is a number depending on σ᾽ and ga, 


\Ta—s)|= = pee ΑἸ ΕΞ = Ο(ε"- 2016}, 


-- Ove lth, 


ὁ It is hardly necessary to give fuller details of the proof, as the substance of the lemma 
is contained in the paper of Hardy referred to in the footnote to p. 17. 
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6.24. Lemma y is required only in order to prove a somewhat deeper 
lemma, viz. : 


Leuma 6.*—The function ᾧ, (6, a, ὦ, w') is of finite order in any half- 
plane o>, and its u-function u(c) satisfies the relations 


(ὁ. 241) μίσγξ 0 (© D2), 


(4+ K)(2—o) 
2+ 


(8. 948) μ(σ) «- Κ--σ (σ <—K). 


Of these relations, (6.241) is obvious, since the series (6.11) is 
absolutely convergent for o>2; and (6.2438) follows from (6.221), 
since we have 


(6. 242) u(r) < (- «σε < 2), 


Qn TA—s)sin | 7 (ων --α) 8 -- πὶ = Ofer'*|TA—s)|} 


= O(lé|-’) 


uniformly in m, and, of course, a similar result in which ὦ and w’ are 
interchanged. Finally, (6 . 242) follows from (6.241), (6.248), and the 
well-known theorem of Lindeléf.t Lemma Ὑ is used only to show 
that the conditions of Lindelof’s theorem are satisfied. 


6.25. Our last lemma is of a different character. We write 
(6. 251) a+mwo-+nw' = l,, 
the numbers J, (no two of ick are Saal: since @ is irrational) being 
arranged in order of magnitude. We suppose that € is not equal to any 
ἰ,» and we put γί τ D1. 
» 


Lemma e.— Suppose that c>2, T>1, and €=V(lqlai). Then 
there exists a number H, independent of T and &, such that 


| W(g)—- =e ζ, (8) δ᾽ 46] «.- Η: e 


Dart 


* For explanations concerning the “" u-function’’ of a function f(s), defined initially by | 
@ Dirichlet’s series, see G. H. Hardy and M. Riesz, ‘‘The general theory of Dirichlet’s 
series,’ Cambridge Mathematical Tracts, no. 18, 1915, pp. 14-18. 

{| Theorem 14 of the tract referred to above. 
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We have : 
1 c+iT ξ' 1 σε ξ * ds 
6 252 W— | δ as = Wd — (+) a 
( ) Qa c—iT fa(s) 8 ds ὦ a 271 ie l, s 
: : 1 C+ ico δ s ds ΞΞ 1 (, <.€)) | 
μὰ δ πὶ [- () 8 -Ξ- 0 (,;»» ὃ)’ 


the right-hand side of (6. 262) may be written in the form 


1 e—tT 1 Ἂν" ξ 3 ἄς 
» (5-5 \ + Qar2 ὧν ly 8 "4 Up, 


2 /l,) 


say. Now* a U, — γ-- 3 -- - - 
y LUI «τ [ogi 

Hence | 

1 e+iT ξ' ᾿ξ" πὰ « 

6. 258 | — Al ἘΞ ΖΞ. > - Ἐς 
( ) Me ὅπ Joi $a(6) 8 as) < T ΗΝ | log (€/lp) | 

If we write 1, =e", & = δ, the series becomes 
(6.254) δ 6 Ὁ 

' |p—Ap| 

and p = FAq-tAgen- 


Now Bohr,t generalising a result of Landau,{ has shown that the series 
(6. 254) is bounded, provided only that | 


(C) there is a number 1, positive or zero, such that 


1 
- = Ofer») 
| Apsi— Ap “ 
for every posstive ὃ ; 
and it is easy to verify that the condition (C) is satisfied by our series 
Lt Σ6"».  For | 


bil = a+m'o+n'w' —a—mo—no’ = hot ko’ = ὦ (kth, 
say, and so, since θ is algebraic and ἔρρει“ 1,44, 
lesi—lp > (12 τ» Hm] + | m'|+2)-" > BE > Hi" (p> Po); 


Ap+1— Ap = log (1+ es) > Hlp*; 


* Trandau, Handbuch, 8 86. 

+ H. Bohr, ‘‘ Binige-Bemerkungen:eum Konvergensproblem der Dirichletacher Reihen’’, 
Rendiconti del Circolo Matematico Gi Palermo, Vol. 87 (1914), pp. 1-16. 

+ Handbuch, § 235. | 
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Η, wherever it occurs, denoting a positive constant, not of course the 
game at different occurrences. Thus Bohr’s condition is satisfied, and 
Lemma ε follows from (6. 258). 


6.3. We can now prove our theorems. We take 7 = £7, where 
O<y<2. We choose arbitrary positive numbers ὃ and e, and take 
ὁ = 2+6. : Ε 


We then. n apply Cauchy’ s theorem to the integral 


Fri ail é $3(8) τς ξ ds, 
taken round the rectangle — 
(40, “ΕἾΤ, —K+iT, ~—K-~iT), 


the sides of which, taken in order: we denote by (1), (2), (8), and (4). 
Using Lemma a, we obtain 


5.81) Lh fa =( + (= fattest eae 
(6.31) mao Σ᾽ ἃς -ἰ at \ + a= eg te Eh. 
Now | 
(6. 82) Ϊ = γγιῷ) Ἐ0 (&) = wo+0E"4, 

q) | . 


by Lemma ε; and 


pktite 


- (6.38) [ = ο(ε [13 ὖΆὸ at) ΞΞ 0 (—-) = O(e-Kt+K+Pr+9) 
(8) -τ aris ξ΄ ἢ 


by Lemma ὃ. It remains to estimate the contributions of the horizontal 


_ sides; and it is clear, from Lemma ὃ, that the contribution of either is οἵ. 


ne. Oran O( Max €T#@)-1+*) = O(Max δ᾽), 
. . ~KEe<ce | . 
| where | naot a -} , ye (—K <0 <2), 


a= o—yte (2Z<0<e). 


It is clear that 7 cannot oo the greator of its values for o=—K 
and o = ¢, VIZ. 


-K+(k- Pyte 2:δ-- γε. 


The possible error-term arising from the firet of these values may be 


absorbed into that already present in (6. 88). That - corresponding to 


34 G. H. Harpy and J. E. Lrrriewoop [April 22. 


the second, as well as that in (6.32), may be absorbed in a single term. 
ΠΡ ΤῊ We have therefore, on collecting our results, 


w+ w'—2a 


Qwe’ 


(6. 84) WO = τίν +. ξ-Ο ἰξ- Κι Dy te} + O(€2t8-7+5), 


We have still y at our disposal. Taking | 
' (—K+A(K+D) y = 2:ὃ-- γ, 
| _ 2464K 
— RE 
(which is, as we supposed, positive and less than 2), and 


2+6 Kk)—K 
2t3—y = G+ 04+ 


we obtain 


This is equal to (1+ K)/($+K) <1 when 6 =0, and is therefore less . 
than unity if ὃ is sufficiently small. We have therefore 


2 a > : 
(. 85) We) = fh 4 Ste 36 6 069, 


where a<1. In order to obtain Theorem AS, it is only necessary to 
attribute to a the particular value w+.’ and to replace € by », since νῷ 
then becomes N(»). 

_ Our argument naturally yields a definite value for a. But it becomes 
clear, when we consider the particular case of a quadratic 6, that the 
᾿ value so obtained is, in the light of Theorem A2, not the best value possible. 

We are therefore content to show that « is in any case less than unity. 


Additwnal Note (March 18th, 1921). 


We have developed the tr anécendental method of §6 sonsiderably 
since this paper was first communicated to the Society. 
Suppose that k > 0 and 


W.(E) = 2 (ἔτ ν᾿ 


ee i C(A+1) T(s) κως 
Then Wi(€) = ni ga ) TeFI+s) ξλτ ds 


ifc > 2. We transform this equation by (1) moving ‘inet the path of 
integration to the line σ᾽ =—q < 0, with the appropriate corrections for the 
residues, (2) substituting for ¢(s) from (6.221); and (8) integrating term 


155 


156 


1920. ] Some PROBLEMS OF DiopHANTINE APPROXIMATION. 35 
by term. This process can be justified if 0 = w/w’ is algebraic and k and 
4 are chosen appropriately, and we obtain an expression for W,(€) in the 
form of an absolutely convergent series. | 

We then make use of a lemma which is of some interest in itself, 
viz.: if there are constants h Σ 1 and H> 0 such that — 


(1) n* | sin nO3r| > H 


for all positive integral values of n, then the serves 
| , ἫΝ 

Ξ ἩδῈ: [gin nOz | 
ws convergent for every positive e. 


Using this lemma and our series for WE), we are able to show that 
if (1) is true for all positive integral values of n, then 


| | 7 
2 —— ee — ae =— ΒΝ ate 

(2) N() = Soa) ~ Be Bg TOM: 

where ἃ = (h—1)/h, for every positive εἰ This is included in Theorem A3 
if / = 1; but is in all other cases considerably more ἘΠ ΗΕ than any- 
thing avo in the paper. 


In (2) the index ἃ = (h—1)/h of the power of ἡ is the best possible 
ove. For we can algo show that if 


(3) n* | sin nOr|< H 


for an infinity of values of n, then each of the δώ 


2 
sec ee ess νΝ ἃ 
Θ ΝΟ) σους ΓΤ. Το > AM Νρὴ -- 5 4. ς-. An‘, 


where A is a positwe constant depending on h and H, is true for a 
sequence of indefinitely increasing values of ἡ. 
We are further able to obtain an “explicit formula ” for N(y); viz. 


(5) Ni = 55 ἢ {ἢ ωβ + ϑωωυ' 


20 oe)’ 1200’ 
Ὡμπ ἢ Qua 
_[ cos — (y—4w0 —~ (4— 
[cos EE 40) 008 BF de 
Qa pwr . vor 
μ sin —— y 81} ----- 
ω ω 
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Here 0 = w/w’ is irrational and algebraic, and the series is to be inter- 
preted as meaning lim + 
u<wk, νκω΄ κὶ 
_ when R— 0 in an appropriate manner. 
The most difficult of the remaining problems is that of isto 


whether there is any 6 for which the error-term in N(y), or the "πὶ 


s(0, n) is bounded. The answer is in the negative. We can prove, in 
fact, that there exists an A > 0 such that, for every trrational 8, 


18(θ, }} > A log n | 
for an infimity of values of n. Further, given K, there exists a 
B= B(K) > 0 such that, for every θ for which a, < Καὶ, the inequalities 
 -§(0,n)>B logn, 8(θ, η) « -- Blogn, 
are satisfied each for an infinity of values of n. 
The corresponding Cesaro means behave rather differently. It is 
possible to find 6’s for which the first Cesaro mean o(@, n) of s(0, 2) 18 


bounded, and others for which o(0,.)/log n tends to a limit other than 
Zero. | 


We may take this opportunity of correcting a misstatement in our 


conununication to the Cambridge Congress referred to on p..15. It was- 


stated there that 


“7 


= {v0}? --- yon + O(1) 
v=] 

for every irrational 6. This is untrue; but the equation holds for very 
_ general classes of values of 0, and in particular for any @ whose partial 
quotients are bounded. 
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CORRECTIONS 


p. 32, line above (6.254). Read: 1, = er. 
p. 34, last line before Additional Note. Read: Theorem A 3. 
COMMENTS 

This paper was communicated to the Society at its meeting on 22 April, 1920 (see 
Proc, 19, xxiii-xxiv). 
§ 1.2. The reference, in the sentence following (1.211), tosthe triangle with vertex 
at (1, 1) does not seem to be appropriate. In comparing the number of integer points 
in a region with the area, the simplest procedure is to put a square of side 1 with its 
centre at each integer point in the region. As an approximation to the number of 
points, we then get the area of the triangle 

x> 4, y>, wi+w'y < 7. 
This agrees with the main term in (1.21) except for an additive constant. 
§ 3. For the proofs of the O results (Theorems ΑἹ, B1, A3, B3) one could use in place 
of the transformation formula (3.24) the simpler formula obtained by counting the 
integer points horizontally instead of vertically. In the notation of the paper, this is 


S+aft+4Of(l—f) = S*+4f’+3e .-- (1) 
where S*= > {vt'—-f}. 
νΞηίω’ 


Thus S* takes the place of S’, defined in (3.122). But for the Q results (Theorems 
A2, B2, A4, B4) it seems that this formula is not adequate. 

The preceding remark is relevant to the tetrahedron problem, mentioned in the 
introduction. There are still two formulae similar to (1) above, but there is no 
obvious analogue of (3.24), since it is not possible to put two tetrahedra together 
to make a rectangular box, in the manner of the figure on p. 19. 


§§ 5.2, 5.3. The numbers 40» 41» 45»... are the Fibonacci numbers. The representation 
of n in the form stated after (5.34) is obtained by taking q, to be the largest Fibonacci 
number not exceeding n, then q,, to be the largest not exceeding n—q,, and so on. 


§ 5.6. The behaviour of > {46} for rational 8 depends on the convention adopted for 
the value of {¢} when ¢ is an integer. In the present paper the value — ᾧ is used, in 
accordance with (1.12). But in general a more appropriate value is 0, so that {t} 
is an odd function of ὁ. With this convention, > {9} oscillates finitely for rational @. 


§ 6. Although the analytical method of § 6, which was developed further in 1922, 9, 
is a remarkable triumph of technique, it was not necessary for the proofs of 
Theorems A5 and B5. More precise results than these were proved elementarily in 
the second half of 1922, 9, and had in the meantime been found by Ostrowski, using 
a different elementary method. 

As regards algebraic values of 0, see the comments on 1922, 5. The effect of Roth’s 
theorem is that one can take « arbitrarily small in the results of Theorems A5 and B65. 


Some problems of Diophantine approximation: 
The lattice-points of a right-angled triangle 


(Second memoir) 


By G. H. HARDY in Oxford and J. E. LITTLEWOOD in Cambridge 


1. Introduction. 


1.1. This memoir is a sequel to one published recently in the Pro- 


ceedings of the London Mathematical Society’). It contains the proofs of 


8 number of theorems enunciated in an appendix to our former memoir, 
together with a considerable amount of additional matter. 


| The problems which we consider have occupied us at intervals 
᾿ since 1912, when we referred to them briefly in a communication to the- 


_ Cambridge Congress’), and indicated certain questions which we were 


then unable to answer. In the meantime they have attracted the attention . 


of Herr HECKE'). and Herr OSTROWSKI‘), who have dealt with them in 
᾿ς two very beautiful memoirs published recently in this journal, and to 
whom we are indebted for this opportunity of publishing our own. 
| The very remarkable analysis of HECKE is mainly transcendental, 
while OSTROWSKY’s is entirely elementary, and we use both elementary 
and transcendental methods. Our transcehdental method is entirely unlike 
HECKE’s, and little need be” said as regards the relations between his 


results and ours. The relations of our elementary work to OSTROWSKI’s 
ες are a good deal closer. Our method, depending as it does on formulae 
like those of SYLVESTER and LERCH®), is fundamentally different, but 
the results are to a considerable extent the same. A detailed analysis | 


ἢ 6. ΒΕ. HARDY and J. E. LrrrLzwoon, “Some πεϑιβειωῦ: of Diophantine ap- ᾿ 
proximation: The lattice-points of a right-angled triangle”, Proc. London Math. Soc. (2), ἡ 


τ 90 (1921), 15—36. We refer to this memoir as 1. 

2) G. H. HARDY and J. E. LirrLewoop, “Some hotles of Diophantine’ ap- 
proximation”, Proceedings of the fifth international congress of mathematicians, 1912, 1, 
223—229. 


5) E. HECKE, “Ober analytische Funktionen und die Verteilung von Zahlen mod. ; 


Eins”, Hamburg. Math. Abh. 1 (1921), 54—76. We refer to this as H. 
*) A.OSTROWSKI, ' Penenune ns zurTheorie der Diophantischen Approximationen”, 
thid., 77-98. We refer to this as 0. ' 
᾿ δ) 868.8.1. 


1922, 9 (with J. E. Littlewood) Abhandlungen aus dem Mathemat- 
schen Seminar der Hamburgischen Universitat, 1, 212—49. 
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of the points of resemblance and difference would occupy a good deal 
of space and seems to us unnecessary, though we indicate the theorems 
which have been proved by OSTROWSKI as they occur. We should add 
one word, however, as to the relative advantages of OSTROWSKI’s method 


and our own. In some parts of the theory the advantage of OSTROWSKI’s 
method seems to us incontestable; in others there is little between them, 
and in others the advantage seems to lie with ours. It seems to us 


desirable to develop the whole theory systematically from our own point 


of view; but where OSTROWSKI’s method is clearly simpler, we content 


ourselves with an outline of our demonstrations, suppressing the algebraical 


details of our work and condensing our argument to the limit of intelligi- 


bility. In particular we have followed this course in 3.4. 

1.2. All our theorems involve -an irrational number 9, which we 
generally suppose positive, less than 1, and expressed as a auople con- 
tinued fraction 


1. 1 1 
1.21 o = ----- —— 
er ie ees ee 
We write 7 
4 ἘΞ αι -Ἐθι ] 1 .4 92} : 


a +O3” 
and denote the convergents to (1.21) by | 


pm 1 pp me 
4ι a,’ Qs Q,dag+1’ °° 


We shall make continual use of the two lemmas which follow, 


which are trivial, but very useful, and which seem to have escaped 


attention. | 
Lemmal. We has 


2 
More generally | 
| | ees | 
(1. 231) Orr ta teen Boe. 
3 


where us is the s-th term of FIBONACCT’ series Le Zid, Oy Op anees 
We deduce this from 
Lemma 2. We have _ 

1 | ἫΝ 


(1.24. a ee ee 
ee) 260;...0r-1 001... Or—1 
For | 


| , ~1+ Or—19r— 
Qr + Or Qr—1 o (a, + 6r) r—1T r—2 =— Gr Or —1 Gr — 2 


᾽ 
Or —1 


214 G. H. Hardy and J. E. Littlewood. 


and so 


ΠΥ ΠΝ 
ae os maar Tey σεὶς. 


which proves the lemma. | 
To deduce Lemma 1 we observe that (1.24) gives 


| 1 
EES OUR 
and that, for given 8, ds IS ἃ Minimum when a; ΞΞΞ dg =... = ας — I, In 
which case gs = us. Taking now @, for 9 we obtain the desired result. 
1.3. We write, as usual, [2] for the integral part of x, and 

(1.31) (xq) = a—[a], {2} = x—[z] o> 
Thus {zx} is the arithmetical function denoted, by HECKE and OSTROWSKI, 
by κω)---. Further we write 

(1.32) 7 2 = a—X 


where X is the integer nearest to x. If x is of the form n+ > we take 
1 


2 — δ᾽ 

Throughout our argument the letter A (or occasionally 8, C,...) 
denotes a positive constant. This constant may be absolute, or may depend 
upon the parameters involved in the theorem in question; it will not 
generally be the same constant in successive inequalities. The O’s and o’s 
which occur involve constants implicitly. It will generally be obvious on 
what, if any, parameters these constants depend. 

We shall frequently be concerned with conditions of the type 


(1.331) n*|sinnen| > A | (n> 1), 
or | | 
(1.332) n*|\sinno@a|< A (n = nj), 


where h= 1, and the notation implies that the second inequality is satis- 
fied for an infinite sequence m,, 2, ..., 2j of values of ἡ. These con- 
ditions are obviously equivalent to the corresponding conditions in which 


sinn@7 is replaced by v6. Further, (1.331) and (1.332) are equivalent to 


(1.341) Gr+i < Ag (r = 1) 


r 


γ' 


(1.342) | Gri > Agh | (r = γῇ), 
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and these again, by Lemma 2, to 
δ τς: - - 


351 -- «------------------- 
eI 35 ) Br ἢ: (θθι eeee ne) -ὰ 


(r > 0, 
A 


6, POG... Or ἰδ ει 


(1.352) 
It is well-known that a condition of the type (1. 331) i is satisfied by every 
algebraical 6. 

The A’s of these inequalities may be absolute or may depend on @ 
and ἢ. If absolute in (1.331) and (1.332), they are absolute in the other 
inequalities. 


2. The analytic treatment of the triangle problem. 


2.1. In this section we continue the study of the “triangle” problem 
(Problem A of 1) by analytic methods. We denote by N(y) the number | 
of lattice-points inside the triangle whose sides are 

“τῷ, y=0, wretw'y=4>0, 


Ὁ 


where w and w’ are two positive numbers whose ratio θ = πε 


is irrational. 
We proved in 7 that | 


(2.11) NG) = RQ) + UG) = RQ) + OM) +8) 
where | | 

᾿ δι. ἢ ὦ ye 
(2.111) Κα) = 2ww 2w 2 κυ ἰὴ 
: n [7]|,, ἢ [7 ᾿ 
2.112) t=(2 [+4 w= [e]+ 
(2.113) | 0) -- εξ OF τυ), 
(2.114) S(q) Ξξξ Σὲ 9 --- 7}. 

ἜΤΟΣ 


Our problem is the study of {7}(η), or, since ὦ (η) = Ο(1), of 8.(η). 
We proved in 1, (a) that | 
(2.12) | | {7(η) = ο(ῃ) 


for every irrational 6, (Ὁ) that this result is the most that is universally 
true, (c) that 


(2.18) U ῳ = 0 (log 7) 


216 τ GQ.H. Hardy and J. E. Littlewood. 


when 6 has bounded aubtients (dq) that there are Θ᾽ s, with bounded 
quotients, for which each of the inequalities ᾿ 


(2.14)  U)> Alogy, U(y)<— Alogy 
is satisfied for arbitrarily large values of ny and (e) that 


(2.15) Uy) = O(4”), 


where a = a(6) < 1, whenever 6 satisfies an inequality of the type (1.331), ᾿ 


_and in particular whenever 6 is algebraic. Of these results (a)—(d) were 
proved by elementary reasoning, and (e) analytically. Our immediate 
object is to prove more precise results in place of (e). 

We denote by C3 (s) = £s(s, a, w, w’) the analytic function defined, 
when the real part-o of s=o-+ it is premier than 2, by the series 


οΘ οΘ : 
8 

bs (s) = 2, ΡΣ ΝΞ | =25" 
_ where a is positive and J, ° has its principal value. This function is 
a degenerate case of the “double Zeta-function” of BARNES’). Its 
principal properties, so far as they are relevant to our investigations, 
are summarised in 7. 

In this section the A’s, B’s,.... are.in general not absolute but 
functions of the parameters 6, h,..... a 

2.2. Lemma3. Jfh>k>1 and 


(2.21) n*|sinn@n|k> A 
‘then a 
(2.22) Sm > a ο. = O(log m)*. 


τ΄ n'l\sinn 6 |* 


It is plain that neither hypothesis nor conclusion is affected if 


we replace sinn@7 by n6. We have therefore 


(2.231) | nh\ne|k> B), 
and, if we define hy by | | 
(2.232) nial n o|k= B, 
we have ha < h. Consider now the sum 
2m 1: 
284). | : n= ))———— =z; Un. 


m n\ no |F 


ἢ E. W. BARNES, “A memoir on the double Guiimetunction®. Phil. Trans. Roy. 


— Soe. (A), 196 (1901), 265—387. 


7) B is the same constant throughout this sub-section. 
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The terms of Τα for which ha< ἢ —1 contribute 


He | 
O | ΣῈ = 0(1). 
m 7ὺ 
We classify the remaining terms as follows. We. choose a positive 
integer 7, write | 


b= h— 1+ (r = 0,1, 2,...,.9—1) 
and call a typical term uw, of Tn a term of class r if i < <Iin< Bree If 


Un is of class 7, 
nolk< Bn”. 


But 
[59}}:» Bs-*> 2k Bn Ὁ 
if 
8, 
(9.95). O<s<Cn* 
and then 


(n+ 86 |F> Bn *> Bin+s5)7* 


for all values of s which satisfy (2.25). Hence no term w,+45 corresponding 


to such a value of s is a term of class as high as r. 


ὃ, 
The number of terms of class r is ΤΑΘΓΘΙΟΤΘ Om "- and their 


contribution to Tim is 


ἢ, 1 
ee = o(m”)}, 
since | | 
ΒΝ | = —(1~5)(1--] 1 
τὰ πὰ (1 <—. 
It follows that 
| ι 
(2.26) . Ἴηι = olnm?] == O(log m), 
since we may take η = [log m]. 


If now we define » by — 2D, we have 
m= ae = ow+o( 7 μ | 


= ial ΣΙ == O(log ηι), 
ΕΞ 2 


which is equivalent to (2.22). 
As. a corollary we have 


218 | 8. Η. Hardy and J. E. Littlewood. 
Lemma 4. Jf (2.21) is satisfied, the series 


1 
2 nh+=| sin n @ 7 | 
as convergent for every positive ε. 
The case of most importance is that in which k = 1, when (2.21) 
reduces to (1.331). 
2.31. We proceed to establish an analytical formula for the sym 


(2.311) Wx(8) = 2b) 


The k here has no connection with that of 2.2. 

In order “ὁ abbreviate our formulae we adopt the following 
convention. We are often concérned with associated pairs of series, 
of the forms ΝΣ O(m, w, w’) and >, O(m, ιυ', w); and we write generally 


(2.312)  X(u, w') >, O(m, w, w')+X(w", w) >) Om, w', w) = 

(X(w, w')>, O(m, ιν, w’))*. 
Such associated pairs of series have been considered by various writers, 
and in particular by LERCH’). We shall also sometimes use a similar 


notation when there is no summation. 
We recall the formula’) 


2 Ἐς ἐδ: ἢ ἧς 
ζω (5, α,10,.0.)ὺ [1 ὃ sin (72 [5 w'—a)+50—sa} 
25 -Γᾳ--9 \ wh 


(2.313) 


This formula is valid whenever 0 < a<w-+w’ and the two series on 
the right are absolutely convergent. 
2.32. Theorem1. Suppose that (1.331) 18 satisfied and thatk>h—1. 


Then . 
(2.321) Wi (§) = Vi) — 
2m | 1 
wo cos |——— |— w’ + §—a ka 
(2 π) #1 rik+ n(w an cia δ O(Ee+1—9), 
| m=1 mk +tsin =“ * 

where | | 
(2.3211) : γι (ξ) = Σ Cee 

| =o | 


1) See, for example, M. LERCH, “Sur une série analogue aux fonctions modulaires”, 
Comptes Rendus, 18 April 1904; G. H. HARDY, “On certain series of discontinuous functions 
connected with the modular functions”, Quarterly Journal (1904), 93—123; and writings 
of RIEMANN and Η. 7. 5. SMITH there referred to. 

. Ὦ (6.221) of 1. ᾿ 
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the C’s being constants, of which 
I ΟῚ wt+w'—2a 
FD ETD ww’ ἀπ 2(1-Ὲ 1) ww’ : 


- q is the integer such that k+-1<q=k+2. 


We suppose for the present that k>h— τ᾿ Since k >0, we have’) 


(2.3212) Ge : 


, | Γᾳ- YTS) pas 
a β Wel8) = fy fue pre Th+1+5 ger sds, 
, c—too 
if o> 3. We choose δ so that o<gte<, k>h—> δ, and 
Y= = Z—kt+é is not an ὙΠ We have then 
(2.323) | sok y<1—h 
- and ἦν τὸ 
: Ἴων ᾿ 
e324 6δυψ δῶ -ο{ι ἢ -- ou 


uniformly for o> 7%). | 
We may therefore. apply CAUCHY’s Theorem to the stripy <o<¢, 
and we obtain 


(4.326) ᾿ Wi) = Te®)+ 5 ale (QTE) gtsgs 


T(k+1+s8) 
where | 
(--- 1)" ζ,(--κ» Fk+1) ὡς 
2.826) σεβ)-- GE H+ 6, ΠΡ ἘΝ 


p being the largest integer such that —p>y. We may write 
@. 397) Un) = = 6, eae Ὁ: 
where r = pr 2 is the integer such that kt5—d<r<kt ὁ - δ 


The index of the last power in U;(&) lies between = +6 and δι ὃ, 


whereas that in Vz (&) lies between 0 (inclusive) and 1; the form of the 


two sums is otherwise the same. 


ἢ 6. Η. HARDY and M. RiEsz, “The general theory of pales series”, Camb. 
Math. Tracts, 18 (1915), 51 erieoren 40). 

2) See 1, Lemmas β, δι The series which occur in (2.313) ὡ (6.221) of D are 
absolutely convergent for o—~y, in virtue of (2.323) and Lemma 4; and the conclusion. . 
then follows from oe ὃ. ᾿ 
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2.33. In (2.325) we substitute for ὥς (8) from the formula (2.313), valid 
since 1— y >A, and integrate term-by-term. This term-by-term integration 
is legitimate because | | 

ain a= (2 1 w'—al 7 | 


wn 


.(2π)"-  Γ( - 9 5 


ηι τ 5 sin 


and 


fo {μη ie rat, Ἂς mun σε] 
᾿ mi-r|sin |! 
are convergent. We thus obtain 


(2.381) Wil = σκ(ξ) Ἐσι -ΕΠσ, σι Ε 
where a 


2Zmnrisi , 
2mrt (Σ w—a) 


_ Brkétyge* 3 


mw! π 
an ν᾿ m sin 5 


[5.::} 


(2.33811) oj; 
| w 


J, 15 conjugate to J,, J, and J, are obtained from J, and J, oy exchanging 
w and w’, 


1 ὍΝ (— τὸῦ 
σ΄ —U 
: @ = —=_————— vr ee a 
(2.3312) (u) ΕΞ Ξ sins7 eee se 
| γ-- ἴοο 


and (--- ὁ has its principal value, real when w is neative 
The function @(u) is one of a type whose asymptotic expansions 
have been considered we various writers. We have 


gy Ὁ Olu?) το ket +O uF te 


= 0,+ O,+ O,+ DH, 
say, with similar formulae for the derivatives of ®(u), which may be 
written down by formal differentiation’). 


(2.332) @O(u) = 


') The function may be expressed in the form 
m—p 


-Σ FeFitm—p 


here p is the integer such that —p—1<y<—p. As regards the asymptotic expansions 
of such functions, see, for example, E. W. BARNES, “On functions defined by simple 
types of hypergeometric series”, Trans. Camb. Phil. Soc., 20 (1906), 253—279. The 
actual Sle required here is easily proved in a variety of sa 
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We denote by Ji,1,.... the results of replacing ὦ, in Jj,.... by 


| @,+ @,; by Jia,.... the rosie of replacing Φ by ®,-++ M,: so that we 


have four sqiiatione of the type 


(2.333) ‘J, = Jiitdie. 


Consider first the sums Ji,1,.... with 1 as second suffix. If we 
substitute ®, for Φ inJj,....and combine the results, we obtain, after 
a straightforward calculation, 


DUD) 5 4 
T(k—p) 


sin (2"* (5 w'—a) + 4(p+ 2)π) ) 


(—1)?t1(2n)-?-? 


‘ p+ 
iC ΡΣ +2 Mw 
m® sin ——— 


which is equal, by (2.313), to 


(Ge as Ce et a 
(+0! Tk» 


This is of the same form as the general term in (2.326), and the con- 
tribution of ®, may be accounted for by replacing p, in (2.326), by p +1. 


If we do this, the last index in U;(&) will lie between — 5+ ὃ and 


1 da ΤΣ : ; ; 
τὺ; and U;(&) may become identical with V;,(§) or may contain one 


extra term; it is in any case of the form V;(£)+0(k*+1—9), 
There is also ®, to be considered, but Φς is of lower order than 


@, to the extent of a factor —~ : mE? and its contribution is accordingly trivial. 
We therefore obtain : 
(2.334) Ux (§)+Jij1+Je1+Ji,1 σέ, = Val &) + O(ER+1- 9), 


Next we consider the sums See pee Substituting first ®, for Φ, 
we obtain, after reduction, 


mw'n 


2mrn | 1 1 *K 
s (——— |= w'+ €—a) —= kha 
—(2n)-*-1F(k+1) (os “Ξ πΡ 


m* +1 gin — 


And as ὦ, is of lower order than @®,, by a factor ae its con- 


tribution is O [Ξ 


ν 


= O(&+1-9%, Thus 
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(2.335) σι, Ἔ 5, 1,2 - 2.2 = S+O0 (ὅπ 1-, 


where § is the second: term on the right of (2.321). 
Collecting our results from (2.331), (2.333), (2.334), and (2.335), 
we obtain the result of Theorem 1. At present, however, the theorem 


is proved only when ματος, and it is necessary to extend this 


range to k>h—1l. 


2.34. Suppose then that k= h+7>h> h—-s so that (2.321) is 


proved; and let us differentiate formally with respect to &, and divide 
by ke We have : 


1 aW, | 
i = Wet, 
and ee | 
+t oe = Ver + OF T1-%) = Ve-14+ O(F ~2), 


where gq’ = q—1 is the integer such that k<q’<k+1. Finally the 
same process, applied to the infinite series, yields the corresponding 
series for k—1, a series which is, by Lemma 4, absolutely and uniformly 
convergent. It appears then that we are led back to our original 
formula, with k—1 in place of k, and this is just what we require. 
The proof is however insufficient, since we are not entitled to differentiate 
the error term O(€* 11-9), 

There is no difficulty of principle in completing the proof, but it 
is necessary to go back to (2.331). ‘We differentiate this equation, and 
substitute for @(u) and its derivative ®’(u) the approximations given 


by (2.332) and the corresponding derived equation. The result is. 


an absolutely and uniformly convergent series, and the term-by-term 
differentiation is thereby justified. We have then only to repeat our 
previous calculations, in a slightly more complicated form, the formulae 
which we use being in substance the formal derivatives of those which 
we have used already. The final result is the same as before, except 
that k is replaced by k—1, and that the result holds whenever 
k—1 =h—1+7>h—1. When we restore / in the place of k—1, 
the proof of Theorem 1 is completed. 


2.4. From Theorem 1 we can deduce a proof of the equation 


numbered (2) in the appendix to our memoir 1. This equation.is not quite 

SO precise as. one which we shall obtain later in an elementary manner, 

but it is of some interest to show how it follows from the analytic theory. 
Theorem 2. Jf (1.331) 2s satisfied then 


(ae 
(2.41) U4) = oly ᾿ | 
for every positive é. 
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- Suppose, in (2.321), that & is the integer such that ks ese 
The q of Theorem 1 is now k+2, and | 


(2.42) Qmz/(1_, ΓΒΕ Σ Ἢ 
cos (7 (= wi +é αἱ Ἐπ} of 


Wi (§) = ΤΟΣ 


aes 


met} sin 


= nw +80+40(4 1) | 


say. If. now we suppose 0<3<1, and write generally. 


40 =47=70+K9-( \re+a—na+(k e402) 


we have. 


(2.43) | ae = 4+ 48-+0(4}, 


We consider first 7S. Since | 


| 40. [25:5 (J w+ = a| = kn] = O(Min (m*3*, DY, - 


2 
we have | ᾿ 
1 * 1 \* 
(2.441) 4S =O mn] sin =] +O > aero se 
msSlm si τῷ mg > me +1] sin ET ὔ 
| h—1+e | —k—1i+h+e | 
πο Ὁ Ὁ = OGEtI-h-9, 
| a \ 3 4} πὰ ἢ 
Νοχί : | _ | 
Eta Gita Seite. 
4 Wy, (§) = mf as. fas. Swendt, 
ie a ees των 
and so | ε ΤΣ τος οι ταὶ tate ee 
(8.44. MWS) SAMOS MK ΤΡῚΣ +e 
Finally | 


(2.443) aM) = = δ Pe + outta = — ae KV (8) + ΠΥ 
where 
WwW ΠῈΣ w’'—2a 


(2.4431) ss γῷ Ξε ΤΕΣ +, ἘΣ 


Μ being a constant. τὰ 
From (2. 43), (2.441), (2. 442), (2. 443), and 2. 4431) we deduce, in 
the first place, 


(2.45) we cvatounto( ἦν )400" -h—9, 
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1 Tah. 
In (2.45) we take 3=§ *, and we obtain 


, , . | | 
(2.46) W&)< V(E)+0 (st Hy. 
Similarly we have Ἢ 
(2.47) 7 W(§+ky > V(S)+ 0 (set } , 


or, on zepracine nee by ἃ | 
| (2.48) ΝΙΝ σῷ)» ταν οἰ τὶ h +4). 


Finally, from (2.46) and (2.48) we deduce 


(2.49). We) =VE)+0 ἰρ-ἢ +e) 


Attributing to a the special value we w’ and replacing & by yn, we 
obtain (2. 41)’). 


2.51. We next prove a theorem which shows that the index 1— 1 


of Theorem 2 is the “correct” one. 
Theorem 3. If h >1 and (1.332) is satisfied for an infinity of values 
of Nn, then each of the eats | 
. ι.--.-1 1--.1 
(2.511) U(y)>Aqy ™, Uly)<—Ayq * 
is satisfied for arbitrarily large values of η. 
Let f(x) be the function defined, when R(x)>0, by the equations 


εἰ: (mo+nw) —ay TT) 
2.512) f@) = de wim ww - Σν πον πε 
We have ) Ε 

— 1 wt’ ᾿ w*+8u0'+u" 
eats) Sa) = ww x 2ww'x μ «12 ww!" oe 
when x is small. ὁ | 

Suppose next that 
τ 65 π| μεὅ 


(2.514) 


where ὃ is small and positive, and m has one of the values for which © 
(1.332) is true. Then _ 


[6 ΘΠ 75.» A, 1- 6 "5] « Ad, 


3) The proof of the theorem is modelled on the argument used by LANDAU, ,,Ober 
Diricblets Teiler-Problem, Méiinchener Sitzungsberichte, 1915, 317—328.. 
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and 
|1—e—¥z| = V {τ το δὴ. 4e-“dsin?n wg < AV δ᾽. n-2h nah 
so that 
| A 


On the other hand, we have 


: οο 00 y+ 00 ἊΝ 
(2.516) f@)= De =D plac ™du=2 {Ne dy, 
7 : 7 4 ὃ 


since N(u) is the number of 2’s which do not exceed us or 


7 | eee | ww" | 
(2.517) ζωτπεπ oye t Oe 
where 
(2.5171) — O@) = 2 f Uwe-** du. 
0 
Comparing with (2.513), we see that 
2 , ry 
(2.518) : (Qs Πὐὐτὸς 
12ww 


when 2-0, and in particular if «= ὃ and ὃ-»0. 
2.52. Now suppose that a >0 and 


(2.521) x(u) = U(u) + Bue > 0) 


for all sufficiently large values of τι, say for uw>wup. It follows from 
(2.521), (2.5171), and (2.518) that 7 


(2.522) [χω 6 δι μα Β[ μος edu = ΒΙ(- α)διιτα-- (d-1-4 
0 0 


say, when ὃ-»0. On the other hand, if x is given by (2. =~ we have,. 
by (2.5171) and (2.521), 


co ; © 
D(x) = ΤΟΥ ΝΕ ΞΞΞΞ « [χορ στ πάει + O(1), 
0 0 0 


') B and C (unlike A) retain the same values throughout the argument: which 
follows. 


996 G. Η. Hardy and J. E. Littlewood. 


Uy 


[χ ()6- ** du + fuinerean] + O(1) 


(2.528) |®@)|< alll 


Sx (ι) ο΄ δύ du 


- “[{ +00} +00 


<2- one. Oe-#< ACnd 


by (2.522). Comparing (2.515), (2.517) and (2.523), we see that 


| : A 

~ACnd-1-4> ὁ pn? C? n? (δ᾽ + n—2") > Ads, 
Taking in particular ὃ — n-h we have 
(2.524) C>Ani—ah—1, 


— From (2.524) it follows that ἃ > 1 +; and if we take a = 1 oo, then 


_C>A or B>A. Unless these conditions are satisfied, (2.521) cannot be . 


true for all sufficiently large values of τι; and therefore the second of 
the inequalities (2.511) must be true for arbitrarily large values of 7 


and some value of B. The first inequality can naturally be proved in 


a similar manner. 
We have supposed 2: 1,. so that the critical value of α is positive. 
In this case a less precise form of (2.518),. viz. D(x) = ο(α 5), would 
have been suffieient for our argument. When h = 1, the critical value 
of α is zero. In this case the value of M@ becomes relevant to the 
argument. We must take y(u) = U(u) + M+ B, and the final conclusion 
is that se ἢ. 6. , that each of — 


Uq)>M+4, Uq)<M—A 


is true for arlitrarily large values of 7. The conclusion is not entirely 
trivial, but it is certainly much less interesting, and is no longer in any 
sense a best possible result. 

2.61. We proceed next to the proof of the exact formula for ΧΩ) 
enunciated at the end of our former memoir’)... This is the analogue of 
VORONO?’s formula for the number of lattice-points in the area x>0, 
yr, tyne 

It is now necessary to consider the exact definition of N(7) when 7 
is of the form pw-+qw’ and there is a lattice-point on the boundary 
of the triangle. We agree that such a point is to be counted as one-half. 


1) 1, p. 35, formula (5). 
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Lemma 5. If i is positive and v real, then the integral 


0° 


; sinv x | dx 
eee) J cosh wA4— cosw) (cosh w/d—cosw'ax) x 
: : 0 ᾿ 


is convergent ; and it may be evaluated by expanding the sulyject of integration 
as a double power-series in e~”* and e~” » and integrating term-by-term. 
The formal result of this process is — v4 
εν ας 


ese οἷς ἢ ὲ στλουταν [ sin vx cosp wa cosqu’x dx 
sinh wA sinh w'd p07 7 ἊΝ : 
0 


where &p = τῳ = 0), ερ ΞΞῚ (3:0. There is at most one term for 


which y+ pw+qw’=.0. This term, if it exists, we remove from the 
double series and consider independently, and we denote the modified series 


by Po . Since term-by-term integration is certainly permissible over any 


finite range (0, X), it is sufficient to show that 
7 


is convergent and tends to zero when X — oo; and this will be so if 


(2.613). BS ene e Aowtaw 


Os hes 
; < , : sin x | 
(2.614) © σ =>) epege Peta) | Oe 4“-- | 
| 2 af Χ ἮΝ 
where , ᾿ 
(2.616) 7 e=vtipwtgqu’, 
is less than «¢ for every positive « and sufficiently large values of X. 
We write | ἬΝ 7 es 
(2.616) | στ > => a > -- σι + Og, 
| | ‘fken ιρίπη 
say, where H>0. Since | 
οο e ν Ὁ . ἕν Α 
{πω =| [Pay εν [χν 4), 
we have . | ἌΝ 
| oe ae ee ag 
: ---- —A(potqw’) -- — ¢ 
(2.617) ΤΑ 2 ων τὶ 


if H is sufficiently large. It is therefore sufficient for our purpose to 
prove that when H is fixed we can so choose Xo that 


298 GH. Hardy and J. E. Littlewood. 
. (2.618) = « AD) «-λφυνσων < $s | (X>%), 
the summation extending over those values of p and q for which 


| H ΠΗ 

ety) χ -“"Ξερῃτυτε φιῦ «4 --. 
2.62. We divide the terms in question into four blocks corresponding 

‘to the four choices of sign, and cee, 5 a corresponding conclusion - 


for each of them, with ποῖ in place ofa, If the signs attached to p 


-and g are the same, ee is nothing to prove; for, as » is not of the 
form pw+quw'’ or —pw—dqu’, there is no term which satisfies (2.619) 
when X is sufficiently large. It is therefore sufficient to consider the 
case in which, for example, e=»—pw+qw’. But the inequalities 


a <v—puwt+qw' < pid 
where ΗΠ is fixed, are only possible when »>&, g>&, where §>0 
when X-> οὐ, and the number of values of g, corresponding to a given p, 
is 1 at ἜΝ Hence the sum extended over such values of p and q 


does not exceed 
me cde A 
»»ξ 


which tends to zero when X—> oo; This establishes our conclusion and 
completes the proof of the lemma. 
2.63. Lemma 6. If ἃ is poe and, { real, then the integrals 


We zs ΓΝ ὃς ὩΣ» 

ean “fale ΠΣ πππ 
| sin—wasin—w'x sin -- wz sin —w' a * 

2 —i2 2 2 | 


in which the path of integration is a line parallel to the real axis, are 

convergent; and their values may be calculated by expanding the cosecants. 

in. powers of e~”* and ε΄", and integrating term by term. — a 
The series to ke used are different in the two integrals; for 


ar ἘΠ si tli - 9 Sabrdee-er des 


| sit tw a ὰ 
or | rs 
ee Ns Np ise (p+ ΓΝ — 95 d'¢ στ )ηετ ( +9) 0 
sing war ν 
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according as x= ὅ- ἐλ οὐ αὶ = £—id, Apart from this, the argument 
is the same for the two integrals, and it will be sufficient to consider 
the second. | | 

Consider first the analogous integral in which = is replaced by 
ee ee 
x x+ih’ 
legitimate for this integral, since 


fo(2 0{— 7) 0( ΩΣ dx: 7 


The method of evaluation contemplated is certainly 


is convergent. We may therefore replace a by air and then 
de ἐς. is real. 
ati, a 
Next 
tae £48 sin D ῳὺῦ (ὃ - 12) sin w (E+) 
3{———__—_] = 449 -͵Ο- - 35. 
: sin + pain 1 ΕΣ (cosh Wa eyes cost w 4— cosw’ δ)" 


Working out the imaginary part of the numerator, we ‘tia that it is 
a sum of constant multiples of terms of the type sin [ΣῈ ae gets ew" ξ, 
Thus Lemma 6 is reduced to Lemma 5. 


2.64. We define a sequence(A,) as a sequence of values A; of αὐ ἘΠ 


tends to infinity. and all of whose members differ, by more than A, from 
any Ὁ the numbers ama, 95 a (m,n = 0, 1, 2,...). 


Theorem 4, Tf ἜΣ, (so that N(a) > 0), then 


w+t3ww' ΠΣ 1 ous (n—Fw'), 
“N= 0): ee ἐσ 


The sign of summation as to be interpreted as follows: we form the sum 
wR 


27 27 
respectively, and then ρὸν ᾿ὐ tend to infinity through a sequence Up. 


of all those terms of the two associated series for which m< ~—— oe ,n<—— 


We write fay wtw) and | 


(2.642) a) = 1 ΩΣ, ἃ, a 


πῇ sin wx sin Σου & . 


pe al 3 — bie =| 
an βἷῃ ὁ σα αἰπύ 7 | | 


2 2 
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the contour of integration being the rectangle (—74, R;—i4, Rj+ 7A, 12), 
where 4>0, except that the origin is excluded by a small semi-circle 
of radius e, described about it as centre. We make 7 > ©, @ > 0. 

The integrals along the imaginary axis vanish identically. The 
integral along the side parallel to the imaginary axis tends to zero. That 


along the semi-circle tends to the limit 


ζ: 


ww ἡ 


The integrals along the sides parallel to the real axis also tend to limits, 
by Lemma 6. It follows that the sum of the real parts of the residues 
of the itegrand, at poles within the contour, tends to a limit 8; and 
we have : 


co—ih oti 
ὲ ὸ e 2 9 
Gee) δ -α[--| $= h—-h4+ 4, 
ww Ww. 
—th- id 


say. 
We evaluate J; by integration term-by-term, which is shown to be 
legitimate by Lemma 6; and we obtain 


(2.644) ΠΕΣ Gti 
P,q=1 
where | 
--ἐ λ- οὐ 
ar ~(Q—Aw+w)i 
(2.6441) »,4ΞΞ Ἃ [- Σ [ὠ5-ὸ e ( 3 +1’) * a 


—id 
and 2=pw+qw’. We may add to jp, the corresponding integral 


along the line (0, ---- 1), since this vanishes identically, and we may then 
deform the path of integration into the real axis. This gives 


ee) - . 
. 2 (1. ‘ wt w’ ἄχ. 
2,4 ΞΞΞ —={ (sing —2)2-+ sin(o— 9 }x) 42, 
0 


which is zero if 2>y and —2.if 2<y. Thus we obtain from (2.644) 


(2.645) j= a! >1= —2N(1). 
<7 


This equation still holds when ἡ is of the form pw+quw’, if we adopt 
the convention’ stated in 2.61. | 

‘Similarly we obtain a series for J;, in which the typical term 
involves the integral 
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21‘. ne ἘΠ ΕΒ 
=] (sing + 2—w—w') sin(9 τ 2} z = 


Thus: 
(2.646) Ἵ J, = 0, | 


as is evident a priori, since the value of the integral is mdcpendent of 
A and tends to 0 when ἃ > οὐ. a 
From (2.643), (2. oe and (2.646) we deduce 


4 | i Pome ee ° 1 
(2.647) | N(y) = “πὰ ΣΝ 


A straightforward calculation πλιὸ that 


Qmn men w' τς 
1 ΟΟ5---- 1-5 | (— 1)" 
(2.648) 8 ΞΞ — ae ἘΣ ΟΤΟΝ ὍΝΣ ὉπῸ δι᾽ καὶ ΕΒ "ἢ 
Tt ., MwWT . Mw 
msin msin 
But?) | : Ἧ 
1π (—1)™ ᾿ eww w+ διυιυ- ὦ  (wtw')? 
2 π per mown} Q4ww _ 12ww' - νυ - 


Thus we obtain the result of the theorem. 


~ 


3. The sum s(n,6). 


3.1. In this section we use elementary methods. We are concerned 
primarily with what, in our former memoir, we called Problem B, that 
of the order of magnitude of the sum | 


(3.11) = | gn, 6) =2,{m9}, 


‘though sometimes we return to Problem A. 


Lemma 7. If 6 15 positive and irrational, “20, ψ = θα, oe 
SO) = gO) = 0, then | 
(3.12) ᾿ Bi ὦ 7 | 
Bef ln Walon — gn—¥) allt ἴνω το) =f) 


1) This is easily proved directly by contour integration, 866 the sect’ memoir 


quoted in 2.31. 
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The sum with respect to m is 


a, Zr G(m)—gim—W— Fl) 2s Ges) —g m1) 


=[y], m 


Spo lol2S2) τὼ [{{538}.- νὴ 


n=0 


- the first term here is 


ων {1511:1] -Σ[[}} σου----.), 
which gives ‘the result. | 
In @. 12) take ἢ ise = g(u) = τ, and write 


(3.13) Om = &m(6) = {m 6}, Bn= Bn(6) —= an (=) = cit 


(8.14 w=[z, »=Y)—=[eal, ὁ τ 9... ν-Ξ 9θ[α]---[θα]. 
_ We obtain | ." 


ft ΠΝ 
(8.18) ς ὁ ὁὃϑΘὃὅῸ Σ ΑΘ ἘΣ Ὁ |= = μν, 
or, on expressing i 6] and Ε | i in terms of Om and ἊΣ and reducing, 


. ae θα | : 
, | 6 d(1— 
ΕΣ : $a ἜΣ 


ἜΣ Lomma 8. If ty n,, Ὧι are positive or zero integers such that 


| (3.17) | ~ nO =n td=ni+e, O<d<l, —l<e<0, 


en ) 
(3.18) . sO 4m 00—= ῷ θοῷ, 
819) 50, +200) = δ — Ge La 


The first of these formulae is the special form of (3.16) obtained 
by supposing that x is an integer n. The second is a simple variant. 
Since ni = +1, the left hand sides of (3.18) and (3.19) differ only by 
{n! 6,}, and (3.19) follows from (3.18) by simple algebra. 

The formula (3.18) is that which, in our former memoir, we attributed 
0 LERCH’). Herr OSTROWSKI has pointed out to us that it had (in substance 


1) See 1, p..20. 
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at any rate) been found before by SYLVESTER’). SYLVESTER’s formula 
is indeed equivalent to the more general formulae (3.15) and (3.16). 
General formulae of the type (3.12) appear to originate with DIRICHLET, 
and the actual formula (3.12) was given, in the special case in which x 
is an integer, by HACKS’). | 

With these formulae should be associated the formula (3.24) of our 
memoir 1. 

3.2. Theorem 5. If 6 satisfies (1.331), and h>1, then 


(3.21) | s(n, 0) =O oom). 


This theorem is due to OSTROWSKI°). In the less precise form in 
which 1—+-is replaced by ι-- τ + ¢, it is included in Theorem 9, which 
was enunciated without proof in our memoir 1*).- The reading of 
OSTROWSKI’s memoir suggested to us the following theorem, in which 
Theorem 5 is included’). 

Theorem 6. Jf-6 satisfies (1.331), and h>1, then 


(3.22) eo δι εεδι >). 


This theorem includes both Theorem 5 and Theorem 2. It is 
easily proved by a combination of Lemma 2 with formulae taken from 1. 

If (1.331) is true, (1.341) is also true. As in 1, we choose r 
so that 


(3.23) a E90,....Or-19, << 1S FOO,.... Or—1, 


where ὃ = we We have then®) 


(3.24) UM) -- Ο[ ἢ Ὁ +... Ἐπ: +06 00G....0--2, 


δ) J. J. SYLVESTER, ΤῊΝ la fonction E(x)”, Comptes Rendus, 50 (1860), 732—734 
(Collected math. papers, 2, 179—180). See also pp. 176, 177, 179 of the same volume of 
the collected papers. 

2) ,,Cber Summen von gréBten Ganzen“, Acta Mathematica, 10 (1887), 1~52. See 


also J. W. L. GLAISHER, “On certain transformations of Lejeune-Dirichlet’s in the theory 


of numbers, and similar theorems”, Quarterly Journal, 43 (1912), 123-142. 

3) 1. 6. p. 82. 

4) 2. c. p. 35, equation (2). 

ὅ) Generally, an “O” theorem relating to Problem B is included in the corresponding 
theorem relating to Problem A, as is explained in 7. An “2” theorem, that is to say, 
a theorem which, like Theorem 3, tends in the opposite direction, is on the other hand 
more difficult than the corresponding theorem concerning Problem A. 

6) p. 22, equation (4.151). 
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‘Write now : | 
(3.25) 061... Or—1 = §-J, 


where 0<j<1. Then, by (1.351), §-@-2/ < A@,, and so 


© BIR τα BJ OD)  ΑΣ9θ,...9,--..θνγ <A. 
de 
It follows that 7 za) and 


(3.26) £00,...0-1= 8 I=0 [εἰ 1] = o(y'7%). 


Again, if 1<s<r, we have 


66, . » « Os—1 


by (3.23). Using (1.351), we obtain 


1 


1 | _ 
s—1 


From (3.27) it follows that 


(3.28) 


1 τ = see pee a2 
Ὁ κροτεῖ τ τ τόρ υ θεοῦ hole ς 
Or—1 Or—2 0 al 


1 


< Ak p> en ges Α: 


by Lemma 1. Finally, from (3.24), (3.26), and (3.28) the theorem follows. 

The constants of the argument are not absolute: the theorem is 
not true uniformly in ἢ. | 
3.31. Theorem 7. Jf h>1 and (1.332) ἐξ true, then 


1 
(3.311) [s(n,6)|>An * 


for an infinity of values of n. 

It should be observed that this theorem has different interpretations, 
according as the A’s of (1.332) and (3.311) depend upon 6 and ἢ or are 
absolute constants. It is true on either interpretation, but is a little 
harder to prove on the second. | 

Taking the second interpretation, we may restate what we have 
to prove as follows:—If h>1 and | 


(3.3121) | lim n*|sinn 6 |< B 
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1 


(3.8122) + Ian, )|> On" J # 


where’ C depends only on B. In what follows A’s denote seeeluts 


constants, C’s constants depending only on B; the O’s are absolute. 
Let H be the upper bound of the numbers x for which 


᾿ (8.818) 7 timn*|sinn |< B, 


Clearly we have H>h. We proceed to show that there exists 
an h,=h such that | : 


(8.8141) ἑ ein | 

and 7 | “ τὸ 

(3.3142) ἐπιίθθ, ...- 9...» Ν τα τ +h ua : -} =0 
: n— 


when n > οοὄ. We must distinguish two cases. 
Case (i): H>2. In this case we have my to tale 


h= Max (h, 2). 


For, since (3.313) holds both when x = ἡ and when 7 = 2< Η, (a. ὅπ 
is satisfied. Also 


eel ee Lt wigs) 


| <(06,.. + On— dF se ae τα gha)eanett—otn 


Case (il): H< <2. We begin the discussion of this case by showing 


that numbers h, and Ai, exist for which 


(3.315) | hoh<H<h, 

(8.81) K= = Oy 1, 1) (Hi hy) > 0, 
(3317) - . {πὶ n’|sinn @| < Β, 

(3.318) ss imaeanwen| = = 00, Ἷ 


_ The last οὗ these is an immediate consequence of H< H,, and we need 


only consider the first three. If 4 = H we choose ἢ, =k, and A, 


greater than H by so little that (3.316) is satisfied. Ii h< H we . 
choose ὦ, and Η, on either side of H, and differing from it by so little 
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that he δ, and (3.316) is satisfied. It is clear that (2.317), or (3.3141), 
ts satisfied in either case. 3 

3.32. We denote by K’s positive constants depending only on B, h, 
and H,. It follows from (1. 352) and (3.317) that | 


C 


(3.321) a 2 (66,....0,_,)8=2? 


for an infinity. of values of »; and from (1.351) and (3.318) that 


| = (66 τε . Ba = 1)8ι-1} ἱ 


for all values of 2. Hence, observing that h,< 2, and using Lemma 1, 
we have | 


(3.323) - | 
eae, | —1 
(θθι. “τόν αν" < Ke Kn O80" 9 <p Ξη--) 
(3.324) 


(001... 90} __ (Ξ Q;... an 9....θ.. 3-2 —-i—-D 2h) 


Oy 


< K?—1(96,... Or—1)" < Κο Ἀν. 


From (3.323) and (3.324) it follows that 


7 (06,.. . On— pts < Kye Kn< Κηο ἔπ = 0 (1), 
r=0 Ur 
which is (3.3142). “This completes the discussion of case (ii). 
᾿ς 3.33. It is now not difficult to prove Theorem 7. We suppose » 
selected so that (3.321) is true, and we write 


(3.331), ~=[aah n= ("5 |Osr<n, No = Ἢ, 
so that. 
ny AD gh) 1 [1γ. Μ 
(8.332) n< ae <= 60,...0, «Ξ [ C hy—1 [2] Ἀντὶ, 
by (3.321), or | 
| a ee eee ee 2 
(3.333) ὁ —>Chn ἘΣ Ο Κα, 


θ 


On the other hand we have, by (3.19) ἣ; 


ἢ We have n-+1 = ,0,+ 9, where 0O<g< 1. It is therefore the second of the 
transformation formulae (8. 18) and (3.19) to which we - appeal. 
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1 
s(n, 6,)-+s (Mr +1, θ,..1) Ξε Ὁ [5 
r ' 
for O< γῶν; and so | 


#08) = (1st 0) +0 (5 be +e. sale 


ar 


ls 01> Ie, 4,)|— 4[5 τὰ ee i) 


But ν᾿ 
ὡρτβνοςξῃ τσ κυ ἐ 
1 1 ν 
and so : , 
| A 
(8.884 em > ὅν τ [Ὁ as ἜΝ a _), 


The ratio of the second term on the right to the first is less than 


5a 


by (3.321), and this tends to zero as vy > o, by (3.3142). Hence 


K (06.6, [τ +2 +. pe 


1 ΒΡῈ ἢ 
[8(θ0, n)| > 4 >Cn’ h>On. ee 
ν 
since ἢ < hy. ' 
3.34. It will be useful to observe that the ἢ of our argument satisfies 
inequalities | 
(3.341) AQ4i<n<AQ41< αν... 


when » is large. The second and third of these are immediate consequences 
of (3.331), (3.332), and Lemma 2. To prove the first we observe that 


| A K τὸν 
ΣΥ͂Σ Gide Re | -» (0 “Ξ γ - ») 


for all sufficiently large values of ν. Hence 


Nr +1 Mr-+1 1 Ny 1 ( | 
> —— — 1 > — | 1— > —— {1— — 
; sa Gy Or ( Nr+1 Or ; y |}? 
and so 
1\¥ A 
n>(1——) > Adysi 
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3.41. The proofs of our next two theorems are the most difficult in 
the memoir. The results were enunciated without proof in our former 
memoir‘), and discovered and proved independently by OSTROWSKI”). 

We give a proof here based on the formulae (3.18) and (3.19). 


We have abbreviated this proof in every possible way, and present it_. 


almost in the form of a sketch; for we recognise that the quite different 
_ proof of OSTROWSKI is simpler. It is indeed here that OSTROWSKI’s method 
shows to the greatest relative advantage. At the same time our proof 
seems to us interesting in itself, and it is essential, if we are to develop 
the theory systematically from our own point of view, that this crucial 
theorem should appear in its proper place. 

Theorem 8. There is a positive A such that 


(3.411) |s(n, @)| > Alogn 


for every irrational @ and an infinity of values of n. — 
- Theorem 9. There is a B = B(K) such that each of the inequalities 


(3.412) s(n,0)> Blogn, s(n,6)<—Blogn 


as true for every @ for which an< Καὶ and for an infinity of values of n. 


In proving Theorem 8, we may suppose that 6 satisfies (1.331) 


for some ἢ: we may take, for example ἢ = 2, in which case 


| 1 A 
3.4 ae . 


For, if the condition is not satisfied for h = 2, we have, by Theorem 7, 
\s(n,6)| > 4 Vn > Alogn 


for an infinity of values 7°). 
3.42. Let 


| (3.421) by = 1 (ar<3), αν; = E ar (ar > 3), | 


(3.422) 7 = ὃ = 0166, 603+ 000)... 07+ 0%1200...0u+-.-, 


ὃ ὃ ὃ 
(3.423) Ὁ παν Gana e ee aan te al ela Ὁ 
: (8.424) 74 ΞΞΞ = τὰ ἢ ee α4ᾳθ,θ,θςθ. + 019949, . ee θ.. -Ἐ ..60) 
8 . 


1) p. 86. We raised the question which they answer in our note of 1912. 

2) O., pp. 85—92. , 

3) One of the inherent advantages of OSTROWSKI’s method is that it enables him 
to avoid making this distinction. 
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with corresponding equations in which every suffix is increased by 
4, 8, 12,. 
Further, let m be a large positive integer, and | 


(3.425) Csm+2 = θ4.,..2(1 - γεν), ζ,. = --θ,.- tO<rs4m + 2), 
. (3.426) Nee Nr+it δὲ + Osrstm + 2), 
(3.427) Nam+s = 0, 


‘it being understood that a zero suffix may always be omitted, so ‘that, 


6. 9., yo== 7. The ¢’s are defined by (3. pas and the equations (3.426) 
and (3.427) then define Nim+2, Namii, ..., Νο ΞΕ Ν in turn. It is 


not obvious from the definitions that the N's. ae integers, but it follows 


immediately from them that Nimz2— 1. If now Ν, is an integer, and 
we consider congruences to modulus 1, we have 


Ny41 = Νεθ,--- δρ- br == Ν,ία, + 0p) ~8,—by = 6, — by 


_ Nr- 197-1 — ὃ —1— Sr—1 - ὃ “Σ —= N. ᾿ 
-- δά Δ γ τσ εὖνγ-- 1) 


γ"-1 


Oy —1 
by (3.427) and (3.426). It follows by induction that every WN, is integral. 
We write 
oop | 8. = Ne 6,). 


3.43. We use the following properties of the numbers 7, ὃ, " Ν:-- 


(3.431) 0<r<n<n<n<l, 
(8.432) | >A, 
(3.433) ΟΠ lny> Att Osis), 
4 
(3.434) ας = [2] 
θι. 


(with similar results in which every suffix is increased by 4, 8, 12,. .Ὁ), 


(8.486) |ol<1—y, ἜΣ ΤΟΣ 


0 - δι δὼ = 1 (Qr<4m+ 2), 
—l< O3r+1+ ber41< 0 (27+ 1<4m+ 1), 


240 | G. H. Hardy and J. E. Littlewood. 


(3.437) : Ne>1 O<r<4m-+2), 
(3.438). οὐ Ν,- οὐ (mo), 
| o4m+2 


3. | | Ne, 
ϑ 439) | | | = 06, ... O4m4i 


Of these results, (3.431), (3.432), (3.433) and (3.434) follow from Lemma 1 
and the definitions of the y’s; (3.435) is obvious from the definitions 
when r = 4m-+2, and is easily proved generally by induction ; and 
(3.436).is an immediate consequence of (3.435). 

The results (3. 437) and (3.438) follow at once from (3.426) and 
(3.436):—we find in fact that N;_1= N,, and that the sign of equality 
is impossible if 7 is even. Finally, (3.426) now gives N,<-2.N,+1, which 


proves (3.439). 


- 3.44. Lemma 9. Jf 


| Y — δ, | 
(3.441) Ur == ὁ,-- 35:6 τ θη 
rf 
(8.442) Us == uae — tata + uatge— watts t+ 2 α4ι-.4, 
8.448) ᾽ς’ 36ρι,6) = Σ᾽ Ui + tu m—tam tit OLD). 


Here, and in the arguments which follow, the O’s and A’s are absolute. 
Let 9, = (N; 67) = (Neat 6,+¢,). Then, by (3.426) and (3.436), 
we have 7 | 
7 ; f2r = bor + bay ates = 1 + δν ει + Corti. 


By (8.18) ΠΡ ΜΙΝ 
441) 26+) = 8+ 5— B+ 008-0 
| - ane +05 cece 
and by (3.19) | : 
26+ οὐ τε 8+ b— ἀεῶα αἴ 4- Sth 400s, 


since - 3 : 
| | [ath = [2 as o(#) = O(f). 
Similarly we find ᾿ a ΡΆ 
on τς 38 Ἔ 9) = τῳ + Os), 


(8.4444) 9, + 90) = we— 2+ OG). 
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From (3.4441)—(3.4444) it follows that 
(3.445) (9 — 9) = Uo + O(6)). 


We have similar equations in which every suffix is increased by 4, 8,.... 
Adding them, and using (3.425) and. Lemma 1, we obtain 


m—1 
(3.446) 2 (so— 84m) a Ur + O(1). 
We have also 
(3. 447) 2(S4m— Sim42) = = ae “——~ U4m+1 + O(Cam+2); 


and (3.443) follows from (3.446) and (3.447), since sam+2 = 0(1) and 
C4 m+2 > O(1). 
3.45. Lemma 10. We Rae 


m-1 
(3.451) s(NjQ)>—A+ AS (auere— αςι..4) + ΑΔ θαι. 


An elementary reduction shows that 


(8.452) δι 24t—ratt ate rats py Mee Batt CL γεν) 


+ One (1—O4t42 are => 2rae—rat+9) 


1 
Ἔ Ὁ 94 274:8(Ε — 64t4164t+274t+8) + $ oat+4(1—yat+s) 
> 2 (vat — yatta) + AOst+e + A(ast 44 α4ι..4), 


by Lemma 1, (3.423), (3.432), and (3.433). Also 


(8.468) tia =O Ga 40 (xine) --Οὐ.. 
O4m O4m+1 


The result follows from (3.452) and (3.453). 


3.46. Theorems 8 and 9 follow easily from Lemma 10. 
The number Ν᾽ is a function N(m,6) of m and @ alone. We write 


(3.461) Ni = Nim, 6) G = 0, 1, 2, 3). 
By Lemma 10, | 

. 4m-+8 4m+1 
(3.462) p> (N;,6;)>—A FA ga — Oy) +A 2,9»: 


Hence 


| A ; 
If Ay = 4, Ay — Oy > Ady > θ 9 and if Oy 3 3, 6,_1> 
| r--1 


r-1 
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(3.462) involves 
4m+2 9 


(3.463) Dam, 9 Ne AAD τ  - 


> At Adm +2) RTS 4 Alogm >A log®, 
where | | | 


Qim+2 
(3.4631) y= 


θθι. ee O4m+1 ; 


If now Wis the greatest of N, N,, Ne, Ns, we have, by (3.439) and (3.413), 


i ΟΆΒΘΗΝ 89 


ee ee 4,” 
G6, cae O4m+4 O4m+2 O4m+3 O4m4+4 . 


(3.464, Ne< 


ΟΠ Hence, if s(n, 6) is that one of the sums s(Nj 9;) whose modulus is 


greatest, we have 
ls, 6)| >A logN > Alog N>A logn; 


and 7 —> οο. Theorem 8 is therefore true for one of the three numbers 
6, 6,, 9, 9, and therefore, by the fundamental formula (3.18), it is true for 6. 

The deduction of Theorem 9 is more immediate. In this case 6, > Β᾽), 
and so 7 


m—1 
s(N, 0)>—A+A D644. > Bm, 
| 0 
while, by (3.439), N< B¢™+?, It follows that 
s(N, 0)> Blog N, 


which is one of the desired inequalities. The formula (3.18) then shows 
at once that | | = 7 
Fa Ss (N’, 0)< —Blog N’ 


for arbitrarily large values of δ΄. 

_ It is not possible, in the general case, to prove two-sided inequalities 
- ofthe types > 4 logn, s<—Alogn. Herr OSTROWSKI has gone further 
in this direction; he has shown that s may in fact be bounded on one 
side, and has: investigated the conditions under which this is possible’). 
We have not attempted to apply our own method to this problem, as 


we had not considered it before the publication of OSTROWSKI’s memoir, 


and it is clear that a proof on these lines could not be so simple as his. 


1) B denotes throughout a positive number depending only on K. 
2) The question is left open in O. (8. 92°. 
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3.51. We return for a moment to the triangle problem. In this problem 


the analogue of Theorem 9 holds without restriction on 8. To prove 


this we require the lemma which follows, which is of course included 
in OSTROWSKI’s work, where it occupies a more central position. 
Lemma 1ἴ. We have — 


(8.511) $ (q,, 8) = Οὔ. 


Tt is evident that, if 22, 222, 2% 


; »+.. are typical convergents to 
ὧν αν, 1 ᾳν͵,2 ᾿ 


θ, θι, θ5,..... we have 


Py = We 4 Py—1,1 = Jy —2,2) « 


If now we take n = q, In (3.18) or 3. 19), we ΕΣ ἢ, τς py ΟΥ̓ n, = Pv 


J -|. Hence 
Ws 


while d or e, whichever is relevant, is’ ol 


Qn 9) + 80-1,» a) - = o(5), 


1 
8(Qy—1, b 6;) Flas 2» 2). ὅδε mars ap 


and so on. Consequently | 
1 | ee ἀξ ;) | 
-.8(Qy 8) = : ae 7 
(9 | ) ' ο(, 2, Ὁ ὦν, τθι aces se hh, y9 
= Ο(θιθε.... Oy TF Opes sO vas ΠΡ = 00, 


by Lemma 1. 
3.52. Theorem 10. Thebes an A such that each Lo the snogualitcs | 


(3. 521) 7 Un) > Alog' η, σοὺ «- —Alog ἢ 


is satisfied ἊΣ every 6 and arbitrarily large values 47. q. 
ΤῸ is sa ἢ to prove that 


(3.822) : si) ΟΣ μο- > Aloe 
_ ΠΣ 


for arbitrarily large values of 4, together with an ae inequality | 
involving —Alogy. By a change in ἢ, ef magnitude O(1), we can 
make 7, anything we please between 0 and 1%). It is therefore enough 


1) 1, p. 18 
% 1, p.17 
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to establish the existence ofag= g(n) such that O<g< 1 and 


(3.523) 8,(n) ἘΣ 9—g) > Alogr 


for arbitrarily large values of n, with a sameepeuaing. result for τ ὐϊρεῆ: 


We suppose first that (1.331) is satisited for some particular h, 
say h=2. Then - 
(3. 524) | log W+4. < A108 4». 


There are, by Theorem 8, large ‘values of n for which one ἦν the 


‘inequalities 
| Σω θ};}» Alogn, i ar 
1 


is true, say the first.. Then (3.523) is true, with g = 0, for such values" 
of n. Let N be one of these values, as determined in 3.42, and let. 


Ν 
Ke 


or 


(8.526) | | | $-1SN< QV; 
-then, by Lemma 11, 
4ν.μιὶ Gy at N 
tO} = 2 — 2 < —Alog Ν, 
+1 a: 1 
Ἧι ee ee 
(3.526) 2(me+(N6)}<— — Alog N. 


It now p is the least positive integer for which 
| 0<9 = po—(Ne)<1 
and : | 

᾿ (8.527) | | - ἢ a ᾳν..1-- ΝΈρ, 


then p < ma | 


G+i-N 


8.28). ΣῚμθ--9) =D imo+ wo} + 0(4)<—Alogy, 

if N is large enough. But > - 
ὶ Jog N 2 log 01> Alogass1> Aloe 

by (8.525) and (3.524), and 20 

| Συό-ἡ oo 


for an infinity of t values of n. 
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3.53. This proves the theorem when (1.331) is satisfied for h = 2. 
When it is not satisfied, much more is true;.for then (1.332) is satisfied 
for h = 2, and in this case, by Theorem 3, we have 


| (3.531) N(y)>AVq, Niy)<—AV 7, | 


each for arbitrarily large values of 7. 
The proof of Theorem 3, given in 2.5, was transcendental; and it 
is worth while to observe that it may also be proved by an argument 


like that of 3.52. We have only t to suppose that NV is the n of 3.3 


so that (say) 
1 
h 


N 
> {#9} \>AN 
T 


Arguing just as in (3.52), and making use of (3.341), we establish the 
existence of an infinity of values of ἢ for which 


= == 
2 {40—g}<—An oe 
1 


and the theorem then follows in the same way. 


The Cesaro means of the series > {n 6}. 


93.61. A good deal of additional light is thrown on the behaviour 
of s(n, 6) by the study of the a Cesaro mean 


(3.611) σία, 6) = = = Se—m) {m 9}. 


The study of σία, 6) leads us naturally to consider also the sum 


(3.612) - ᾿ς ἔ(, 0) => {{πι6}"-- sh. 


Lemma 12. We have, in the notation of 3:1, 


(3.613) >(ens—+5] _9 >(a—4) — 06,8). 


0 


where | 
(3.614) (0, d) = + 4(28*—3(1— 6 +136 + 6). 
If in (8.12) we take fu) = u*, g(u) =u, express the summands 


in terms of @m and β,, and reduce, we obtain 
(3.615) 


2 (em— jy) —2( omen + Bint) + (Sem +3) = PU), 
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where P is a polynomial whose coefficients are absolute constants. If on 
the other hand we take f(u) = u, g(u) = u?, we obtain a similar formula 
in which z, y; 9,1: Gm, An are interchanged. When we multiply this 


by 9, and subtract from (3.615), the terms in >m Om and >n Bn disappear; — 
and when finally we substitute for tm +> Bn from (3.16), we obtain 
the result of the lemma. ᾿ | 

3.62. We say that 6 belongs to class ['(H) df 


[ 1: ᾿ ᾿ ᾿ 
(3.621) yt < H. 
r=—0 r 


The convergence of the series is equivalent to that of the series 
> r+. | 
Qr 


Theorem 11. Jf 6 is of lass (A) then 


(3.622) t (2, 6) = OH). 
Write 1 
(3.623) Hy ΞΞ θα, tL = 6; Dyyreey am— TF —= Am 


By (3.613), we have 
x Δ | 1 
> On (8) — 60> am(6:) == 0 (=), 
1 1 


Write x,, 6, for x, θ, and multiply by 6; 2, 6, for z, 6 and multiply by 64,; 
and so on until the second sum disappears. Adding the resulting equations, 
and using (3,621), we obtain the result’). 

3.63. Lemma 13. Jf 6 belongs to class Γ(Η), then 


(3.631) a(x, 6) +a (y, 6) = ¢(8)+0 [52] +0 (SI, 
where - 
(3.632) - eo τς (+ =). 


We have, from (3.611) and (3.615), ΝΕ 
2y (σία, 0)-+0(y, 0) = +@y—0(Sam+ Σ A) — 3 (ah— 1. 
1 1 1 . 


The last term is Ο (7), by Theorem 11. We write «6+ Ο(1) for y, sub- 
stitute for >am+ An from (3.16), and divide by 2y; and a simple 
calculation gives the result. : — 

_ 3.64: We say that 6 belongs to class ('(K) if an< Καὶ where K>2. 
In this case all of 0, 6,, 62;... belong to a class Γ(Η) for which H= AK. 


ἢ This is the revised form of the theorem stated incorrectly on p. 229 of our 
Cambridge communication, and noted as incorrect on p. 36 of 1. 
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Lemma 14. 129 is of class C(K), and ν = ν (x) is defined bi | 


(3.641) Li, = 0 0; or -Oy41e0<1 < 06; Σὰν τὸ 0,2 = By 44) 


then | 
y—1 
(3.642) ᾿ς σία, 8) Ξ ΣΙ ς(θ0,)- Ο(Κ5. 
We have, by repeated use of Lemma 18,, 
| y—1 
(3.643) τ σία, 0) = (--1}ὃδ σία, 9,) ἜΣ. 1} ο(θ,) 
1 
+ ο[ G++. +55 ) 
ΠῚ ΤῸ 
1 : 
τοῖς (et gett aaa} 
But, since an< Καὶ, we have i = ((K), and the second line of (3.643) is 


K 


spe bt + 6,19 _aT-. ᾿ ΞΞ ο(5) = 01m), 


by (3.641) and Lemma 1. Similarly the third line of (3.643) is O(K”). 
. Finally | ῤ | 


Σοὶ σίῶν, 0,) = ὁ.) = Οἱ “τ |= 01K, 
6, Oy44 

whence the result. : 

3.65. Theorem 12. There are 6’s of class C(K) for which 


(3.651) σία, 6) = Ο(1), 
and others for which 
(3.652) σία, 0)~ Llog =z, 
where L > look “7 L< eck 
(i) If 
es ee 
i+ 1+. 


then 6,—= 6 for every r, and (3.651) follows directly from (3.642). 
Gi) If k = [K] =2 and 


o= EF IF e+ IF... 
that so 
1 1 - 
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then it follows from (3.642) that 


(3.653) πσᾷ 8) = (:-- Ὁ τ ν 40K) Σ α--ὑν. 
Also | | | ae 
[=] 


log a 6, + O(log K) = Slog 5p — + 000g K) 
Viet ak 


Thus we obtain (3.652) with — 


ge ee ΕΞ ee > Tog Κ᾿ 
log (k+24+Vi?+4k) 
If we exchange 6 and A, we obtain ὦ an example in which L has the 


opposite sign. 4 C 1 
| onclusion. 


4.1. The proof of Lemma 13 indicates clearly that, if we were to 
attempt the construction of a complete theory of the series δ ας, it would be 


necessary to construct at the same time a theory of the series [αὐ — τε . 
᾿ little further investigation- shows that. we must also consider the series 
Pp > 4 αϑ--- Gm), ..., the n> term of the p‘* series being substantially 


the p™ Bernoullian function of int = =. There are many curious theorems 


connected with ‘these series: we ἘΝ ἐν ourselves with mentioning one. 
Theorem 11. Jf 6 belongs to a class T'(H) (and in particular if 


| dn is bounded) then the series > (ax, — 1 | is summable (C, 1), or by any — 


_ Cesdro. mean of positive order, to sum Tr 

4.2. We conclude by a brief reference to a different matter. It is 
of considerable interest to determine the largest mab anee in which the 
functions 


Savas | a 1 4ἀ πα —a 
ΔΘ Στ fone , AO= Gl... 


are regular. HECKE has shown that, when 6 is a quadratic irrational, 
Ji (6) is meromorphic all over the plane, and has at most a doubly infinite 
_ system of simple poles, at the points 


| τ 2} + Qmyni (kj m = 0,1,2,..,) 
where 7 15 a constant depending on 6. 
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Our more elementary methods are applicable to problems of this 
kind also. Let 4 be defined as the least number for which. 


| (6 0; eee θ,.. εν) τε 
On 
for every positive e, so that (1.331) is satisfied with ὦ = 1+4-+ 6 but 
not with h=1-+A—e. Then we can prove that 
(a) fos (s) is regular for 


> 0 


= ae 
o> 6p = 1— 1a 

(Ὁ) o= dy is a ΤΙ of singularities for f(s), except possibly 
when 4 = 0, so that 

(Ὁ) fpls) is either regular for o>1—p, or has a barrier of 
singularities to the right of o = 1—p, and in particular 

(ἃ) fA (6) is either. ΡΝ Taos o>0 or has a barrier to the "ge 
of ¢=0; 

(e) the series for St p(s) as τ ρας by ὀρ δα s means for o> Op 


and m particular 


(ἢ the series > Onn 5 4s convergent, when A> 0, μην ϑΝαα the 


region of existence of the function f(s). 


The propositions (a) and (e) have been proved independently, and in 
a different manner, by Herr BEHNKE’). 

The case in which 2 = 0 is exceptional and more difficult. It would 
seem that σ = o,-= 1—p is still a barrier in all cases except that of 
a quadratic 6, but this we have not been able to establish rigorously. 

In this last case, finally, our method reveals the existence of 
HECKE’s poles, though it does not render a complete account of them 
so readily as that of HECKE himself. This is only natural, as HECKE’s 
method is so much more special and so much deeper than ours. 

In view of the Jength of the memoir, we confine ourselves here 
to the statement of these results, reserving a fuller discussion for 
publication elsewhere. | | | 


‘) H. BEHNKE, Ober die Verteilung von Irrationalitaten mod. 1. (Diese Abhand- 
lungen, Bd. I, ea a Heft.) | 


COMMENTS 


The paper falls into two separate halves, one (§ 2) analytical in its approach and 
the other (§ 3) elementary. Both sections are continuations and developments of 
corresponding work in 1922, 6. 

For references to other related work, see Koksma, pp. 103-6. 


Some problems of Diophantine approximation: 
The analytic character of the sum of a Dirichlet’s 
series considered by Hecke. 


By 6. Η. HARDY in Oxford and J. E. iar in Cambridge. 


1. It has been now by HECKE") that the function J () = = J(s, 6), - 


- defined when o> 1") by the series 


. (1.1) . J(s, 0) = Dann-s, 


where (1.11) On = a,(6) = no— [no —<, 

and 6 is a real quadratic irrational, is a meromorphic function whose 
only singularities are simple poles. He establishes, by means of the 
theory of the new “Zeta functions” which he has introduced into 
‘analysis, a formula for J(s) which effects its continuation. all over the 
plane and exhibits explicitly the nature of every singularity. 

ες In this note we show how it is possible to attain the same end 
by an entirely different method. Theformula at which we ultimately 
arrive differs fundamentally from HECKE’s in structure, and its relations 
to his‘are of considerable formal interest. It is remarkable, moreover, 
that we are able to establish our formula, for the half-plane > 2, by 
elementary methods*); a transcendental argument is required only to 
prove that it converges all over the plane. 

Our method may be applied to any quadratic 0; but -we wish to 
exhibit its principle without unnecessary formal complications: and we 
therefore limit ourselves to a particular case, as did HECKE in the 
memoir to which we > have referred. We suppose that 


(2) pe Pita 


where a is an integer. 


1) E. HECKE, Uber. analytische Funktionen und die Verteilung von Zahlen 
mod. eins, Hamburg. Math. Abh., 1 (1921), 54—76. - 

2 s=o+it. 

3) That is Ye say, without employing the ideas of the theory of analytic functions. 


1923, 3 (with J. E. Littlewood) Abhandlungen aus dem Mathemati- 
achen Seminar der Hamburgischen Universitat, 3, 57-68. 
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2. If x >0, y = θα, and f(0) = g(0) = 0, we have 
LF Amop (om) — σόν —1) + Doll F]) Ve) — Fm —1) 
MEX Ἂν 
(2.1) Ἧς 
| = f(lyl)9 (x) “). 
In (2.1) we write | 
Sw) = 1—&“F, g (u) Ξ ee e~“S: where & is real and 


(2.2) | & Ξε c— 68, 


ὁ being positive. Making x tend to infinity, we obtain 


— § 00. --ἃ, 0 on bone ἊΣ 
2.3 eo —[mO]E—m&, 1. 6 [9] 1 
(2.8) eee ἘΞ Ξἰ 


οὐδε 


ae (1 — 8) 
We suppose now that 


= 1 = 1 δ 
τ πε We eG τ thee) 


and write δι ΞΞ τ, 
| 1 | 1 : 1 
(2.4) Bb, = α,[1| ~ on, (0;) = nb, — [n 6;] ἘΞ Dy aoa > oo [2] - @? 


i GO ᾿ | 
(2.5) Flc,0,8)=Dre-™ tf γί, 61, €,) = Dre Matha; 
1 1 


and we obtain from (2.3), after some simple reductions 


aa ee Δ sh—é& 
| e 32> 2” at 

(26) = -F(, 6,8) = ------- Fa, θ, &). 
2sh> ἕξι sh-> ἔι 


4) This is Lemma 7 of our memoir in vol. I of this journal (212—249). 
5) It is only at a later stage that we introduce the hypothesis (1.2). 
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Using (2.6) repeatedly, we find 


| site ile 
P 2°¥ 2 *¥+I 
(2.7) F(c, Θ, ξ) = ἘΠῚ cy po 1 ge ae δος 
| πο ΡΞ shay sh sk 
, 9 SY OL 9 Syv+1 
sh st 
+(— ἡΡῊ τ] oo F (cp+s, θ»..1; Ep+1), 
sh Ὁ fet 


the sequences (cp) and (ξ;) being defined by 


(2.71) το, @&= ie §& = ξ, Sp = Cp—1 — Op—1§y-1. 
2-- 


Suppose ἰμαΐ 0 - ξ--ς. ThenO<&,<c. Also ἕς Ξξ ἃ, --- θι ἕξι -: ὦ 


and ὅς —c,— 4; E> 4 (1 —06,) > Ὁ οἱ! 


so that & lies between = αι and οι. it follows similarly that &p lies 


between τ Cp—1 and cp-1. Hence §»— οὐ, and the series in (2.7) converges 


when continued to infinity. Also F'(cp4:, θρ4.1, §p41 
tends to zero when p>oo. Thus | 


1 
)-- οὐδ eH tatery 


ae 


"00 2 ΣΎΝ 
(2.8) F(c, 6, &) = το} Σ § 2(— 1)” — 


1 ° 
sh 2 E, sh Ὁ feta 


3. Subtracting 


= _——¢ 


e-¢ e 3 
τεῆς το 
2sh—e! 

2 


from both sides of (2.8), dividing by ἕξ, and making § -» 0,2) we obtain 


(3.1) @ (c, 6) = > am e-™= w(c, 0) + χίο, 8), 


δ) There is no difficulty in justifying this process. 


199 


200 


60 6. H. Hardy and J. Εἰ. Littlewood. 


Ae-c 1 —c 
where (3.21) w (ες, 6) ΞΞΞ Ὡς oe 


Ny ~~ ἤνψι 


(3.22) x(¢,@) = >'(—1» —* ςς τες 
= (i—e )(1—e Ὁ) 


and the 7’s are the values of the &’s when & = 0. We write 


(3.3) nv = cBy, and 4, is then defined by 
(3.4) Ἂς; = 1 By = Sees — θν-« By-1 
| δ "- 669... Oy» v—1Py—1- 
Since ᾿ξ δ. κα +6 
06, tee 6,» ese atk v—1 Qv-2, 


Py 


where τ, is the ν' convergent to @,’) the second equation (3.4) is 
By —Qv—1 = Oy—-1 (Qv—2— Bv-1)3 

and β, = = 6, = ἃ, = q,. Hence 

(3.5) By == qQr-1- 


4. We multiply (3.1) by Τῷ (supposing in the firstinstance that 


o is sufficiently large) and integrate from c—0O to c=o. We find 


(41) 590,9) = ὅπ = ot 6—1)—FLO+XG, 9) 


where (4.2) X(s, 6) = Στ; χ, (5, 8) 


7) By Lemma 2 of our memoir already referred to. 
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| 1 as ὁ iv Uy ; 
and (4.3) 4,(s, θ) = τς} -- “ὦ --  -  'qde 
Γί(ς -ἢ Toys 
9) “ ᾳ« -- »)ᾳ-- 7» 
oO 
ΕΗ 1 : = (hay ka ») ¢ s—l | 
aT Je ¢ “de 


7 ; | | 
Fs (hgvatkg)® ζε (9, Qr—at Ges Gray 4») 


£2 (s, a, w, τυ) being the double Zeta-function of BARNES*). The integral 
0 
0 


is convergent if σ 2, so that our formal process ts valid. Thus we find 


PR 


(1—e ™) (1—e +) 


ct ei dc 


(4.4) Js, 0) = 0b —1)— Στ + F-17964 +0, ἀν 0). 


This expression of J(s, 6) as a series of double Zeta-functions is valid 
for all 6, It is now that we proceed to specialise. 
5. Let us suppose in particular that 


a 


1 1 1 a 
5 = -------- Ὁ. - = oe ee pee 
(6.1) ὑ at ata+.---- Vi+4 2 a 
so that y>O and 6, = 0 for every ». An elementary calculation 


err + (— 1)" er 


shows that (5.2) dy) = thet 
6 


? 


Pet +(-19 Qe"? 


(5.3) hq,,+k@, = δ chy ; ᾿ 


8) See p. 216 of our former memoir. 
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where (5.31) $P=htkhl, Q=h—ke™ 
It follows that 


ve (s, Vy—1 i Vy» ὦ,... 1; 4,) = (2 ch 7)" (Pe? + (— 1 ρε 7 
== ἢ Sy S| —eteney ' 
= (Behr) Dy 2 ( 1) HE ἘῸΝ 


where He ΦΈΡΕ, | 


and 80 (6.4) J(s, 6) = 6f(¢—1) — τι + 26,6), 


where (5.5) 2(s, 0) = (2ch vy 2 p> p> (— yyetaels) ἐ f fa 


The quadruple series is absolutely convergent if o>2. We have 
then in fact | 
ῃ 
Ι. 


Ι|Ρ-“-ἰκαρι-Ἰ et, |Q@|<Aat+hy, 


_ | 7 ἢ ges 
=|F@rutD jaar, 


where the A’s are constants: and the series may be compared with 


, Ago Dy 


Pa +k Paper ot ΞΘ Ὁ ky? ἘΞ tetany : 


We may therefore rearrange the series as we please. Effecting the 
summation with respect to », we obtain 


ο δ . 


Tee ewer 4% 


(5.6) 2(s, 6) = — (2 chy)? Σ -- 1) | | 


where (5.61) | Ζι(5, 6) = D> oa. 


These equations are valid for o>2. It will be observed that, | 
up to this point, our argument is entirely “elementary”. 
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6. We shall now show that the equation (5.6) gives the analytical 
continuation of 2(s, θ), and so of J(s, 6), all over the plane. We begin 
by proving the following lemma. 

Lemma. The function Z;(s, @) is regular all over the plane, except 
possibly for simple poles at the points 


(6.1) g—= —I+1,—142,....,0,1,2. 


If D is any bounded domain in the plane of s, from which these points 
are excluded, then 


(6.2) | Ζι (s, 6) | < ae 


where & is any positive number, for all values of s in D, and all suf- 
Jiciently large values of 1. 
We may obviously suppose that σ « 8 at all points of D. We have 


: (hw’ — kw)! 
aes gly ae ad ΑΕ 
88). 2= 26,0) = Daeg = ut Cin tke 
if (6.31) ὁ w=6, w=1, σ:»2. 
We write | 


_ ge (8 —2) @—1)----@tI—-D _, 
(6.4) Z= τς τ = 1B) w Ζ, 


where 6>0; and we prove 
(i) that Z is regular in a strip 
(6.5) | — Ari <a < 3; 


(ii) that [Ζ|- 0 when [ὲ|-Ὁ οο, for every fixed value of ?, uniformly 
throughout the strip; 


(iii) that (6.6) |\Z|< A, (o= 83); 
(iv) that 
(6.7) \Zji< Av Go =—A)) 


for all sufficiently large values of J. 
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In these propositions the A’s are appropriately chosen constants 
(independent of ὃ, s, and 2). 
7. To prove (i) wé observe that 


(7.1) ea. 1)----(s+1—1) ιυτϑτὶΖ 


= 9(s-+1)----(s+1— ὩΣ ἐπ ἔῃ 


1 : : , Na asts 
= D> Gat kw = δὲς (5, wtw, w, 10) = Db (s), 
if o> 2, D being a differential operator 


᾿ oS t ὃ \r 2 ΟΝ “ 
(1.2) D τος, Η, (| tra τὰ; Η, Dy. 


As ἕῳ (6) is regular save for simple poles at s = 1] and s = 2, the same 
is true of 2) ζ, (8), and so Zis regular in the strip (6.5). 

The truth of (ii) is almost obvious; for ἕῳ (8), and so JZ, is of finite 
order in the strip, while e?* tends to zero like ὁ δῆ. 


To prove (iii) we observe that, when o = 3, 


(.----9) (.--- 1)... (-Ε.1- 1) " , : 
Rep -5 lerises, 
= _|heel—kewl 
ZS ὦ τ 
- πἰωυβωυτς ' ey 
νῷ» δ Phu? | Goh ΞΖ, Cro wy” 


9) The function. 


w(w'—wa) _ ,94ᾳ.-- θα) 


wt τος 6+2 


decreases steadily from 1 to — 0? as x increases from 0 to Οὐ. 
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It remains to prove (iv). It is plain that, if we write. 


(s— 2) @—1) 


_ ὃ 
(7.3) Lee” (s— 4) (s—5)---- (8 -σὶ --- ὅ) 


ιυὶ 1) ζ9(6) = η(9) Dt, (s), 


then (7.4) | 4 (9) | < er δ he eAdh—oe 


when o = —A,/ and / is sufficiently large. 
Again, the number of terms in D is /-+1, and the numerical value 
of a coefficient H, is less than Αἱ, Hence, if 


(7.5) | w == Max | Drbs(s) 


we have (7.6) |Z|<(I-+1) 41 eMdP— 8 yx cbt oh yy, 


if ? is sufficiently large. 
In order to obtain an upper bound for w, we use the equation °°) 


ἧς 
oo sin {5 (1—s)a— had πλ 
“> 2 w J 
m1 


mw’ π᾿. 


(1.1) ζ, (9) = (2 5} Γ( --- δοέιυτ 


m'~—§ sin 


The two series involved in (7.7) are absolutely convergent, when 
6 is quadratic, for o< 0. We have to examine the effect on the series 
of the operator D,. Expanding the numerators in (7. 1) we obtain four 
series, two of the type 


48). @ny-A PA —s)sin τα - ἡ m Sim cot ME, 


and two of a simpler type (without the cotangent). It will be clear 
from our analysis that it is sufficient to consider the series (7.8). 


10) See p. 218 of our former memoir for this formula, and for an explanation of. 


the notation. 
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The external factor is indépendent of w and w’, and it is easily 


verified that, when 8 = — A,/+7t, 
(7.9) (2x) (1 — 8) sin (l—s)z | <.(A, 1?-+ £340? FY) 


8. Again, it is easily verified that 


»,.,ί mun 3 mu n\% 
| (8.1) D, cot Me™ = m! 2, ὦ ws w Το τ᾽ ἣ (sin me ᾿ 


where the number of terms is less than A‘, the coefficients Cj; are all 
less than 74, a; and 0; are numerically less than 4.1, ¢ 20, and 
dj>—1—1. The effect of the operator D, on the function (7.8) 15 
therefore to produce a series which possesses a majorant of the form 


Ξε Ξὰ 
(8.2) (Ay ? + £3) Aat jAul >) mor | cosec “ee : 
; af Ὁ 
But cosee το | > Ass . 
0 m 


and the: series in (82) is. therefore convergent, and less than Al, if 
_o==+-A,l and ἰ is sufficiently large. It follows that | 


(8.3) | | p< (A, ]? 7 ἐξ)Αεἱ JAul, 


and, by (7.6), (6.4) [2] <ePP2" (4, P+ βγη λοι, 


if 7 is sufficiently large. 
Taking the maximum of: the right hand side of (8.4) for vertsuon | 


οὗ t, we find 


A 
A;?+# — τὸ 


11) We have in fact 


Pee ΟΣ : 5 (ot): 
[Tat ip) <(@+ pr)? τῖρε (58. 
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sq that 


(8.5) | Z| < eee (=F a [Auk < ABP paul < gAsd? 


if J is sufficiently large. This is (iv) of § 6. 
From (i), (ii), (iii) and (iv) of § 6 it follows?*) that 


σ- Αἱ 8-σ 
Z| < Α,δ ται (Aso? etait 


for —4,/<o<3. If now D is the domain of § 6, and 


—ApSo<3 
throughout D, we have in D 


| 3+ Ais 
| Z| < Ayy (eA PPAF At < gAndl 


and so | Z| < Ajg giudl — pAndl <e! 


if δ᾽ is sufficiently small and 7 sufficiently large. This completes the 


proof of the lemma. | 
9. The points 0, —1,—2,.... were excluded from D in the.lemma, 
as they are possible singularities of some of the functions Z,. A bounded 


domain D’ can contain at most a finite number of these points. We 


may suppose it to contain some or ail of the points 0,—1,....,—p, 
but neither of the points 1,2. The function 


s(s-+1)(s+2)----(s+p)Z(s, 9) 
is plainly regular in D’, and satisfies an inequality analogous to that 


satisfied by Z; in D. 


The series (5.6) is uniformly sieercent in D’, and gives the 
analytic continuation of 2(s,6), and so of J(s, 6), all over the plane. 


12) If f(s) is regular and bounded in the strip a<o<f, and L(e) is the upper 
bound of its modulus for s = o+ it, then log L(c) is a, convex function of σ᾽ so that 


(L (0)? -*< (L(@)*-? (L (6). 


The theorem is a variant of Hadamard’s “three circle theorem”. See G. Doetsch, 


,, Uber die obere Grenze des absoluten Betrages einer analytischen Funktion auf Geraden “, 
Math. Zeitschrift, 9 (1920), 237—240. 
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It follows that the function J(s, 6) is meromorphic, that its poles are 
simple, and that they lie at some or all of the points given by 


1+ (—1)jte~ 6129 


(9.1) or ¢ = — 21+ = 
log | 
where [= 0,1,2,.... and γ runs through all even or all odd values, 


according as / is odd or even. 

Our analysis may be extended to the case of a general quadratic 0, 
but, in view of the éxistence of HECKE’s alternative method, we shall . 
not attempt to carry out the details of the work. The poles of J(s, 6) 
lie, in the general case, at some or all of a series of points on the lines 
σ = 0,— 2,—4,...., at intervals 


where | Θ ΞΞ-- Op Op 44 eee Op+q—1 ἢ 


(dp, ἄ»..1;.. «..., ἄρ:.4φ.4) being the periodic part of the continued fraction 
for 6. It.is easy, when 6—.V D, to define © in terms of the solutions of 
the PELLIAN equation 42— Dy? = 1 (the unities of the corpus K (V D)). 

We conclude by one remark as to the relation between our 
formula (5.6) and HECKE’s formula’’), HE&CKE’s formula involves series 
of the type | | 


| 8 
-.- “..λ" 
τ 2" ἢ. 
nt 
2 log 7 


ees sin(-s+5(l1—a)+ )nsin(Le+5—a)s5rec)m 
It is not necessary to explain the meaning of all the symbols. The 
essential difference between his formula and ours is this, that his 
collects into one term all poles on a line parallel to the real axis, and 
ours all on a line parallel to the imaginary- axis. We have not been 
able to find any simple method of passing from one formula to the other. 


13) HECKE, 1. 6. 63. 


COMMENTS 


There was a previous brief communication to the London Mathematical Society at 
its meeting on 9 February 1922 (see Proc. 21 (1923), xv—xvi). 

The essential difference between the method of this paper and that of Hecke is 
that Hecke’s work is based on the properties of the zeta-functions corresponding to 
his “Gréssencharactere’ for a real quadratic field, whereas Hardy and Littlewood use 
the periodicity of the continued fraction for a quadratic irrational. The relationship 
between the two resulting expressions for the series (1.1), each of which exhibits 
the analytic character of the function, is described at the end of the paper. It seems 
to be still the case that no simple method has been given of passing from one ex- 
pression to the other. 
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XXVII. Some problems of Diophantine approximation: The analytic propertres 
of certain Dirichlet’s series associated with the distribution of numbers to 
modulus unity. 


By 6. H. Harpy, Trinity College, and J. E. LirrLewoop, Trinity College. 
[Received 6 June 1922.] 


1:1. The series in question are 


F.@=2%, Κι τ Σ δ τ τη ΟΞ τὰ ceeds (1-11) 


' where s=aot+it, ας τε a,(8) = {nO} = nO — [nO] -- 3, Pere ere: (1111) 


6 is irrational, [4] is the integral part of #, and the summation (as always unless the contrary 18 
stated) extends over positive integral values of n. The general formula for the kth function is 


F,(s) = Fy, (8, 0) == τε πὸ “συ. (12) 


where ¢; (x) 1s defined by 
om (@) = Pom (ὦ) +(-1)"" Bn, Gomi (£) = ἔρια (2), (O< @<1)...(1°181) 
De 1) meD(E)> evaaascrshs ter vessetateaneertiaeees (1182) 
and the P’s are Bernoulli’s polynomials*. 
The properties of these functions, which are very remarkable, are intimately bound up with 
the problem of the distribution of the numbers @ to modulus 1 Ὁ. 


1:2. The properties of the function F,(s) have already been investigated by Hecke} when @ 
is a quadratic surd. Hecke supposes in particular that @= VD, where D is free from squared 
factors and congruent to 2 or 8 to modulus 4. He shows that in this case δ᾽ (8) 1s meromorphic, 
and that its only possible singularities are simple poles at the points 


8 = — 2g +, oo eee Ngee tascuenig ta ες δι τὸ τα νὼ (121) 


where ἢ = 0, 1. Dyan Fo ekg Sy 0, Ly Dy way wees veneiewesaewe eset (1:211) 


and 7 is a particular unity of the corpus K (VD). His method rests upon the theory of the new 
‘ Zeta-functions’ which he has recently introduced into analysis, and there can be no doubt that 


it is the best for the particular problem with which he is concerned. 
It is none the less of interest to discuss the function for general values of 0, and by methods 
as elementary as possible. When we do this, we find ourselves compelled to treat F,(s) as the 


* We follow the notation of Lindel6f (Le calcul des résidus 
et ses applications ἃ la théorie des fonctions, 32 et seq.). 
The definition of the functions for integral values of x is 
immaterial. 

+ In regard to this problem see the following memoirs: 

G. H. Hardy and J. E. Littlewood, ‘Some problems of 
Diophantine approximation’: (1) Proceedings of the Fifth 
International Congress of Mathematicians, Cambridge, 1912, 


1, 223229; (2) ‘The fractional part of n*@’, Acta Math., 37 


(1914), 155—190; (3) ‘The lattice points of a right-angled 
triangle’, Proc. London Math. Soc. (2), 20 (1921), 15—86; 
(4) ‘The lattice points of a right-angled triangle (second 


memoir)’, Hamburg Math. Abh., 1 (1922), 212—249, 

H. Weyl, ‘Uber die Gleichverteilung von Zahlen mod. 
Eins’, Math. Ann., 77 (1916), 313—352. | 

ΒΕ. Hecke, ‘Uber analytische Funktionen und die Ver- 
teiluang von Zahlen mod. Eins’, Hamburg Math. Abh., 1 
(1921), 54—76. 

A. Ostrowski; (1) ‘Bemerkungen zur Theorie der Dio- 
phantischen Approximationen’, ibid.,77—98; (2) ‘ Zu meiner 
Note: Bemerkungen u.s.w.’, ibid., 250—-251. 

H. Behnke, ‘Uber die Verteilang von Irrationalitdten 
mod. 1’, ibid., 252—267. 

t lc. supra. 


1923, 4 (with J. E. Littlewood) Transactions of the Cambridge 


Philosophical Society, 22, 519-33. 
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first of the sequence of functions F,(s). We also find ourselves led to the following classification 
of irrationals 6. 
We suppose, as we may without loss of generality, that 0 < @<1, and we write 
1 

aa 1 on Ay + 0,’ 
where α;, ὥς, ... are the partial quotients in the expression of θ as a simple continued fraction. 
We say that θ is of class ἃ if X is the least number such that 

(08 is OF" Op OO as atasharecsestueuestenemacany ue (1:23) 
for every positive ε, or, what is the same thing, such that 
nitate| gin na | —> 00 

for every positive e. If no such number exists, we say that @ 1s of infinite class. A quadratic surd 
is of class 0, and every algebraic number is of finite class. 

Our principal results may be summarised as follows. In the first place, F,(s) is regular for 

k 
1+’ 
in particular, Κ᾽ (8) is regular for o >A/(1 +2). This we prove for k>1 in §2, and for k= 1 in §3. 

There are alternative proofs of this theorem. When k=1, it may be derived from Theorem 2 
of our memoir (4), or from the sharper Theorem 5, due originally to Ostrowski; but the analysis 
of § 3 is necessary in any case for our further investigations. When k> 1, it has been proved by 
Behnke’*, by means of the formulae of linear transformation of the Theta-functions. The proof 
given here is a good deal simpler. 

If 7 >0, the result just stated is final; for then o =o; 1s a singular line for the function. We 
prove this in § 3. We have no doubt that the line is still singular when A =0, except when 0 is 
quadratic, so that the case considered by Hecke is completely exceptional; but this we are unable 
to prove. 

In ὃ 4 we consider the question of the convergence or summability of the series (1°11), and 
show that the regions of convergence or summability are always as extensive as is consistent with 
the analytic properties of the functions and the order of magnitude of the coefficients. Some 
theorems concerning convergence have been found already by Behnke. These are included in 
ours, which assert the most that can be true. 


2:1. THeorEM 1. Ifk>1, and 9 is of class 2, then F, (8) 18 regular for 


o>oa,=l1- 


o>o=1- 


1+Xr 
We havet bam (@) = Oe oe oe (πα ἘΞ 1), «οὐννννννννι (2111) 
densi (#) = eee Σ oo CO) eee (2112) 
It is therefore sufficient to show that the functions 
σε) τς en?) hy(a) = % YE") A TT (2:12) 
whee a in=s Jt π θεν seveseeee meen (5191) 


are regular for σ» σε. We shall discuss only σε (8), observing that our argument remains valid 
with a formal change throughout of n@ into — πθ. 


* Behnke, Le., 265266. + Behnke, l.c., 266. Σ Lindelof, Le., 34.  § We write ¢(z) for εἶπ ας following Weyl. 
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Suppose first that ¢>1. Then 


s 1 ς eQn@) _ 3x 
-Σ 5’ SY saedusdvasieseecunmnadcepudeeuas 2°13 
HOT eG πὸ 
where x (v) = x (8, 8, v) = zS εἰς Be) τἀν φα τον ἡνήνεν τίει φόνον οὐ νων (2°131) 
This function is an integral function of 8, and its ee all over the plane is given by 
dE Oe di οὐρα οι!) 
πὶ [οἵ -- ε-ἀξοθεῖ ee re 


where C is a loop enclosing the positive real axis in the clockwise direction, and passing inside 
all the poles 


L = Ly = 2ri(m + vb) (m=...—1, 0,1, ...) 
of the integrand. We write 
= _ xfs, 6, v) —- Ik ὭΣ Α 
Rw) = RAG OY) Tg sy G; (s) = aye Rr) ea (2°15) 


2.2, There is one and only one of the numbers 2, whose modulus is less than 7. We define 
a number ὃ τε ὃ (ν) as follows. Ifx,, is the 2» of least. modulus, and |x,,| 2 ἐπ, we take ὃ = ἔπ. 
If |x,,|< $2, we take 5= ὅπ. We denote by Οὐ the contour formed by the semicircle | «|= 
|arg(— 2x). 5 ἐπ and the two lines R(x) 20, |I(x)|=6. The distance of any point of C, from 
the nearest pole is greater than }ar. Hence, if we write 


e~e tabi 
X,(v) =Xq(s, 8, ») = 5 π]ς τ  πεντι( PMD, νιν (2:21) 
we have X,(v) = οί { LF a | 4} =O), «ὐννπημημοιᾳ, (2:22) 
uniformly throughout any bounded domain T in the plane of 8. 7 
Now Xp) = Xe) Cl S OF) che aries seers: (2°231) 
and X (v) = Xo(v)+ (=m? (ἰπα] « HT) ceeeererreeee (2.239) 
The series > a 


is, by (2°22), uniformly convergent throughout 7, and its sum is an analytic function regular 
throughout 7. It follows, from (2°13), (2° 15), (2.231), and (2°232), that G,(s) is regular in any 
bounded domain throughout which the series 


gx oem | a oe ee eee (2°24) 


is uniformly convergent. This is certainly so if fis series 
= 1 
ere 
where v@ is the difference between v@ and the integer nearest to vf, is uniformly convergent ; 
and this series is, by Lemma 3 of our paper (4), uniformly convergent in any half-plane 
σξὶ-Ἕ- Ξ ---- ἘΕ»1 -π- 
1-ὰλ 1ἘΧ᾿ 
In other words, Οἷς (8) is regular for the values οὗ 8 specified in the theorem. 
It follows from (2°15) that g; (8) 18 also regular, except perhaps at the poles s=1, 2, 3, ... of 
Γ( -- 8). Of these, s=2, 3,... are plainly not poles of σε (8). When s=1, X (v), and therefore 
Θι (8), vanishes, Thus g;(s) is regular also for s=1, which completes the proof of the theorem. 
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81. The method of § 2 fails when & = 1, and more intricate analysis 1s necessary. 


Lemma A. If 6 1s irrational and positive, x 20, y = Ox, and f(0) =g (0) =0, then 
Σ Fondly (amg mV) +B σ( 8) - 7 τι =F yD 9Ce) 


This is Lemma 7 of our paper (4). 


Lemma B. If c > 0, & is real, and 
= c/8, ἕξ, ΞΞΟ - θξ, Bn = {n/9}, ie BS RPUEL δον Gaba eo nieee (3:12) 


-ἀξ ὦ ~ ἐξι 
6 " mé 6 - NC ἕ 
ze ™ (ems —1 1 (εβηδι..1} = Wy eee 
then ae Ὁ ΗΝ. Joe ae ὗ, ) (3:13) 
e-f-hh ag 6“ en Ht gt 
wher = W (c, 9, DS τος 131 
vere ( £)= d= e~®)(1—e7 #1) Loaves 1--ο Ὁ 1-- ρ΄ ξι:1-. 6- (3° 3 ) 
In (3°11) take f(uy=1—-e-*%, σ(ωΞὶ -- οτ δ, 
where στ θξ nes and make «oc. We obtain 
=, Se-inale- me 4 ἢ So-tmlel-ng_ FH 
eae 1 -- οτ ἔι 1 (4 --οὁτἢᾳ -- ὁ: ξ)" 


Substituting for 9 and [n/@] in terms of a,,and 8,, and making some simple reductions, we 
obtain (3°13). 
Taking the limit of (3°13) as & ~0, we obtain 


Lemma C. If c>0 and ο,-Ξ οθ, then 


ora) - ἰς [ 
- θ 
ne me 4 ae Σ (eFn’ -- 1) 61 "δὶ τε γυ, «νννννννννννννν σε ννννων (814) 
Ge “ 1. ες“ οἷς eh 
where w=W (c, 0) “(en -- 9 l—e-° 1. ,-Ὁ l-e-% -- οὶ Six οἰ ον οιῦ τον ώνν ὁ ἡ ὦ (3141) 
Lemma D. We have 
Xaime Me + Σβ,,6 πα + tc Σ (Br? — py) e~ "4 =u+O(ce-*) oe. (3°15) 
for all positive values of 6, where 
ἢ Ge- 1. τ΄ 1 6τ-: 
v=v(c, θ)- i aes ον πε τ πεν δε οι, gaara Cee ee (3°151) 


(l—e-*y 21-e 
The left-hand side of (3°15) is O (e~*) = O (ce) 1 c 2 1. We may therefore suppose ὁ < 1. 
In (3°14) we may write 


6 ἐς 1 ς 
πε ας oa senadavdeamene εὐϑονο νους ρονόνος (3°16) 
ePno 1-- Bac th 8,265 + OC). ciccccccccececccuccccescacs (3°17) 


Since c,>c and ; 8,|< 1, we have 
cPSB,1e~ "1 = O(cP~1e-°) 
for all positive integral values of p and g. Hence the left-hand side of (3°14) takes the form 


Sane πὸ + Bne~™t + ACS Bpte~ M+ O (06 5). ...«ννννννννννννιν (818) 
1 
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Also, by (3°16), 


Hence (3°14) takes the form (3°15). 
9.2. Lemma E. If σ is sufficiently large, 
ral, #10 (0, 8) de = BE (8-1) — BE (8). ee (3-21) 


This function is an integral function of s. 


The equation (3:21) follows at once from (3°151) by direct integration. It may be verified 
at once that the right-hand side is regular at its only possible singularities, viz. s = 1 and 8 = 2. 


3°3. In what follows we denote by D(a) a finite domain in the plane of 8, all of whose points 
satisfy c2a+6>a; and by R(s, a) a function regular and bounded in D(a). It is to be under- 
stood that the upper bound of such a function depends upon the form of D, and in particular 
upon ὃ, but not upon θ, and that the O’s which we use are also uniform with respect to θ. 


Lemma F. If ψ (ο, 0) τῷ Ο (ο1 6.2), where q = 0, then 
1 cs get 
x (s, )= ral, ve 9) c'\de = (8, — 9). cesececcecceseeseeeee (3°31) 


For the integral is uniformly convergent in D(— φ). 


Lemma α΄. The function 


F, (9, 0) + 60°F, (6, 6) +450" F, Ce CR eee eer ere (8.32) 
is regular 707 σ᾿» --͵. 
Supposing first o sufficiently large, multiply (3°15) by c*/I'(s), and integrate from ὁ = Ὁ to 
c=0o. The result then follows immediately from Lemmas Εἰ and F. We obtain in fact 


P, (6, 8) + OF, (8, 6,) + 4s0°*F, ὁ ΕἸ, θη = 0E(8—1) - ἀξ) -- 7 FY 4 RG, - 1), 


Side (3°33) 
and Z, (s) = Ζ,(6, 0) = 6¢(s— 1)-- ἀξ 0).- 65 $5” ιν (334) 
is an integral function. 
As a corollary, we have 
THEOREM 2. The function F,(s, 0) + OF, (8, 9,) 1s regular for « > 0. 
For F,(s +1, @,) is plainly a function 2 (8, 0). 
3°4. We have, from (3:33), 
F, (6, 8) + @F, (8, θ.) = Ζ, (8, AV - Rs, 0). «.νονννννννννννννννον (3°41) 
Similarly F, (5, 9,) + 0,2F, (8, 02) = Ζ, (8, θ.) + BR (8, 0), «ονννννννννννννννννον (8.411) 
and so on generally. From the first n such equations we deduce 
F, (8, 0) +(— 1)® (00, ... θ᾽ (8, On) =Pat Vy, οονννννννννννον (3°42) 
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where Φ, --ἰΣ Oona) ee AC ere (3-421) 
v=0 
Wy ="S ( 1) (80; ... 9,» B (8, 0)". cecccccseeecsessesseeee (8.429) 
v=0 


We suppose for the moment that σ > 2. 
Then | F, (8, On) |< A 
where A 15 independent of n and 8, and the second term on the left-hand side of (3°42) tends to 
zero. Similarly the functions ®, and V,, tend to | 


@ (3) = Σ (— 1)” (00, ... θ,..}" Ζ, (9, θ,},. νον ννονοννννννννννννον (8.431) 
v=0 
V (8) = Σ (— 1) (G0, ... Oya B(8, 0), ccececcceccssecsseeeeee (8.439) 
; vy=0 
respectively ; and FS 0) = Day VO) vtec siner occa ΠπΠπΠΕΠΟΡ (3°44) 


foro >2. This relation between analytic functions holds throughout any region in which each 
of them is regular. The function Ψ (5) is plainly regular for o >0, since 0,0,,,<4. We thus 
obtain 


THEOREM 3. The function BG, 0) OG): cossacssceviin Wl aces bs atacnaies (3°45) 
ws regular for o >0. 
The study of the singularities of F, (s, @), for o > 0, is thus reduced to that of the singularities 
of Φ (8) in the same region. 
3°5. THEOREM 4. Jf 0 ts of class 2, then each of the functions 
F, (8, 8), (8) 


ws regular for o> σι πὶ, τ τῦχ' 
If >0, then the line o τ σι 18 ὦ singular line for each function. 
We observe first that Z (sym OO 4 OC). ὐλλνῤο νου νν τοῦς Cacteuaes (8.51) 


uniformly in @, on any closed curve C which does not pass through either of the points s = 1 or 
s=2, The series for Φ (8) is thus the sum of two series, of the types 
Σ 0 (00, ... θα), O00, ... 4)? 0,77 
respectively. The first series is uniformly convergent on ( if C lies in any half-plane σ 2 > 0. 
The second is convergent if 
o¢+(o—1)A>0, 

ue. if ¢ >o,, and is uniformly convergent on C if C lies in any half-plane σ 2¢,+8>0,. It 
follows that ® (8), and therefore F; (8, θ), 15 regular inside any curve C subject to these conditions, 
and therefore for a > σ᾽. 

It remains to show that, when A >0, σ =o, 15 a singular line, and it is plainly enough, after 
what precedes, to show that the line is singular for 


®, (9) = ΟΞ ὩΣ (αν (66, ... 8a Of = PHY X66), arses (3°52) 


or for X (s). We choose 6> 0, and divide the »’s into two classes ν΄, ν΄, writing vy =v’ if 
COO iO sao? Seuinadddaeteutimen san benseuesasveues (3°53) 


* R (ἐς, 0) is of course a different function in different terms of this series. 
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and v= ν΄ in the contrary case. In virtue of the definition of A, there are, for every 6, an infinity 
of v’’s. 


We write X(s) ΞΣΞΣ ἘΣ Ξ Χ' (9) Ἐ Χ΄ (6). eee (3°54) 
The series for X” is absolutely convergent if σ + (σ ~1)(A— δ) >0 or 
1-τλ-- δ᾽ 


and the number on the right-hand side 18 less thang,. Hence X” is regular across the line 
στεσι. It is therefore sufficient to prove the line singular for X’. 
Suppose that the values of ν΄ are »,, v2, ..., vg, ..., and write 
| “τος Ὁ ΗσοΟο.σσ.- (8:55) 
Then the series for Χ΄ (8), viz. 


sii 


y (96, ...0, % == te e~ hes 


6, a 
is a Dirichlet’s series of the type 2 a,e~**, and 
1 1 
Neg — Ax = log =——3-—_, — 2 log =~ > (A— 8) log — ——-——_ + οὦ 
pn EEG Op geet Ge OOO 


when k->. It follows, by a theorem of Wennberg*, that the line o =o, is singular for X’, 
which completes the proof of the theorem. 

We have supposed 0<X<o,. When X= the result is still valid, c=1 being a singular 
line; and only trivial modifications are needed in the proof. The case %=0 is much more 
difficult. It appears to be true that o=0 is then a singular line, except in the special case in 
which @ is a quadratic surd; but we are unable to prove this rigorously. The exceptional case is 
that studied by Hecke. 


3°6. Suppose in particular that @ is a quadratic surd. The continued fraction for θ is then 


periodic, and we have 
4.4m = §, (r = p> k = 1, 2, sen), 


if p is the number of non-repeated 6’s and m the length of the period. 
In this case Κ᾽ (8, θ) is, by Theorem 1, regular for ¢ >—1. It follows from Lemma G that 


each of the functions 
FF, (8, 6) +(— 1)?! (66, ... 6,1)? F, (s, 8,), 


FP, (8, 0.) +(— 1)} (Op Oo41 «++ Ootm—1)? Fi (8, Oopm) 
is regular foro >—1. But the last function is 
(1 + (— 1)" 7 @*) ἢ (8, 4). 
It follows that F,(s, 8,), and therefore F, (8, 0), is regular for σ᾿» — 1, except possibly where 
1+(-1)"" 6 =0, 

at which points it may have simple poles. These points are the points 

p= ἐπὶ 

log © 

where & is an arbitrary odd or arbitrary even integer, according as m is odd or even. 


* Wennberg, ‘Zur Theorie der Dirichlet’schen Reihen’, Anti —~An>4, λιίπ-α. 
Inaugural dissertation, Upsala, 1920, 8—7. It has been See F. Carlson and E. Landau, ‘Neuer Beweis und Verall- 
shown by Carlson and Landau that the result is true under gemeinerungen des Fabryschen Liickensatzes’, Géttinger 
the more general conditions Nachrichten, 1921, 184-188, 
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81. There appears to be no doubt of the truth of the following propositions : 

(ak) F,(s) is regular for σ > σι; 

(bk) o =o, 18 a singular line for F,(s) whenever .»>0; 

(ck) o =o; ts singular even when .=0, except when 0 is quadratic ; 

(dk) F, (8) 1s meromorphic when 0 is quadratic; its poles are all simple; and they are situated 
at some or all of a doubly infinite system of points distributed at equal distances along the lines 

o=1-—k-—2p (p=0,1,...); 

(ek) Fy(s, 6)+(— 1} Δ etka F, (s, 0) is regular for o>op4,—-1; and c=o;,,—-1 i α 

singular line for the function when > 0: 


and a complete theory of the functions would contain proofs of these propositions in full generality. 

Of these propositions we have proved (ak), in § 2 when k >1 and in § 85 when k=1. 

We are unable to prove (ck) in any case. The case in which @ is quadratic is doubtless best 
treated by the deeper methods of Hecke. We have however shown, in § 8:6, that our method 
will accomplish something in the direction indicated by (dk). 

There remain the propositions (bk) and (ek), of which, at present, we have proved (61) only. 
We proceed now to the general proof. The particular case contains most of the leading ideas, 
and we have condensed the general argument wherever the ground is familiar. In what follows 
the A’s, O’s, and R(s, a)’s depend on ὦ in addition to the regions D; they are either independent 
of θ, as in ὃ 3°3, or at any rate, when we have to consider a sequence of irrationals 6, 6,, 6,,..., of 
the n in @,. 


Lemma H. If k>1 we have, throughout D (c,), 
| Fi (6, 9)|< A Lv] yO je + A HAT + A SAS v | νθ [rent +A, 
This is a straightforward deduction from the results of S§ 21, 2°2. By (2'231) and (2-232), 
| G(s) |S Z| X (v) |v = BX.) | + A |χ,.σ-ὸ ν- ἢ, 
Also | X,(v)|< A, by (2°22); and, since A | v6|<|x,|< A, we have 
| Xm |72< 4 - Α[νθ]“-᾿, 
Hence | Ges) |< A Sv-*| pO) 924A < AT HAA, ....ὑνρνονννννννννννννον (3°71) 


Let Θ΄ be the domain obtained by removing from D circles C,, C2, ... of radius 38 surrounding 
such poles 1, 2, ... of Γ ( -- 8) as fall in Ὁ. Then 


|gu(8)}=|T(1—s)||G(s)|< Adv * | pO|O+ AK ATHA occ. (3°72) 
inD’. On GO, 1-36 So €1 + 36, and it is easily deduced that 
| ge (8) |< A Dv*| yO |B 4 A CAT HA eee ccccccceecce teens (3°78) 


on Οἱ. The middle term here is independent of o, and σι (8) is regular for s=1, so that the 


inequalities (3°73) are valid also inside ΟἹ. Similarly it may be shown that |g,(s)|< AT +A 
throughout Οἱ, C;, ..., and so, by (3°72), throughout D. A similar argument may be applied to 
h,(s), and the lemma follows, since F, (8) is a linear combination of the two functions. 
Lemma K. Throughout D (σκ.) 
| Perr (8 +17, On)i< A +A (00, ... Ona) ORO) (Lersk)*. 


* The important case is <0. When ¢26 the second term may be absorbed in the first; the proof will be clearer if 
o <0 is thought of as the standard case. 
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The left-hand side is less than 
ΑΣν ** | vO, |e + A < Ay | νθ, [σπ + A, 
by Lemma H. Let ¢ = 36/(k+1)< 6, andh=X+1+6¢ Then 


i A . Αι. 
θ. 9. γὰει-“ ποτοῦ δου 89 δὺ9 9 δὺ eases 8.74. 
δι < Os 2s Ona < (Ons Og? (514) 
where tn = (66, @eae θ9,..}» = (0 eon 9... δὴν, φονιοοονυφοθθοφουθθοουφοοὺθΦ9θ (3°75) 


If now Pm/Qm is the mth convergent of the continued fraction for θ,, (3°74) implies that 
Qm « Atn Qn, by Lemma 2 of our paper (4), and therefore that 
| vO, | > At,y~*. 
Hence 
(θεν, O,)/< a {A +(At,y")?-#} < A+ Ab, Bly h 7-98) = A «Αἱ, σ ἰδ > phot +48), 


The index of ν is 


ee -ααλτὸᾷ - ἐπὶ +48) =- -e~ (45 - Cee - λει ήδη ξδειξω Ly, 


so that the series last written is saree Hence 
| Fear (8 +7, On)| <A + A(O... Ona) 7-8) OF) < AFA (A... Op) OH τὸ, 
the result of the lemma. 


8.8. We return now to the identity (3°13), and we equate the coefficients of £*/k! in the 
Laurent expansions of the two sides. If we define ¢,(x) to be unity, then 
er == φ,(5) (x) Zr, 


e—-1- yzo ΝΟ 
Hence the coefficient in the first term on the left i 18 
> ‘hy (Gin + 4) = dy (4)} em = Σ di (m@) em -- dx (4) Σ ds ae ee (3°81) 
The coefficient of *-"/k! in the second term 18 
WROD UGe OM .. Seviesyicesea ens, τρνφφωνῳ (8:82) 
d\F17/ 73 d \E-1 se — ρὲς 
— == 7 (e@Bne — pene pines a δὴν : 
where tn, = tty, (€) ( is) (τ: ~-. (efx? — 1 )) ( is) ( = -- (8821) 
ω = Wy = By tt = (1θ0.} .«.νὐν ον νιν ννν σεν νονον νον ἐσ φόνον (8:822) 
S Un (0) Uy, ἘΣ (Sc) 2, 
Now Un (c) = 2 Στ ὦ ΠΕΣ cht? (0«ὃ «1) 
k+1 d \Etr-1 7 ee ρὲς cr -¢ \%H seve _ et? οὐ" 
- i. alle (= ὑπ ee rit [ΒΘ ι- A = =) | gees 2)! 
a 
Σ εἷν ap (Peer (w) -- ders )} 5 {+ Be) Ὁ a: Byye eee (3°83) 
say ; and it 18 easily νουίβοὰ that | 
DAG) | OA. AOS Oo chs lyase taient os ty ieee (3'84) 


Summing up from (3°81), (3°82), (3°83), τ (3°84), we find that the coefficient of £*-1/k! in the 
left-hand side of (818) is 


Σ gi (md) e~™ + (— OPS $ (n8,) em" + (— OF" aa +r7l ΟΣ spate (0) e-" 
— φι (4) Bem — (— y's >, τὸν dear (4) 7] | Ee + Ο (903) BEM, νοννρννννννονν (8.85) 
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We consider next the coefficient of &*1/k! in W, the right-hand side of (3:13). Now W is 
regular at & = 0, and, expanding formally, we have 


oe {$ 3 ὁ. pol phe (ty [ “ 


σὲ [ΣΦ Ὁ»), 45 (ξ Coby (dy ot 
f=. {ee r! ba - | BS (5, y ι΄. Ὁ}: 
Collecting the coefficient of £*/k!, and equating it td . 85), we ke. 
k+1 
> dy (m@) ene + (— θ}-: Σ φχ (n@,) ean + = (- ae εἰς μέ | = Pete on e7™ 


=O (em) δ it Ve(c), ...... (8.861) 
where ; ie ᾿ } ἦ 
k k d —+ —1 -1 Ὁ = 
ΤΞ =, () a ae (4) ι: = = ee = ΙΘ Ἐ ᾿Ξ r=0 Σ See mg =} 
ὑφ γον τὴ (9.862) 


: ee ἐς be 
In (3.862) we associate a term — , with ἥ and a , perform some trivial rearrangements 
6 oe 


and ἜΠΗ, and obtain the alternative expressions 


γε Σ (M4008 (2) (s-y-2)- 93) Gea (3) | 


(—1¥ KOA (7d \F1 7 οἷς 1 ᾿ς sr (4) σ᾽ 
+o (2) (5.-Ὡ- Σ ἀπ τ rene 3:863) 
or Vi = Vir + Vie + O (e**) m7 : a Αἰ εὐλλ θθρυνθηδενευοδ λα, (3:864) 
where V;,, and Κκ,» are the first and second terms on the right-hand side of (3.868)7. 
We now multiply (3°861) by c*/I' (8), integrate from c=0 to c=, and obtain 
F, (8 0) εἴ. (— 1-1 64-1 +8 ἢ (s θ ) +(— 1}: Σ Ge-1ts+r La _V(str) F, (s +1, θ ι) 
εὐ ei k+rT(s)0(r+1) δ 
oR =k 1) ἐστ. Γ {Vi1(c) + Vis(c)} ode 
me Ν᾽ (9, - 7 --1):.ὉἘ De (8, 8)... ccs canes ως νουνν thaw seceinens tees (9.871) 


say. By (8.864) and (3862), 
Vin Ἔ Vig = V+ Ο (εἶτ. ) = Ο (ce) (c > 1). 
Further, the formulae which define V;, and V;,. show that these functions tend to limits as 
c— 0. It follows that 
[. (Vix + Vie) cde 


exists, and defines a function of s regular for o > 0. 
Next, we observe that 


rol, (&) (οξὶ - ἢ) στιά τ νο), 


k! oe 1 Φ, -_ abe —k+3—1 — 
and rol, Κι, (Ὁ) de = — Se ts Hy a & ott de, = 6-12 (s) 
* Observing in particular that the term for which r=k+1 + The expression in curly brackets in the third term is 
vanishes, since ¢y.,1 (4) =0. O (c*t4), 
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exist and define functions regular for0<o<1. Hence 
ke 
Z; (8, 8) = z A 5 τὴ, (8) 85 BS) os ecccemambecdaseesmiebods (3°88) 


this equation giving, moreover, the analytic continuation of Z, wherever ἢ, and z are regular. 
Now ἡ, and z do not contain θ᾽; they belong to a well-known class of integrals; and it may be 
shown that they are regular everywhere, except possibly for simple poles at certain positive 
integral values of s*. This being so, and if we suppose positive integral values of s to be excluded 
from D (~k—1) by circles of radius 6, we have 


k 
> A,6*-*n, (8) = R(s, -k—1); 
r=0 


for only positive powers of @ occur on the left-hand side. Hence, from:(3'871), 
F, (8, 0) + (— 1) θέτε F, (8, 0,) = B (8, τ ἢ — 1) + 6% 2 (9) + Q (ὁ, θ.), ......ὄ (8:89) 
k '(s+r) 
k+rT(s)C(r4+1) 


k+1 
where Q(s, 9) =(—1}* = Qe-itstr Pear (8417, 0;). seoceseee (3891) 


859. We are now in a position to prove that o =o; is a barrier for F,(s, 0) when ἃ » Ὁ. The 
case A = 0 18 comparatively trivial, and we suppose that 0<X%¥<oo. Then 
op, >l—k, σι» oxy. 
We write 6,_, for 6 in (3°89), multiply by (— 1) (66, ... θ,..}} 15, and sum as in 8 8.4. We then 
apply our former argument, which shows on the one hand that 
> (— 1)" (6... An_2)-** καὶ (5, τ ὁ τα 1) 
is regular for ¢ >1—k (except possibly for certain positive integral values οὗ 8), and therefore 
regular across σ = σε; and on the other that 
= (— 1)" (8... On—g)¥ 7+ 087) z (8) 
has o = o, for a barrier. To complete the proof of (bk) it is sufficient to show that 
: Σ (— 1)" (6... On_2)*** Q (9, An) 
is regular across σ = o;; and this is true provided that, for some σ΄ < o;, the series 
DG ee On gy τ OO) nsec se  λωτοοος, sates eet ρον κης (3°91) 
is uniformly convergent in the part of D(oz4,) for which σ Ξ σ΄, Now every term in (8.891) 
contains @ to the power ὦ —1+c at least; hence, by Lemma Καὶ, 
[0 (8, On)| < AOL IT? {14 (0... Oy) Bd) Aa} 
and the general term in (3°91) is less than 
A (θ... Onn POF + A (θ... Ogg) REE OB) 48) | 
The first index is positive if σχ -- σ΄ is small enough, since a, >1—k; and the second is 
ἢ -- ἘσιεῈ σκ(λ Ὁ δ) -- (σε -- 0’) (1 +248) —48 (X48) =A + 80, — (0, — 0") (14X44 5)—46 (+58), 
and is positive if ὃ and o,—o’ are small enough. This establishes the uniform convergence of 
the series (3°91), and so finally the general result (bk). | 


There remains (ek); and for the proof of this the material we have already is sufficient. 
We observe that | 


Opi-LzZ-k—-1, o44,8 Ch. (rz 1). 


* See for example A. Hurwitz, ‘Ueber die Anwendung eines functionentheoretischen Principes auf gewisse bestimmte 
Integrale’, Math. Annalen, 53 (1900), 220—224.: 
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From these facts, and from (3°871) and (3°88), it follows that the only possible singularities of 
Ο (8) = Fi (s, 8) +(— 1 1 OFF, (8, 1), 
in o> o44,—1, are the singularities of Z, in this region. These can occur only for positive 
integral values of s. On the other hand (3°871) shows that (when ἃ « «0 )* Z is regular in o Ξ σ΄, 
where o’ < 1+. Hence Z, and G;, are regular in o > σμμ — 1. 
On the other hand; if λ > 0, 
Opr—-1>—k, 


and σᾳ,»γ 18 a strictly decreasing function of r. It follows from (3°871) that G, and 


k 
_1)\k Getk 
ae k+1 
are equi-singular in the region o > Max (—k—1, o%42—1). Since Fy41(s+1, 0,) has a barrier 
o = 0;4,—1 in this region, this line is also a barrier for Gy. 
We have therefore proved 


85 Fy (s+ L, @,) 


Turorem 5. If > 0, the line σ =o, 18 a singular line of Fi,(s, 9). 


THEOREM 6. If X>0 and 0=1/(a, + 4), then the function 
F, (8, θ) +(-1 ye 98 tk—1 F;,(s, 6,) 


is regular for o > o%4,—1; and the line σ = o44,—1%8 a singular line of the function. 


4-1. We conclude with a brief discussion of the problem of the convergence or summability 
of the series Sd, (nO) n—* in the region of existence of the corresponding function Κ᾽ (8, @). It 
will be seen that our conclusions may be roughly expressed by saying that whatever could be 
true is true. A Dirichlet’s series cannot be summable outside its half-plane of regularity, and it 
cannot be summable (C, 5) unless its nth term is of the form 0(n”): we shall show that our series 
is summable (with least possible order) except when these restrictions apply. 


THEOREM 7. The series Xd, (nO) n-* is convergent tf « >o,,0 >0; and summable (C, — σ +3), 
for every positive ὃ, if ¢ > σι. σ <9. 

The case Ἃ = οὐ is trivial, since o,=1, and we suppose that ἃ «οὐ. We may confine our- 
selves also to the case ft >1; for the result for & =1 is an immediate deduction from the 
formula 


1 
1--- τε 
San=O(a 17x" Ἰ- οι τος. Sea Ae Hee: (4:11) 


ar 


We shall in fact prove rather more than we have stated, when k > 1, viz. that the series is sum- 
mable (C, —o’ + δ), where σ΄ = Min (a, 1). 
When k>1, φὲ (η10) is of the form A (Ψ (10) +, (-78)), where ψ' (0) is the function 
(2'121). It is therefore sufficient for our purpose to show that the series _ 
Sar, (nO) n-*, Ea, (— 28) n-, 

are summable (0, — σ΄ +8) for ¢ >a. Further, it is enough to prove this for real values of 8, 
and hence also, since y,(n0) and W,(— 70) are then conjugate imaginaries, enough to prove it 
for the first series. This we do by a series of lemmas. 

* The case \=© is a trivial deduction from (3-89). gularity at most a simple pole at s=1, the residue being a 

+ Thus 7, is an integral function of s when \<a. This _ rational function 7 (6) of θ. Since 7 (9) vanishes for every 0 


conclusion may be extended also to the case A=. Forour for which 0<\<o, it must be identically zero. 
argument shows that, in any case, 7, can have as a sin- + See our paper (4), Theorem 2, 
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42, Let w be a (large) positive integer, and let O0< 6<1,-l<a<Bsa+l1; 
B 
S(u, p)= Σ neem (1 Ὡς 5) ᾿ 
nme μ 


S(o)= lim Ση“ 6" πίφ γι, 
r-»~1-0 


Let A, be the contour L, + L,' of the figure (in which the sense of description is indicated by 
an arrow), A, be £,+ £,, and A be A,+ Ay. Finally, let C be the indented rectangle 


L,+L,+4H,+No+N,4+ MM. 
In what follows A’s denote positive constants depending only on &k, a, and 8, and the O’s have 
a corresponding meaning. 
Lemma ἢ: 85 (φ) «Α φ- “Ὁ, 


This 18 a particular case of a known result. In fact the function Ff (2) defined, for | z|< 1, by 
the series 2n*z”, has z=1 for its sole singularity, and 


| f(z) |< A | 1 -- z|-@+», 


so that | S(p) | =| f (er) | < Α [1 -- ο"πἰφ (et < A get, 
οὔ τί 
Lemma M: S(¢)= [ ὙΠ | dz. 


This is a particular case of a very general formula in the theory of residues*. 


* See Lindeléf, l.c., ch. v, § 53. 
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48. Lemma N. If 0<|¢$|< }, then | S(u, φ) — 5.(φ)} < Al gp [Ot μη- 
We may suppose that 0 < ¢ < 4, and we begin by showing that 


S(u, $)= Ι. — a(1 1-2) 2" de + 0(2) eee (431) 


63 :τὶ ; 
5 (φ) ΞΞ πὰ gun .-Ἰ dz + O (T), Soe Sr rrr rr (4 32) 


where 7’ = ¢-*+ μκ“β, In the first place, by the theorem of residues, we have 
f β gtewig 
Siu, 4)- | 2 (1 2 =) Fae ΟΟΝΌΝΌΟΝΝ (4.38) 
δ: Αφ9 Ὅν (ῳ» = 
Now ear 1 δες i|< ΡῈ (1-φὴ ν (γ « -- A), 
e2enis 

erent ἢ 
Hence the contributions of M, and M, to the right-hand side of (4°33) are of the form 

O (ustl e~ 4μ4) = O (1) (up htt e 44 = O(T), 


and so 


< Ae~4#!¥1 (/y| >A). 


since 8+ 1>0, so that (up¥t! e~44*< A, Similarly the straight portions of N,, NV, contribute 


0 ([ p+ iy! (2%) ὁπ: 406 dy) = O (ut?) [vy e406 dy = O (ut-# 6-@+D) = O(T). 


Lastly, the curved portions of N, and JN, contribute O (u*—*)=O(T). Thus the contour C, 


less L, + L,, contributes O (7), and (4.31) is proved. 
For S(¢) we have 


erznid 


- Ἐπ ΟΣ ὅλ fm Ewan τὰ gaps 
S(d) ἘΣ dem] at] dz=0 ([ ye dy) 


=0 (c —Au9 [ γ᾽ 9. 4" dy) =0 (<a 4-..} =0 (eas (up) Τὴ - Ο(Ἱ). 


This is (4°32). 
From (4°31) and (4.32) we deduce 


A erenid 
S(u, φ) S($)= = αὐ (1-2) ταὶ oy dz + 0(T). 
| J 
N esa een οὐ = 
os ( “y | > bj 
on L,+L,. Hence the straight portions of L, + L, contribute 


0( [ir trad) =0( [1 (em ay) orn | permtay=017 


since 8 -a@<1 and y/u<1. Finally the curved portions contribute 
I 
0 () = Ο(μ5-3)-- O(T). 
This completes the proof of Lemina N. 


4.4. We can now deduce that > z(n0)n-" is summable (C, — σ΄ +8) for o >o,. We may 
suppose that o<1, since a convergent series, whose general term is O0(1/n), is summable 
(C,—1+8)*. Also o,< 1, sincerX< oo, Hence we may suppose that σχ « σ -- σ΄ «1. This being 

* 6. H. Hardy and J. E. Littlewood,‘ Contributions to the arithmetic theory of series’, Proc. London Math. Soc. (2), 


11 (1912), 411—478 (462, Theorem 87). 
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so, we take a=—o’=—-o >—1, B=—¢'+5=a+5>a. We shall further suppose, as we may, 
that ὃ « σ -- σι and ὃ «1, so that B—a< 1. 
Now 


Σ ψι(ηθ) τσ (a -ΞὙῸΣ we (yn8) n* (1 - Η] 
τς rts ((v)) + Σ ν-Ἐ (5 (μ, (νθ}} -- 5.((Ψθ}}}, ...ἁἀὑνννν (4.41) 


provided that one of the series on the right converges. But 
|S (yu, (00) — 8 ((08))| =| 8 (uw, 58) -- 8 (0B) |< A | 08 |-O*D pe, 
by Lemma N. Also, since —-8 =a -- ὃ» σε, the series 
Σ v-*| v6 |-8-1 


is convergent. Hence Σ yt | S(u, v0)—S(v8)| 
νεῖ 
is convergent, and its sum tends to zero (like μ΄ 8) as μ- οὐ. It now follows from (4.41) that 
ΣΡ Δ (δ) λοθος ον ree ene Ee errr ecm (4°42) 
converges, and that the series Σ vre (nO) n-” 


is summable (C, 8), 1.6. (C, -- σ΄ + δ), the sum being given by (4°42). This completes the proof of 
Theorem 7. | 


COMMENTS 


This paper is concerned with the convergence and analytic character of X{n0}n-’, considered in 
1923, 3 when @ is a quadratic irrational, but now treated for general irrational 0. The problem 
stated in the penultimate paragraph of § 1.2 is one of the unsolved problems mentioned in the 
Introduction. 
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ADDITIONAL NOTE ON THE TRIGONOMETRICAL SERIES 


ASSOCIATED WITH THE ELLIPTIC THETA-FUNCTIONS. 


By 


G. H. HARDY and J. E. LITTLEWOOD 


New College Trinity College 
OXFORD. CAMBRIDGE. 


1. In this note we give an alternative and more instructive proof of the 


fundamental theorem on which our earlier researches in this field! were based. 


The theorem may be stated as follows. 


Theorem A. Suppose that 


(1. 1) o<a<1I, OSOS1, wr! 
and 
(1. 2) s(w)=s(w, x, A= δὲ e-"*!* cos 2078. 
Osn?sw | 
Then 
ἡ: et” ae ἐς 1 Θὰ f1 
(1. 3) s(w, x, θ)--- Va 6 “- ω, πα τ )~ ys 


uniformly in ὦ and 0. 


1G. H. Harpy and J. E. LirrLewoop, ‘Some problems of Diophantine Approximation’, 
Acta mathematica, 37 (1914), 193238, and Proc. Cambridge Phil. Soc., 21 (1923), 1—5. 
1 


* That is to say, the absolute value of the left hand side is less than Ax 2, where A is 


an absolute constant. 


1925, 4 (with J. E. Littlewood) Acta Mathematica, 47, 189-98. 
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Our earlier proof, which followed the classical lines of the calculus of 
residues, as exposed in Lindeléf’s book’, was fairly straightforward, but very long. 
Two other proofs have been given recently by van pER Corput.” The proof 
which we give here proceeds on lines different from any of these, and seems to 
us in some ways the most natural. It has also the advantage of being appli- 
cable, in principle at any rate, to the sums associated with any power of a 


a theta-function, such as the sum 


Drie, 


Osnsw 


where r(x) is the number of representations of » as a sum of two squares. 

The proof which we give here owes very much of its comparative simplic- 
ity to the criticism of Mr. A. EH. Ineuam, to whom we submitted our original 
version. In particular Mr. Ingham pointed out to us the usefulness of the 
elementary identity (5.2), and we have rewritten the whole of 88. s—7 in accor- 


dance with his suggestions. 


2. We begin by showing that we may assume certain supplementary 
hypotheses without prejudice to the generality of the theorem. 

In the first place, since we are aiming at a result which holds uniformly 
in 9, we may suppose that 0o<@<1. The result for 0=o or 6=1 will then 
follow by continuity. | 

Next, we may suppose that 


(2. 1) A=Vw 
is excluded from each of the sets of intervals © 
m—@6 ὃ m—-@ ὃ 
2. 21 tm — ὅθ α.ΞΞ5 SAs + ΞΞΞ 
( } (em) x Vea x Vex 
is cae | : +6 ὃ m+@ ὃ 
(2. 22) m = — — SAS + ----: 
we. Ne eG 


* E. LINDELOF, Le calcul des résidus, 1905. 

2 J. G. VAN DER Corput, ρον Summen, die mit den elliptischen #Funktionen zusammen- 
hingen’, Math. Annalen, 87 (1922), 66—77, and 90 (1923), 1—18. van der Corput proves a good 
deal more than is asserted by the theorem, and his proofs appear for this reason to be more 
elaborate than they are. The first proof is based on the theory of Fourier series, while the second 
follows lines more like those of our original proof, on which it is (when reduced to its simplest 
terms) a considerable improvement. 
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where ὃ is an appropriate positive constant. Here m=0,1,2,..., and any 
negative part of any interval is to be discarded as irrelevant. 
To prove this, consider the interval J defined by 


o<M<i<M+ [--- |=ae+ a. 
γα 


If ὃ 1s small enough, this interval will necessarily include a ἃ external to the 1's 


and j’s. For each 7 is of length ae and is followed by a complementary in- 


terval k of length 


There may be no complete & inside 7. In this case there is at most one (com- 
‘plete or incomplete) 7, and at most 


2d 

Ve 
of J is inside 8. Otherwise J contains at least one complete 4, and the number 
of complete or incomplete z's does not exceed twice the number of complete k's. 
The ratio of the total length of the z’s to that of the k's is accordingly less than 


40d 
I—2d 


which is less than 80 if ὁ <7 and then the length of the 2’s is not greater 


than 8du. A similar argument applies to the 2.8, and the part of J, inside one 
interval or another of the two systems, can in no case exceed 16du. Our 
conclusion follows if ὃ-- | 

Suppose now that Theorem A has been established for 4’s excluded from 
the z's and j-s. Any given value of ἃ lies in an J, and there is therefore 
a λ΄ subject to our restrictive conditions and differing from ἃ by less than μ. 
It is plain that, if we change ἃ into λ΄, the alteration of the left hand side 


of (1.3) is 


1 It would naturally be easy to improve on this number if it were necessary. | 


229 


192 _ G. H. Hardy and J. E. Littlewood. 


2: off) o0~ ofp} 


go that the theorem, if true for 4’, is true for A. 


3. We write 


(3. 1) S(ss=f(s, 4) =1 $2 em cos 2n786, 


1 


where s=ot+i7t,o>0. It is well-known! that 


(3. 2) fi) τ: De 


We write also | 
En — I (n=0), En —2 (n>0). 


Then, if ¢ is positive, we have’ 


ctia 
π 
( 2) —nwni2a θ --- Ι ἐπ ( ἘΣ ᾿α)ὰ ‘ 
mt δὴ Enlw—n°) 6 cos 20708 = —— a f(s +ix)ds 
Osnsh ; 
ὁ ὦ 
ect+in 
I eo (8 —i2) ao a (n—6)? 
πα Sg ee 
6--ἰ Ὁ 


on writing s—cx for s and using (3. 2). | 
We may invert the order of integration and summation; for, when ¢ is large, 


| -|-oller 4), 


(s—ix)?V 9 


a | 


ste" "ἃ |= Sens (- σ᾽ αἰ 
= OV o + #) = Ο( ε|), 


and 


1 See for example E. LANDAU, Handbuch der Lehre von der Verteilung der Primzahlen, 277. 
2 See G. H. Harpy and M. Riesz, The general theory of Dirichlet’s series, 50 (Theorem 39). 
We require the result of the theorem for absolutely convergent series only. - 
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{: 


ΒΞ 
fe 2 t.dt 


is convergent. We have thus 


(3. 3) n> én(w — "εὐ πές cos 2ηπθ = >In 
OSnSA — 2 
where 
CHI q 
͵͵ Ρ (8) J 
(3. 4) n= > ow, 
ΒΕ 
(3. 41) O(s)=wn(s—ix)— ae 


If we suppose now that 4=Vw is non-integral, as plainly we may do without — 


loss of generality, and differentiate (3. 3) formally with respect to w, we obtain 


(3. 5) —1+28(w)= Sdn, 
where 
iT C+ia d 
( I 3 
7 I = = % (3) ____—____, 
(3. 51) dw 2πὶ} (s—ia)Vs 
cC—ie 


This process is certainly legitimate if J, is uniformly convergent in a neigh- 
bourhood of the particular value of w considered. That this is so will appear 
- incidentally in the sequel. 


4. Our main idea is to approximate to J», in (3.5), by the saddle-point 


method or ‘method of steepest descents’. 
The saddle-points of e*®) are given by 


or 


* See G. N. Watson, Theory of Bessel Functions, 235, for a genetal account of the method. 
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say. The curve of ‘zero level’, given by δὲ @(s)=o, has the equation 
a(o? + t?—_N*)=0, 


and consists of the imaginary axis and the circle described on the line joining the 
saddle-points as diameter. It divides the plane into four regions, the ‘low’ regions, 
for which #@(s)< 0, being the right hand inside and the left hand outside 
regions. 

We define the path C=C,+C, by the lines C, and C, from the point: 


8 =N to infinity through the upper and lower saddle-points respectively. The 


whole path lies in low ground, except at the saddle-points, and it cannot pass 


through s=7z, since (owing to the restrictions of § 2) 


[»,--0} 

ΗΝ 
for any value of "». We can deform the path of integration in (3.51) into C, 
if we introduce the appropriate correction when this deformation involves crossing 
a pole. This is so if and only if «Ὁ Ν, 1. 6. if |n—@|< Az, and the correction 


required is accordingly 


I πί(η--- 0) 
γ,- ΟΡ πὸ τὰ 
ζω Jrn—ol<iAx 


which differs from 


I 


—}- We thus obtain 
γε 


by οἱ 


where J» differs from Jpn in being taken along ΟἹ and the proof of Theorem A 
is reduced to a proof that | 


(4. 1) Σῦ,-- 0 (ν} | 


Some problems of Diophantine Approximation. 195. 


5. It is convenient to write 
E=|n—O0|=—NiA>o, 


x= y= Ὲ >o, Y=lE=wN>o, 


and to transform J; by writing Ns for s. We thus obtain 


= αν λιῚ a¥(s—) ds 
ot Teewre Vif, OW ae ae 
(5.1) ξ 277 (ς --  Χ) γ᾽ 
where the path of integration T=I,+I, is C=C,+C, reduced in the ratio 1: Ν, 


so that it passes through the points —z:, a. 


Since 


(5. 2) s—iX  20(1+X) 28(1—X) 


we may write (5.1) in the form 


(5. 3) aed Γἢ (Kn, 1—Kn,2+ En); 
where 
ΜΝ I a¥(s-4) s—i 
s? 
= I ay(s—) sti 
(5. 32) oo er i τάν, 
᾿ 
ΜΝ Χ a¥( -ἢ sti 
(5. 33) La= saws | 5615. 
(9 ---ἰ ΧῚ 53 


6. The integrals Αθ,1 and Kn,» are linear combinations of Bessel functions 
of orders — and — = and may accordingly be evaluated as elementary functions.* 


We have in fact 


* See WATSON, loc. cit., 175 et seq. 
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2 7 g ο 2πὶλς 

Κι΄ αὐτο τες δὼ Ὁ 
 an(t+X)V¥ λ a+? 
a τς ΐ ermiss 

Κι΄ jaan ws pent yY 
 an(t—X)V λλα--ξ' 


Thus the contribution to SJ, of these integrals is 


: e—2niijn—o| ἡ e2nii[n—o] 
pp wntiz τῶ τος 
τ Σ  ηἶ ha—|n—O| 


ew 2πιὶλί (n— 6) = e2nia(n—-6) 
. p-waniz ee δ πος: 
π᾿ pero λατη--θ ἘΣ, τη Ὁ ' 


when we combine the positive half of each series with the negative half of 


the other. 
Now! 
ς πόθος ae = ernie ες 
Hic+n—G sin (λυ --θὴ)π 
where 
and this is 


I ΤᾺ 
ἵ sin tH) (72): 
in virtue of the restrictions of § 2. The second series may be treated in the 


same way, so that the total contribution of Kn,1 and Kn,» is o( a). 
| x 


7. It remains δον to discuss the contribution of Z,. It appears at once 
from a figure that, on either I, or 1: | 


3 
st} >A,|s*+1]<Alo| 


(71) [96--ἰΧ} Σ»Α|1-- ΧΙ, 


* See, for example, T. J. ΓΑ. BROMWICH, Infinite series. 
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3 a 
(γ. 2) Ι95--ἰΧ} ΚΣ Α[τ--ΧΙ, [.}:. 45, Jeti] ΞΑ σ᾽ 


if o< --Ξ, the A’s being absolute constants. Also 


It follows from (7.1) — (7. 3) that 


~~) 


1 


Γ 2 
| AX _AYo! AX fy{,4re 
[al <TH] lole ἀσ ἐς xi] Vile da 
1 --,οἨῺΚὟ 


2 


-: ΑΧ (; de 3)< AV X jae ee 
(1r—X)?(1+ X) 1 Y Ν᾿ (1--Χ Y [1--Χ|5 79 


(ge Va (γι, « 
«ΑἹ Ga—ee  ὙπαΞεῖΡ 
Thus the contribution of Zp is | 
0(Y@S =a} —aar) ae (*3icataar) 


In these series there are at most four terms in which the denominator is less 
than unity, and the contribution of these terms is 


605}. θ) ora 


in virtue of the restrictions on 4. The contribution of the remaining terms 18. 


obviously O(1). Thus the total contribution of Ln is O (7). 
ΝΜ» 
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This completes the proof of the theorem. It is only necessary to add one 
word in justification of the assumption made provisionally in § 3, that the series 
Σοῦ, is uniformly convergent in a neighbourhood of any particular value of ὦ 
under consideration. The series has in fact been decomposed into a number of 
parts, all of which have been proved uniformly convergent by direct estimation - 
of their terms, except those which were summed in § 6. The uniform conver- 


gence of these last series is classical. 


COMMENTS 


The proof of the approximate functional equation of the theta-function given here is much 
simpler than the original proof given in 1914, 3. But it is not entirely self-contained, in that the 
functional equation for 6(x) is assumed. See the references to Mordell and to Wilton in the 


comments on 1914, 3. 


SOME PROBLEMS OF DIOPHANTINE APPROXIMATION = 
A SERIES OF COSECANTS. 


BY 
G, H. Harpy (Oxrorp), anv J. ΕἸ. Lirttewoop (CAMBRIDGE) 


[Read December 29, 1928.} 


1, We consider here some properties of the series 


1 1 
oe (8) 2 Tain ade’ > “Sinade * 


where θ is irrational. The analytical and arithmetical peculiarities of these 
series resemble those of the series 


Σ enon, S (nO—[nd]—2),* 


which have been discussed very thoroughly both by ourselves and by 
others.* The analysis connected with the series (1.]) is however in some 
ways particularly simple, and, although many writers, ourselves included, 
have considered similar series from time to time, there are some obvious 
questions concerning them which have remained unanswered. 


We do not aim primarily at generality. The case in which we shall be 
interested particularly is that in which 


—_ 1 1 — i | 
eens eee aa παϑλό +1), 


where a is an odd integer. It will however sometimes be obvious that our 
arguments apply to wider classes of irrationals. In particular a good mary 
of our results hold for the class Θ of irrationals whose continued fractions 
have bounded co-efficients. 


1 [2] is the integral part of z. 
* Especially Hecke, Ostrowski, and Bebnke. See the list of papers at the end. 


1930, 3 (with J. E. Littlewood) Bulletin of the Calcutta Mathematical 
Society, 20, 251-66. 237 
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We denote the general term of S by s,, and the sum of its first » terms 
by S,, and use a similar notation in Tand other letters. It is plain that 
there is no universal upper bound for S,, valid for all irrational 6 ; {|S,{ will 
be; for appropriate 6 and n, larger than any assigned function #(n). It 1s 
also plain that § cannot converge for any 8, since | sin nOr | <A/n? for any 
6 and an infinity of n. The first question which suggests itself is whether S, 
is bounded for any 6, and, if so, whether Κα is then summable by Cesaro’s or 


other means. Our first object is to answer this question by proving Theo- 
rem I below. 


Theorem I. There are quadratic 6 for which S has the following proper- | 
ties: 


(i) 8S oscillates finitely ; 
(ii) 85 isnot summable by any Cesdro mean ; 


(iii) Sis summable by Riesz’s logarithmic means of any positive 
order. | 


In particular all this is true when 
6= V(a* +1) 


where a is an odd integer, and the (Rieszian) sum of the series is then 
EY | ; 
το (+) 


The theorem shews that the behaviour of the series in these respectsis 
like that of 


1—14+0+4+1+4+0+0+40—1+0+... 
(where the ranks of the non-zero terms are 1, 2, 4, 8,...). The most difficult 
part of the proof is the proof of (i), which we defer to § 3. In § 2 we prove 
the rest of the theorem, taking (i) for granted where it is necessary. 
Proof of Theorem I, (ii) and (iii). 
2:1. Itis convenient to work in terms of the series. 


(2:11) (ΟΥΣ _(—1)" »(V) 3 .-")" 


n sin ηθπ sin πθπ 


2 Here and later A=A (6) denotes a positive number depending only on 9, whose pre- 
cise value is immaterial. 
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(which differ only trivially from αὶ and T, becoming 8 and T when 6 is 
replaced by θ-1). We shall also have to consider the series 


(2:12) (w) x31 


sin? nOx 


Lemma 1. If wand οἱ are positive, and 0=w/w' belongs to @, or again if 
6 ts algebraic, then 


(2:13) f(s) =f(e, = 5-.- (-9᾽ 


n* gin πθπ 


ts absolutely convergent when the real part o of s=a-+-it is sufficiently large; 
and 


(14) 0 70) +0 *-1F( 5,7) 


ere τω ΜΗ͂ΒΕ es (ι--- ad γ ὦ, ω), 


~ 1s) sin der 2 
where ¢, is the double zeta-function of Barnes.* 


For the proof, see Hardy and Littlewood, 8 (Lemma 8, p. 29), There we 
consider the algebraic case. If 6 belongs to Θ (when of course it is not 
generally algebraic) the result holds for ¢>1. See Hardy and Littlewood, 
4 (Lemma 3, p. 216). 


Suppose now in particular that 


1 1 1 


i a Eas = 2 4. |} — 
2a + 20+ 2a +4 eee uo +1) “ἢ 


(2°15) = 
where ais odd. We take 
ω = V/(a3 +1) ~a, ot = ν (a* +1) +4, 
Then f(s, 6)=f(s, 1/6) and 


“16 _ _(2r)°%,(1—s, fo+ 40, a, οἢ 
(2°16) A) = a7G) sin Jew cosh ((@—1) log w'} 


1 Barncs, 7. 
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The zeta-function is regular all over the plane, except for simple poles 


at s=0 and s=—l1, and vanishes when s=2, 4, 6,.............' Hence f(s) is 
meromorphic, with poles at s=0, s== —1, and 


s==1+(1+3) 


πὶ 
log w ᾿ 


where ὦ is an integer, positive or negative. If now we write 


1 


n*t) gin nn’ 


(2°17) g(s)=9(s, D=f(st+1, 04-1) =5 


we obtain 


Lemma 2. If @=/(a*+1), where a ts an odd integer, then g(s) is @ 
meromorphic function of 8, regular except for poles at s=—1, s=—2, and 


1 ΕΗ (21- 1)πὶ 
ὑπ Ὁ} ‘= log (Va? +1) =a) 


We may remark in passing that the main result of the lemma, that 
g(s) is meromorphic, holds for all quadratic 6. The proof is in principle the 
same as that which we have given in the special case, but it is naturally 
more elaborate and (except when, as here, all the partial quotients of the 
continued fraction for are even) it is necessary to treat the two functions 


(-y" os 1 


n* sin πθπ χ᾽ gin nOr 


= 


simultaneously.* 


22. The Rieszian mean of Su,, of logarithmic type and order k, is* 


(2°21) U*(w)=w-" Φ5 τὸ, (w—log n)* 
log RS 10 


1 See Barnes, pp. 338, 340. That the zeta-fanction which occurs here vanishes 
for s=2, 4,...... follows from the regularity of f(s) at those points, and may be verified 
directly from Barnes’ contour integral. 

* Compare Cooper's discussion of the fuaction 3 et Om ae (Cooper, 10). 

* Hardy and Riesz, 11, p. 21. 
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When k=0 and e” is an integer, U*(w) reduces to U,. If we suppose 
that, as here, the series g(s)=Su,n-* is absolutely convergent for o>0, we 
have ' 


c +400 
: . PO+k 8) ,ϑ 
(222) Ur(w)=tO+) [ EO) owed, 
C— 400 


The zeta-function in (2°16), and so g(s), is of finite order (in the sense of 
Lindeléf and Bohr)* in any strip o,¢0<g0,.° It follows that, if kisa 
sufficiently large integer, we may deform the path of integration into the 
line (-ὖ --ἴοο, —b+ioc), where 0<b<1, if we introduce the appropriate 
corrections for the residues. We thus obtain . 


—b +400 
(2:23) Uw) =O) ἼΩΝ e” "de + τ +5 (R*+SR,), 
—b —i00 


where R* is the residue of the integrand at the origin and R,; a typical resi- 
due at a pole (2518). 

The residue R* is the coefficient of s* in g(s) e**, which is a polynomial 
of degree k in w whose leading term is 


4 


τ 90): 
The series SR, is 
; -1-αὰἰ οὐ 
Ὧι) Ξἰ(1:..) ἐδ exp fry = ta, 


log w log w 


where G, is the residue of g(s). Since g(s) is of finite order, this series con- 
verges, absolutely, and uniformly in w, when k is sufficiently large, and is a 
periodic furction of w, with period 4 log w. Finally the integral in (2°23) is, 
for the same reason, the product of εὐ." by an absolutely and uniformly 
convergent integral. It follows that 


U* (w) =9(0) + O(w=*) + O(w-*) =9(0) + 0(1). 


so that U is summable, to sum g(0), by Riesz’s means of sufficiently high order. 
So far our argument demands no. unproved assumption. If we now assume the 


* Hardy and Riesz, 11, p. 50. 
* Hardy and Riesz, 11, p. 14. 
* Hardy and Littlewood, 3, p. 81. 
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truth of clause (i) of Theorem 1, it follows, by the ‘ convexity theorem’ for 
Rieszian means,’ that U is summable, to sum g(0), by means of any positive 
order. 

2-3. We have thus (subject to our provisional assumption) proved 
clause (iii) of the theorem. To prove clause (ii) we consider Riesz’s 
‘arithmetic ’ means, known to be equivalent to Cesaro’s.?. The arithmetic 
mean of U, of order k, is ὃ 


(2:31) U0 (w)=w-* S u,(w—n)*, 
nsw 


and * 


C +100 
k ’ 
(2-32) oon τα ιν 90) ast w' ds, 


C==400 


if w>0,c>0. The characteristic difference betwean this formula and (2:22) 
lies in the absence of the factor w-* on the righthand side. 


It is plain that we may transform (2:80) as we transformed (2:22). 
But there will be no factor τσ" multiplying the series which corresponds to 
the series (2:24) and which is, like that series, periodic in w. It will follow 


that Uw) oscillates finitely for sufficiently large k, when w——>oo, and 
this will prove (ii). 

It is important to observe that we have proved incidentally, and without 
assuming the truth of (i), that the arithmetic means (and therefore the 
Cesaro means) of sufficiently high order are bounded. As this observation 
plays an essential part in the proof of (i), we state it formally in a lemma. 


Lemma 8. The Cesaro means of U, of sufficiently high order, are bounded. 
Proof of Theorem I (i). 


3:1, We pass to the proof of (i), It now becomes necessary to take 
account of the properties of the continued fraction for 6. 


2 See Riesz, 15. Particular cases of the theorem had been proved before by ourselves 
and other writers. 

2 The only complete proof of the equivalence is that given (after Riesz) by Hobson, 
13, pp. 90-98. 

* Hardy and Riesz, 11, p. 23. 

* Hardy and Riesz, 11, p. 51. 
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Throughout what follows O and o refer to the limit process n——>oo or 
s—>oo ;) the constants implied by the O’s depend on θ (7.e. on a) only. 
Also A=A @) denotes generally a positive number depending only on 6, 
€={€(@) a number between 0 and 1 depending only on 6. 


We suppose that θ is defined by (2:15), and that 


are the convergents to 6. Thenp,=g,-,, and p, and q, are of opposite 
parity. We denote by 2a’ the complete quotient corresponding to the partial 
quotient 2a, so that 

2a’ =2a+0= V/(a?+1)+a, 


and write 
Y s41 = 209, +9,-- 
Then 
(3-11) Gs41<Aq,, J a+1 >(1+A)q,; Q's41>(1+A)ge41- 


It is familiar that 


(8.19) σ..,--Ὸ,--ἰΞ-2" ; θ--ο, ἘΞ 
: 4,4,..Ὰ Ged sr 


If v is an integer less than q,, we have ? 


(3-13) | νθ--ἰ | > | 9,-,0—p,-, | ==, 


for all integers ἡ, Also 
(8:14) cosec vor =O(v) 
for all vy, and 
(3-15) | | cosec νθπ | >Av 
fur an infinity of v (6.4. v=q,). 
3:2, We shall make repeated use of the following lemma, the form of 


which was suggested to us by Mr. E. C. Titchmarsh. 


? 8 i8 & positive integer; the complex 8 of §2 does not appear again. 
* Perron, 14, p. 52, 
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Lemma 4. Suppose that s>1, that v<q,4,, and that vis not a multiple 
of q,. Then there ts a positive ζ(θ) less than 1 such that | 


sin vOr 
sinvC ,7 


(3-21) 1-t< <i+¢ 


for allv for which ether v6 or vC, differs from an integer by less then 4. 
And for all v 


(3-22) cosec vOr=O( | cosec vC 7 | ). 


Write v=rq,+p, where r=[v/q,], so that O0<p<q, if r<2a and 
O<p<q.-, if r=2a ; and write 


v0, =, +f, ") νθε ξ', +f', 9 


where gu and ci are integers and | bi | and | f’ Ρ | do not exceed ἢ .| Then 


(—1) ὶ vty 


ee os 
Jn Ss =e ἐμ ᾿ GeV eer 


The lefthand side is er hypothes: numerically less than { and the last term 
on the righthand side is numérically less than 1/q,< }. It follows 
that é =e, and that 


, 4,.γ ] 
- < -ΞΞ CK 7 
EP Sn | Gs ,.1 (l+A)q. 


But | " | >1l/q,. Hence fy, and ὦ have the same sign and 
1—¢<f, EP <14+¢, 


a result plainly equivalent to (3°21). Asregards (3°22), this follows from 
(3:21) if either ip or Li is less than 3, and is trivial if neither is less than ἃ. 


: If, | may be 3, in which case there is ambiguity; we may agree then to take f ἡ 


positive, 
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4.--} 1 
Φ ‘Pevay 8 
8.8. Lemma 8. Σ mr ee Com =O(¢, ) 


When » varies from 1 to ¢,—1, σὰ assumes, each once, the values 


+A/q, (A=1, 2,...0000 ASH 72) 


the value ἐφ, occurring, if at all, with one sign only. Hence 


Σ cosec* vl ,r=0 {¢,? (l+s+5 +.) }=O0(q.°), 
which proves the lemma. 


ἫΝ -7»»ἉἩ -ρρ 
Lemma 6 ": W.(0)= 2 = O(n"). 


Since g,4,/q. is bounded, it is enough to prove this when n=q,. The 
term n=q, contributes O(g,*). The remainder, by Lemmas 4 and 5, con- 
tribute 

O(S cosec* vC,7)=O(q,*) 


8.4, Lemma 7. If p and q are coprime integers of opposite parity, and 


(8.41) B(p,q)= 3% (—1)” cosec τ, 
νξαεκι 
then 


grtant ] ] 


: 1 1 . 2 cn pe et Se, πὸ ς 
(3 42) 7 aes βῳ,η- ἢ ἘΞ 5 4ρᾳ («---1)" 


— GO 


. 1 ΒΕ ΘΕ 
4άρᾳ (.-1)" 9 


It is easily verified that the integrand is bounded for ὥξξὶ and e=—1. 
It follows from Cauchy’s Theorem that the value of the integral is 4: times 
the sum of the residues of the integrand at poles above the real axis. Calcu- 
lating these residues, we obtain (3°42). 


Lemma 8. If C,=p./q. 18 @ convergent to 0, then 


(3°43) B(q.)=B(p., 9.) =O(g.)- 


2 This lemma is not actually used, and we include it because it is interesting {n itself, 
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We denote the integral in (3°42) by J(p,q). Making some obvious 
elementary transformations we obtain | 


fo] 


eae 4 _1 | 1 
Hp, τὰ Ἐπ πα πὰ 


ο 


πετῶν | $4 


oe 
2.0) es 
~ 2 sinh wsinh dw pw* ] 


0 


soa ἰπατοα "πεῖρα - (1}] bee 


where φξξρίᾳ. The integral here is 


59 οο 
( 1 .- 1 ἄνα: ,.:} dw 
sinh w sinh dw dw? 2φ4ᾳ cosh*® w 


0 


1 ὦ" \dw_ (ὁ 1 1 
ἘΠ 1-- ἃὶἃἫ ---Ξ Seen ΣΡ eee ee = 
arr \ ( sinh*w/] w? \ ( sinh w sinh Ow 6w? ) eyo) 


when g— oo, p/q-—>9. It therefore follows from (3°42) that 
1 1 1 
8.44) ὁ Blp., 9.) —Blq,.9.)=0 (~) 
( do. Pes 4s) a Qs» Pe) ᾿ 


when s—oo. 
Now 


Bq.» p.)=B(2aq,-, +4) 9.-:)=Bq.-:; q.-,)=B(p,-,, Jena) 
and so, from (8°44), Ὁ 


B(ps g.)=O(1)+0 ( 


7: ) B(p 35 4.-") 
Jeri 


=0:1) +0 ( Ae )+0( ie ) ae 


on repeating the argument. Since q, increases more rapidly than a geo- 
metrical progression, this is O (q, ). 
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We may observe that the results of Lemmas 6 and 8 are in fact true 
for any θ of © and in particular any quadratic 6. Only slight changes are 
required in the proof of Lemma 6, or in that of Lemma 8 when all the partial 
quotients of θ are even. But in the general case the proof of Lemma 8 
‘becomes more complicated because (as in the extension of Lemma 2, referred 
to at the end of § 2:1) it is then necessary to consider simultaneously sums 
of two slightly different types. 


q. —1)" 
3:5. Lemma9. V,, (@)= S (Ξ} =0(,). 
The contribution of the term v=q, is Ο(φ,). If0<v<q,, we have 


εἰ μῥε ἐἷη 10,n=0( sin ἃ νπίθ--Ο,) | )=0 (: ), 


so that 


Vq,(0)—B(p.s, 9.) =0(g.) +0 {i τ τατον ἄν OT | 


sin*vC 7 


=0(9.)+0( = _—s =O(q.), 


by Lemmas 4and 5, The result now follows from Lemma 8. 


-- 


Lemma 10. Υ, (θ)-- --3)" =O(n). 


This is the principal lemma. It has been proved (Lemma 9) when 
n=q,. Ifq,<n<q.4,, we can write 


n=bq, +19 


where 1<bg2a and Ogn,<q; if b<2a, OSn,<q,-, if b=2a (and also | 


n,>Qif b=1). It is enough to prove 
(3°51) V. =O(q,.)+Vn,, 


since then, repeating the argument, we obtain 


Υ, =O0(7,)-+-O(g.-1) Ἔ «..ΞΞ0(4,}ΞΞΟ (5). 
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We write 


b—1 (r+1)q, ba,+n, b—] 
(8-52) Ve=S 5 + 5. =85V,,-+V, 
r=0 *1rq,+1 bg, +1 r=0 


say. We first consider V,,,. Wecan omit the term v=(r+ 1)q, with error 
O(q,) : in the remaining terms v=7rq,+p, where O<p<q,. Forsuchv we 
have 


sing —;—. cosec vOr, cosec vO | ) 


cosec νθπ —cosec v0 ,7=0 ( 
2q. ᾳ 4 ἜΣ 


Ξοί 1 cosec*vC ,m ) ; 
Te 
by Lemma 4. Hence 


(3-58) V,,,=0(q, το (Σ Ξ 1 tex ) 


Ge ᾿- ΒιηὅμΟ,π 


rq.tp.) τ (ὦ 


p= ΓΙ ΡΠ" πὰ. 


+(—1) 


by Lemmas 5 and 8. It follows from (3-52) and (3-53) that 
(3:54) Vi=O(g.)+V'n, 


In the last term on the right we have v=bq,-+, where O0<psn,, and 


v0=(bq, +2)0=bp, +uC, +0 (:; )=bp.+u8+0 ( 1 ) 
a qs 
sin Or—(—1)** sin pOr=O (ξ ) 
ὃ». _ 1 
cosec νθπ--(--1) cosec pOr=0 ( τ, | Cosec νθπ | | cosec μθπ| ) 
ὃ 


=O (: cosec® nC , 2 
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by Lemma 4. Hence 


ay 
(3-55) V', =0( 


n μ 
κυ) "δηλ gs {- 
qs = sin το; π 


μΞ1 Sin μθπ 
ΞξΟί(ᾳ,) ἘΝ,» 


by Lemma 5. From (3:54) and (3°55) we deduce (3:51) and so the lemma. 
8:06. Lemmaii. If some Cesairo mean of U is bounded, and 
U,+2u, +... nu, =O(n), 
then Ὁ, ts bounded. 


We write for convenience u,=0. Then 


U.= _U,+U,+... δ Δ ΝΥ “τ +2u,+...nu, , 
Ἐπ n+l n+1 


Hence the difference between the Cesaro means of U, of orders 0 and I, 
is bounded. If follows that the difference between the means of orders k 
and k+1 is bounded, and this proves the Lemma. 


3°7. We can now complete the proof of the theorem. By Lemma 8, the 
Cesiro means of U, of sufficiently high order, are bounded. By Lemma 10, 
the second hypothesis of Lemma 11 is satisfied. It follows from Lemma 11 
that U oscillates finitely. 


Further Results. 


41. We add a few remarks about the behaviour of our series for general 
quadratic @ or general 9 of class ©, without attempting to justify all that 
we say in detail. 


The arguments of §§ 3°2—3°5 are extensible, without new difficulties of 
principle, to any θ of @; the results 


(4°11) V.=O(n), W,=O(n*) 


of Lemmas 10 and 6 hold for all such 9, When the quotients of @ are all 
even, but little elaboration is needed; in the general case there is the 
complication alluded to in ὃ 8.4. The results (4°11) are obviously ‘ best 
possible’ for any 0. 
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The situation in regard to U is a little more complex. It is easy to prove 
that 


(412) U,=O(log n) 


for all @ of ©. For some 6, as we have seen, more is true (U, being 
bounded), but (4°12) is the most that is true even for all quadratic 6, For 
quadratic 0, in fact, there are only two possibilities, wz. U,=O(1) and 


(4°13) U,=A log n+ 0(1) (A+0). 
It is interesting to give an example of the second case. | 


Recurring to the analysis of 821, let 


ee 
Ba 420 +204+2b +. 


where απὸ. Then 


_ 1 _ 1 
ἀν ΤᾺ ὦ τ 2b4+60 °°" 


where 
= νί 2) {ν(αὉ.-1)-- V(ab)}, 9, = V ( .) { V(ab-+1)— V/(ab)}. 
If 
h(s) == —__(—)*" _ 


« > | 
η τι, gin ηθπ 


we obtain, by aualysis sithilar to that of §2, 
e+ 
Mes — On _ te {ω{- E81, 8). 


Γ (1-+s) cos ae yas )° 
τος - +48 1,6, ) }. 


The arithmetic mean of U of order k is given by (2°32), with h(s) in place 
of g(s). The difference is that there is now a double pole at the origin. 
Otherwise we may argue as in § 29, and we find that U™(w) is, for suffi- 

ciently large k,of the form 
A log w + O (1), 
whera | 
(b—a)r 


42 log {7 (ab-+1)— y— /(ab)} 
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It follows (substantially, as in the proof of Lemma 11) that U, itself is 
of the same form. If in particular a=2, b=1, we find 


—1 —_ aN een Se Ee 
τ ὦ 12 log (/3— νὼ) 


= } "" a log πη, 
< ν βίῃ ἐνπνθ. 12 log (νὃ-- ay (Ὁ) 


We add in conclusion that 


= 1 


τ | sin vOxr | 


r 1 

= l See es ἝἝ.»ϑ --Ξ 8 

O(n log n), 5. οἴ =O((log n)*) 

for all 6 of Θ, and that these results also are the best possible of their 
kind. ? 
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CORRECTIONS 
p. 254, footnote (2). Read: e”8rin-s, 
p. 258, line 4 from below. Read: Hence f,, and f/, have... 
COMMENTS 


As mentioned in the Introduction, it would be desirable to have a simpler and more 
direct proof of the results of this paper. 


NOTES ON THE THEORY OF SERIES (XXIV): 
A CURIOUS POWER-SERIES 


By G. H. HARDY anp J. E. LITTLEWOOD 
Received 13 November 1945 
1. This note originates from a question put to us by Mr W. R. Dean concerning series 


of the type 


(1-1) = 


ὅπ βίη On sin 207 ... sin ῃθπ᾽ 
where 6 is irrational*. Series of the type 


(1-2) 


an 
On Sin nO 
are familiar: it is well known, for example, that 
; 2 
sin nO 


(1-3) 


may have any radius of convergence from 0 to 1 inclusive, according to the arithmetic 
nature of 9. It is natural to ask how this radius is connected with that of 
ὟΝ 


1-4 er 7, PT 
(1-4) Σ sin θπ sin 2θπ... sin ΘΠ 


and, more generally, how those of (1-1) and (1-2) are connected. 

We show here that the radius of convergence of (1:1) is usually half that of (1-2). 
We prove this by two methods each of which has points of interest. The first, which is 
rather oddly indirect, depends on an algebraical identity, the second on arguments 
of a type more usual in the theory of Diophantine approximation. 

Actually we shall use not (1:3) but 

| an 
re) nsinnOn’ 
which has obviously the same radius of convergence. 


* See Proc. Cambridge Phil. Soc. 42 (1946), 24. The actual series encountered by Dean was 
cos θπ cos 207 ...cosnOm x" 
sin θπ sin 207...sin(n+1)O7n! 


1946, 1 (with J. E. Littlewood) Proceedings of the Cambridge Philo- 
sophical Society, 42, 85-90. 
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2. We begin by proving 

THEOREM 1. If the radius of convergence of (1:3) is p, where OSpS1, then that of 
(1-4) as 4p. 

icant ὦ |q| <1, and 


48 2 x 
2:2) F(xz,q) = 14+—+ πτ---πππτ-οτξ TT ee 

then 
(2.8) F(a, q) = ef (xs). 
In fact 
(24) flegd=S aa Se Sema Sy Y= S toe —, 

fi aie 4) n=1 1% m=1 m=1n=1 ἢ m=1 1—2xq”™ 
and so 
(2:5) ef, Φ = =7— 7 = σία, 4): 


(1. --αὐ (1—gx)(1—q'*x).. 
say. Also G(x, gx) = (1—2) G(x, q) and, if 
G(xv,q) = 1+¢,x+Cox*+4+..., 
then l+ce,qutcnq7a?+... = (1—a)(L+c,¢+c,2?+...). 
Equating coefficients, we find that c,(1—g") =c,_, and so G(x,q) = F(x,¢q)*. 
If (1-5) diverges for all x, then (1-4) plainly does the same. We may therefore suppose 
p> 0; and we shall show that (2-3) is then still true when |x| <p and 


4 -- 70 -Ξ e2nt8 
so that |q| = 1. 


ae _ yy (wonniaye 
e series f(%,%) = ἔπ ἘΣ πὶ = Wd ΣΟ 
has also radius ρ. If 4 = Cg) = ζοῦπῖθ (ρΞ ΕΞ 1) 
then | τὸ ΞΑ, 
]—q" 


where A is an absolute constant}. Since f(z, 40) is uniformly convergent for 
|x| <p—d<p, | 
it follows that f(x,q) is uniformly convergent for | z|<p—46,0<5¢<1; and that 
f(a,q) f(a, 9) 


when €->1, uniformly for | z|<p—6. Hence also 


F(x, 4) ΞΞΞ οἴάα,ῳ) .- ef, Io) 
with the same uniformity. 


* The identity (2-3) is naturally not a new one, though we cannot refer to a quite explicit state- 
ment of it. The expression of F(x,q) as an infinite product goes back to Euler (see for example 
Macmahon, Combinatory analysis, vol. 2, 2), and the transformation in (2-4) is one of a type familiar 
in the theory of elliptic functions. 


Pa etna: 8 4sin?n70 
~ (1— 6")? 4 4€" sin? n7’ 


which does not exceed 16 if "<4 or 2 if ζ5.3 2. Actually the best value of A is 2. 


f For 


= Creznni6 


Notes on the theory of serves 87 
It now follows from a familiar theorem of Weierstrass* that, if 
F(x,q) = 2C,(q) 2", ef αὐ = ΣΟ, (40) 2”, 
then C,,(q)>C,,(qq) when ζ- 1; so that 


Ο, (4) = lim C,(q) = ki : 


I 
"(1=9)-- (9) (=a) 0-8)" 
Thus the functions in (2.8) remain regular, and the identity valid, for |z|<p, when 
q is replaced by 49. In particular, the radius of convergence of F(z, 40) is at least p, 
and therefore that of (1-4) is at least 4p. 


3. We have still to prove that the radius of convergence of F(x, q)) does not exceed 
p. From this point on we drop the suffix in 40 and suppose that q = e?”", 

If F(x, q) has a radius o greater than p, and p<7 <a, then F(z, 4) is regular, and has 
at most a finite number of zeros, in.| x | <7; and hence 


k 
(3-1) ΠΟ, 4) = Σ Prlog (a— x) + 9(z), 

where | a, | <7, the p, are positive integers, and ¢(x) is regular for |x| <7. Ifa,, aq, ...,@, 
are the a, with smallest modulus, say τσ, and 


a=wem (lSlss, 0OSa,< 27, a,+a, 1 {Ξ 1), 


then f(x,q) = Σ p, log (we*! — x) + (x), 
i=] 


where ψ (4) is regular for | z|<w. It follows on equating coefficients that 
a" 5 0 δ 
-- on ental ΜΒ nr Σ 
Τ. σπ 4" 2 Pr (0”) 


where 0<d< 1, for n>1; and so that 


2 cue τ’ |’. P42Q+0(8 

i -------  -ἡΞ |᾿|--------  ΞΞ - n 

19) 4 sin? nO ΕΞ hae Oler): 
8 

where P=Dp?>0, Q= DY pp; cos n(a,— a). 
{Ξ| lel’ 


It is now easy to derive a contradiction. It is plain that (3-2) is impossible if w2 1, 
since then the right-hand side is bounded and the left is not. We may therefore suppose 
w <1. Summing (3-2) from ἢ = 1 to n = N, and observing that a,+,, we obtain 


5" _ _ 4PN+0 
059) ὃν τ 2) sin? nn bea 
Hence, first, ΠΝ = 4P+0(1)<A, 


say, for alln. Secondly, since θ is irrational, the numbers nO, taken mod 1, are uniformly 


* See for example Harkness and Morley, Introduction to the theory of analytic functions, 134-6. 
The theorem is stated there in the form in which the coefficients depend on an integral parameter 
m which tends to infinity (‘Weierstrass’s double series theorem’). 

Alternatively, we may appeal to the representation of C,,(q) as an integral by means of Cauchy's 
theorem. 
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distributed in (0,1)*. Hence, if N is large, and ἡ independent of n, the number of ἢ 
in (1, V) for which sin? n@7 « ἡ is less than NC(7), where €(7) > 0 with 7. Thus 


SANG) Σ SHINee “.--. 
Ν ‘ n=1 ἢ ᾿ 7 (1 -- σ)η᾿ 


lim N-18y< H¢(y) <e 


Ν- ὦ 
for small η, in contradiction to (3-3). 
It follows that the radius of convergence of F(x, 4) does not exceed p, and this com- 
pletes the proof of Theorem 1. It will be observed that this is a theorem about all 
irrational 0, whereas those in what follows are theorems about almost allt. 


4. The radius of (1:3) is 1 for almost all @, in fact whenever 


1 
4-] θ -- 
ou MTT ea 
?,/9, is the rth convergent to 6, and 
(4-2) : p41 = Ofer) 


for every positive e, a condition satisfied by all but very abnormal @. It. follows that 
the radius of convergence of (1-4) is 4 for all such 6, so that 


lim ¥| cosec 76 cosec 276 ... cosec n76 | = 2, 


(4-3) lim — > log | cosec m7 | = log 2, 


n—>oNm=1 
for all such 0. 
On the other hand it is easy to show that 


n 
(4:4) lim εἰ > log | cosec m7 | = log 2 


no hM@m=1 
for all irrational 6. For, if we define a function f(x), with period 1, as log cosec 7x in 
(δ, 1 -- δ) and 0 in the rest of (0,1), then f,(x) is Riemann integrable, and thereforet 


n 1 -ὃ 
lim > ζΟηθ) -| f;(x) dx =| log cosec 7x da. 
m=1 0 


1 
nm —> 00 6 


n ] nr 
Hence lim~ > log | cosee m7O | 2 lim— > f;(mé) 
——-hm=1 Nm=1 


1-8 1 
= { log cosec 7adx > { log cosec mada —e€ = log 2—e, 
ὃ 0 


for any € and a corresponding δ. 
Combining our results, we obtain 


THEOREM 2. If 0 satisfies (4-2), then 


(4:5) lim εἶ > log | cosec m4 | = log 2; 
1 


n>0o m= 


and this 18 true for almost all 0. 


* By a well-known theorem of Bohl, Sierpinski and Weyl: see Weyl, Math. Annalen, 77 (1916), 
313-52 (314), or Hardy and Wright, Introduction to the theory of numbers, 378-81. 

{ Except Theorem 5, which refers to a special class of 0. 

1 By another theorem of Wey], substantially equivalent to the theorem of uniform distribution 
already quoted. 
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It is also plain that, when (4:5) is true, the result of Theorem 1 may be extended to 
the more general series (1-1) and (1-2). 


THEOREM 3. The radius of convergence of (1-1) is half that of (1-2) for almost all 0. 


§. It is natural to ask for a more direct proof of Theorem 2, and for more general 
results of the type 


n 1 
(51) lim τ Σ flmd) =| γι), 
πο b@m=1 0΄ 
where f(z) is a function with infinities at x = 0 and x = 1. We suppose throughout 
what follows that f(z) has period 1, so that 


f(m@) = f(m9), 
where 7 is the difference of x from the nearest integer, that it is Riemann integrable in 
(5, 1 -- δὴ) for every positive 6, and that it increases steadily to infinity when x->0 and 
2->1. We prove 


THEOREM 4. I ἢ 
1 1 I 
: 4" oe 
(5:2) [fe (log 71 log ἐπεὶ ἄχ «οὐ 
then (4:1) 18 true for almost all θ. 


THEOREM 5. If the partial quotients a, of 0 are bounded, then (5-1) is true whenever 
the integral on the right 1s finite. 


We might replace the logarithmic factor in (5-2) by 


We)*(i=a) 


where γ᾽ is any positive increasing function for which 


Ὁ du 
one 
We use two lemmas, in which N >0, h2=2, and the results are asserted for almost 
all 0, viz. 
(a) the number of n for which 
NsnsN+h, | nd | <h-, 
is O(log? h), uniformly in N;_ | 
(ὁ) the number of m for which 
l<mn, | 20 | <h-, 
ws O(n log? h/h). 
It is plain that (δ) is a corollary of (a). To prove (a) we observe that, if it is false, there 
are, for large h, numbers n, and n, such that 


h -Ἔ ] 
Nsn<n,SN+h, p= ἐπ τ." LO = 0(;): 


7 j 
i 2h > 2 sii a 
But then h>plog?h=plog? nu, μθ οἱ, log? -) ᾿ 
and yu is large with h, since μθ = O(h-1) is smalJl. It is well known that this is false for 
almost all 0*. | 
* See for example, Hardy and Wright, 168. 
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If now f,(z) is periodic, is f(z) in (δ, 1 — δ), and is 0 in the rest of (0,1), then 


1.» n n 
(58 8 =- f(b) = eli saan —falmB)} = S, + Sy 
where ΘῈΣ {0 - -Σ ΟΣ μθ).-- ΣΤΥ, 
[210] «ὃ Τὺ k=0 9-k-18<|mb|<2-*8 70 k=0 


say. When δ᾽ is small, f(m@) is positive throughout 8,. 
The number of m in 7, is, by (δ), 
e log? (2/6) log? (2*+1/6) 
θ᾽) τ 7 ee ee a [᾿ 
and one or other of 
f(mO)sf(2-*8), f(m0) 5 (1 -- 2: 8), 
is true for each such m, according to the ig of m@. Hence 


ὃ ΡΝ +1 ὃ ΟῚ ὃ 
ΒΞΗΪΣ ze 10 g° ὃ “5 sen) + > 2 geri log? ὃ τ - 


<H ([ fe log? ede fle log? 


l 
zat) 


for an appropriate H depending only on @. Thus 


for ὃ Ξ δι(6) and sufficiently large n. 
On the other hand 1 1-8 
S| fle)de = [Κα 
0 ὃ 


when 7 ->00, so that 
1 
(5:5) sf fle) dex <€ 
0 : | 
for ὃ Ξ δι (ε) and sufficiently large ; and it follows from (5-3)—(5-5) that 
1 
| S- { f(a) da 
0 


< 2e€ 


for sufficiently large n. 
This proves Theorem 4. The proof of Theorem 5 is similar but simpler, since we can 
omit the logarithmic factors throughout the argument. 


6. We end with a remark about the actual series encountered by Dean. The effect 
of the factor (n!)-! is naturally to make p = oo for almost all θ (though it may still be 
0 for sufficiently eccentric 6). If we omit this factor and consider 


(6-1) 5 cos O7 cos 207 ... cos nO a 
| sin Om sin 207 ...sin(n+1)07° ’ 


then the odd factor in the denominator does not affect the results. The effect of the 


cosines is to replace flog | cosec mz | dx by flog | cot7x|dx, log2 by 0, and 3 by 1, so 
that (6-1) will have the same radius of convergence as (1°3). 


TRINITY COLLEGE 
CAMBRIDGE 


CORRECTION 
p. 89. In the statement of Theorem 4, for (4.1) read (5.1). 


COMMENTS 


It is surprising that the problem raised should admit of such a simple answer. Apart from 
that, the main interest of the paper lies in the variety of types of reasoning that are shown to 
be relevant. 

Theorem 4 is perhaps deserving of separate statement, being a useful supplement to a classical 
result. If f(z) is periodic with period 1, and is bounded and Riemann integrable in (0, 1), it is 
well known that 


n 1 
tim + ¥ fom) = [ fle) de 
-» 00 m=1 0 


for any irrational 8. Now suppose f is no longer bounded but increases steadily to οὐ as x > 0 
from the right or from the left. Then the result still holds for almost all θ provided that 


[reipl2) v6) 


is finite, where ψῴι) is any positive increasing function for which 


ἢ du 
wap) 


converges. 
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(a) Combinatory Analysis and Sums of Squares 


INTRODUCTION TO PAPERS ON COMBINATORY 
ANALYSIS AND SUMS OF SQUARES 


It is no accident that of all Hardy’s papers on additive number theory, those on 
modular forms come first in chronological order. The general idea is to determine 
(either exactly or approximately) an arithmetical function r(n) by means of the 


formula 1 
r(n) = — Ϊ f(x)a-"—1 da, 
271 | 


where the ‘generating function’ 


fia) = Σ r(n)er 


n=0 
is regular in the interior of the unit circle and the integral is taken along a circle 
ljz4J=r<l. 

The most interesting case arises when the unit circle is the natural boundary of 
the function f(x). In many important cases the function [(6777) is a modular form in 
τ in the upper half-plane, so that the behaviour of f(e7’7) as 7 approaches a rational 
number h/k is easily determined from the behaviour of f(e””) as τ approaches 0. 

The first example of this type which Hardy dealt with, in collaboration with 
S. Ramanujan, was the partition function p,, the number of partitions of n into 
positive integers without respect to the order of the terms, but with repetitions 
allowed.* The generating function in this case is 


ΤΙ ((--απ)τῦ = 14+ 2 pre, 
m=1 n=1 
which is closely related to the well-known modular ‘discriminant’ 
A(z) — οπίτ ΤΙ (1 ---οτίπιτ)ϑά, 
m=1 


In their first paper on the subject (1917, 4) Hardy and Ramanujan had already 


obtained the result log p,, ~ 7(2n/3)t. 


Their method consisted of the application of a Tauberian theorem to f(x) near x = 1 
only. Though the method can and did lead to fairly general theorems, it could not 
produce results as deep as those found in their later work. 

In the paper (1918, 5), for which the papers (1916, 10) and (1917, 1) are preliminary 
announcements,}+ Hardy and Ramanujan obtained a rapidly convergent asymptotic 
formula giving p, with an error term O(n-*). Twenty years later H. Rademacher 
(Proc. London Math. Soc. (2), 43 (1937), 241-54), by a slight but far-reaching modi- 
fication of the proof, replaced the asymptotic expansion by a convergent series for p,,. 

* J. V. Uspensky also investigated the asymptotic behaviour of py by means of the contour integral ; 
see Bull. de l’ Acad. des Sciences de Russie, (6) 14 (1920), 199-218. 


+ An abstract of the paper itself was published in Proc. London Math. Soe. (2), 16 (1917), xxii. 
¢ There was also an announcement in Proc. London Math. Soc. (2), 17 (1918) xxii-xxiv. 
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The next paper (1918, 2) deals with functions (4) based on modular functions which 
have poles, but no essential singularities, in the upper half-plane. 

The paper (1920, 10) deals with the number 7,(n) of representations of n as a sum 
of s squares. [(1918, 10) is a preliminary announcement.{] The relevant function is 
6(r) oe Σ evinir 
n= — οὐ 

which satisfies the functional equation 


(5) ac) Ξ 6{--:}. 


Hardy and Littlewood had already studied the asymptotic behaviour of 6@(7), 
particularly in (1914, 3). 

By the use of the formula es 
θ(τ) = Py r(n)er™n* 


and Cauchy’s ee formula, Hardy obtained an exact expression for r,(n) if 
5 « 8 < 8 and an asymptotic expression if s > 9. Hardy was, of course, aware of 
the fact that his results for 5 < s < 8 were not new, though he stresses quite rightly 
that his method deals simultaneously with even and odd values of s and presents 
a unified approach to the problem for all values of s, though the classical cases s = 4 
and especially s = 3 present some special difficulties. On the case s = 3, see T. Ester- 
mann, Proc. London Math. Soc. (3), 9 (1959), 575-94. 

The whole matter was put into a more general context by C. L. Siegel [Annals of 
Math. (2) 36 (1935), 527-606]. He proved not only that Hardy’s formula holds, 
mutatis mutandis, asymptotically for the representation of a number by any definite 
quadratic form with rational integral coefficients, but that it holds exactly if a system 
of forms is considered, which has one representative from each class in a fixed genus. 
As the number of classes of positive definite quadratic forms of discriminant 1 is one 
if and only if s < 8, it is now apparent why Hardy’s formula holds exactly for s < 8 
only. | : H. H. 


NOTE 


The four papers [1917, 1; 1917, 4; 1918, 2; 1918, 5] written in collaboration with Ramanujan 
are reprinted from Collected Papers of S. Ramanujan (Cambridge, 1927). 

The reader is referred to Hardy’s own comments given there, and to Chapters 3, 8, 9 of his 
Ramanujan (Cambridge, 1940). 


ASYMPTOTIC FORMULAE IN COMBINATORY 
ANALYSIS. 


By 


G. H. HARDY. 
Trinity College, Cambridge (England). 


1, The researches of which I propose to give a summary 
here are the joint work of the distinguished Indian mathemat- 
ician, Mr. S. Ramanugan, and myself. They are the result of 
an attempt to apply to the principal problems of the theory 
of partitions the methods, depending upon the theory of ana- 
lytic functions, which have proved so fruitful in the theory of 
the distribution of primes and allied branches of the analytic 
theory of numbers. 

The most interesting functions of the theory of partitions 
appear as the coefficients in the power-series which represent 
certain elliptic modular functions. Thus p(n), the number of 
unrestricted partitions of », is the coefficient of x” in the ex- 
pansion of the function 


1 


Ma) =1+ Been = Gace 


If we write 


*= q —_— erate 


where the imaginary part of τ is positive, we see that f(x) is 


1916, 10 Quatriéme Congrés des Mathématiciens Scandinaves, Stock- 
holm, 1916, 45—53. 
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substantially the reciprocal of the modular function called by 
TaNnNnERY and Motk hA(r); that in fact 


h(t) os gq, = ὯΙ ( =") Ἐπ at 


The theory of partitions has, from the time of EULER on- 
wards, been developed from an almost exclusively algebraical 
point of view. It consists of an assemblage of formal identi- 
ties — many of them, it need hardly be said, of an exceedingly 
ingenious and beautiful character. Of asymptotic formulae, one 
may fairly say, there are none. So true is this, in fact, that 
we have been unable to discover in the literature of the sub- 
ject any allusion whatever to the question of the order of 
magnitude of p(n). 


2. The function p(n) may of course be expressed in the 
form of an integral 


(1) p(n) = a7; | Send 


by means of Caucuy’s Theorem, the path of integration en- 
closing the origin and lying entirely inside the unit circle. The 
idea which dominates this paper is that of obtaining asymp- 
totic formulae for p(n) by a detailed study of the integral (1). 
This idea is an extremely obvious one: it is the idea which 
has dominated nine-tenths of modern research in the analytic 
theory of numbers; and it may seem very strange that it should 
never have been applied to this particular problem before. Of 
this there are no doubt two explanations. The first is that 
the theory of partitions has received its most important deve- 
lopments, since its foundation by Ever, at the hands of a 
series of mathematicians whose interests have Jain primarily in 
algebra. The second and more fundamental reason is to be 
found in the extreme complexity of the behaviour of the gen- 
erating function /(x) near a point of the unit circle. 

It is instructive to contrast this problem with the cor- 
responding problems which arise for the arithmetical functions 
πίη), ϑ(η), W(n), we(n), d(n), ... which have their genesis in 
Rremann’s Zeta-function and the functions allied to it. In 
the latter problems we are dealing with functions defined by 
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DIRICHLET’s series. The study of such functions presents dif- 
ficulties far more fundamental than any which confront us in 
the theory of the modular functions. These difficulties, how- 
ever, relate to the distribution of the zeros of the functions 
and their general behaviour at infinity: no difficulties whatever 
are occasioned by the crude singularities of the functions in 
the finite part of the plane. The single finite singularity of 
C(s), for example, the pole at s=—1, is a singularity of the 
simplest possible character. It is this pole which gives rise to 
the dominant terms in the asymptotic formulae for the arith- 
metical functions associated with ¢(s). To prove such a for- 
mula rigorously is often exceedingly difficult; to determine 
precisely the order of the error which it involves is in many 
cases a problem which still defies the utmost resources of ana- 
lysis. But to write down the dominant terms involves, as a 
rule, no difficulty more formidable than that of deforming a 
path of integration over a pole of the subject of integration 
and calculating the corresponding residue. 

In the theory of partitions, on the other hand, we are 
dealing with functions which do not exist at all outside the 
unit circle. Every point of the circle is an essential singularity 
of the function, and no part of the contour of integration can 
be deformed in such a manner as to make its contribution 
obviously negligible. Every element of the contour requires 
special study; and there is no obvious method of writing down 
a ’dominant term’. 

The difficulties of the problem appear then, at first sight, 
to be very serious. We possess, however, in the formulae of 
the theory of the linear transformation of the elliptic functions, 
an extremely powerful analytical weapon by means of which 
we can study the behaviour of f(x) near any assigned point 
of the unit circle. It is to an appropriate use of these for- 
mulae that the accuracy of our final results, an accuracy which 
will, we think, be found to be quite startling, is due. 


3. It is very important, in dealing with such a problem 
as this, to distinguish clearly the various stages to which we 
can progress by arguments of a progressively ’deeper’ and less 


' See G. H. Harpy and J. E. Lirritewoop, 'Some problems of Dio- 
phantine approximation (II: The trigonometrical series associated with the 
elliptic Theta-functions)’, Acta Mathematica, vol. 37, 1914, pp. 193—238, for 
applications of the formulae to different but not unrelated problema. 
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elementary character. The earlier results are naturally (so far 
as the particular problem is concerned) superseded by the later. 
But the more elementary methods are likely to be applicable 
to other problems in which the more subtle analysis is im- 
practicable. | 

We have attacked this particular problem by a consider- 
able number of different methods, and cannot profess to have 
reached any very precise conclusions as to the possibilities of 
each. A detailed comparison of the results to which they lead 
would moreover expand this summary to a quite unreasonable 
length. I shall therefore content myself with referring to 
a brief note entitled "Une formule asymptotique pour le nombre 
des partitions de n’, which appeared in the Comptes Rendus of 
2 Jan. 1917, and to a full account of our researches which is 
to appear in the Proceedings of the London Mathematical Society ;' 
and pass on at once to an account of the more powerful me- 
thods which give the best results in this particular problem. 


4. In order to obtain a good approximation to p(n), we 
begin by constructing an auxiliary function F(z) which is 
regular at all points of the unit circle except x= 1 and has 
there a singularity of a type as near as possible to that of 
f(x). We may then hope to obtain a fairly close approxima- 
tion by applying Caucuy’s Theorem to /(x)— F(z) instead of 
to F(z). For, although every point of the circle is a singular 
point of f(x), the point z=—1 is, to put it roughly, much the 
heaviest singularity. It follows from the formulae of the trans- 
formation-theory that f(z) satisfies the equation 


(2) fz) = FV log 5 αν! τ΄ i). 


where 


so that, when x—1 by real values, {(x) tends to infinity like 
an exponential | 


72 
exp |—_—— ! . 
f [ -- al 
* Since this was written, the memoir here referred to has been published. 
See Proc. London Math. Soc., ser. 2, vol. 17, 1918, pp. 75—115. 
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2utp 
On the other hand it may be shown that, when z—re?@ , 


p and gq being co-prime integers, and r—1, {(z) tends to in- 
finity like an exponential 


ie eral | 


and if χα τε γοδθπὶ where @ is irrational, f(x) can become infinite 
at most like an exponential of the type 


ΠῚ 


.δ. The function required is 


l< See 
Pla) = yg Lwin) ; 


where “a 
d (cos An— 1 
vin) = 5 | An ). 


7 2 = Vn—t 
Ors gr n= VY n—9y 


This function may be transformed into an integral by means 
of a general formula given by LINDELOF; and it is then easy 
to prove that the ’principal branch’ of F(z) is regular all over 
the plane except at x=1; and that 


F(x)— Χ (4), 
where 


χὰ 8 
(8) χε". γ log —Jexp(—™ γ-: 
γ 25: (; log = | 


is regular for x=1. If we compare (2) and (3), and observe 
that f(z’) tends to unity with extreme rapidity when x tends 
to 1 along any regular path which does not touch the circle 
of convergence, we can see at once the very close similarity 
between the behaviour of /(z) and F(z) inside the unit circle 
and in the neighbourhood of 2 -Ξ]. 
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Applying Caucuy’s Theorem to f(x)— F(x), we obtain 


Ι d (61 Ξ 
(4) p(n) => (S| + 0(e2¥*), 


where D is any number greater than 


6. The error term in (4) is of an exponential type, and 
may be expected ultimately to increase with very great rapidity. 
It was therefore with considerable surprise that we found what 
exceedingly good results the formula gives for fairly large values 
of n. For n=6l, 62, 63 it gives 1121538 .972, 1300121 .359, 
1505535 .606, while the correet values are 1121505, 1300156, 
1505499. The errors 33.972, — 34.641, 36.606 are relatively 
very small, and alternate in sign. 

The next step is naturally to direct our attention to the 
singular point of f(z) next in importance after that at z=1, 
viz. that at r——1; and to subtract from f(z) a second 
auxiliary function, related to this point as F(z) is toz=1. 
No new difficulty of principle is involved, and we find that 


Ι ἃ je’ (--ἰ) ἃ [ε 5’ - 
(5) p(n) = 7 | ote ae ale i, =) + 0 (PY), 


where D is now any number greater than 50. It now be- 


comes obvious why our earlier approximation gave errors alter- 
nately of excess and of defect. 
It is obvious that this process may be repeated indefinitely. 


The singularities next in importance are those at 2=e3"* and 


es. the next those at x=7 and x=—i; and so on. The 
next two terms in the approximate formula are found to be 


eV Ὁ νοὶ [ξ»π--ἰ Fe εἰ 6’: 
ὃ 8 ΤΠ 87 ral ria | 


and 


δ] 


a V2 cos (5-1 — = ze) δ aii B 
2 8 Jjdn\ dn 


As we proceed further, the complexity of the calculations in- 


creases. The auxiliary function associated with the point 


Ὡρπὶ 
x=e 4 involves a certain 24q-th root of unity, connected 
with the linear transformation which must be used in order 
to elucidate the behaviour of /(z) near the point; and the 
explicit expression of this root in terms of p and gq, though 
known, is somewhat complex. But it is plain that, by taking 
a sufficient number of terms, we can find a formula in which 


the error is 
Cin 
Ae » Ἰ. 


where »ν is a fixed, but arbitrarily large, integer. 


7. A final question remains. We have still the recourse 
of making ν a function of n, that is to say of making the 
number of terms in our approximate formula itself a function 
of n. In this way we may reasonably hope, at any rate, to 
find a formula in which the error is of order less than that of 
any exponential of the type e*"; of the order of a power of n, 
for example, or even bounded. 

When, however, we proceeded to test this hypothesis by 
means of numerical data most kindly provided for us by Major 
P. A. Macmanon, we found a correspondence between the real 
and the approximate values of such astonishing accuracy as 
to lead us to hope for even more. Taking ἢ = 100, we found 
that the first six terms of our formula gave 


190568944 . 783 
+ 348.872 
— 2.598 
ἘΞ .685 
+ 318 
—  .064 


190569291 . 996, 


while 
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52 
p(100) = 190569292; 


so that the error after six terms is only .004. We then pro- 
ceeded to calculate »(200), and found 


8, 972, 998, 993, 185. 896 
+ 36, 282.978 

— 87.555 

+ 6.147 

+ 1.424 

+ 0.071 

0.000! 

+ 0.043 

3, 972, 999, 029, 388. 004; 


and Major MacmanHon’s subsequent calculations showed that 
(200) is in fact 


3, 972, 999, 029, 388. 


These results suggest very forcibly that it is possible to 
obtain a formula for p(n) which not only exhibits its order of 
magnitude and structure but may be used to calculate its exact 
value for any value of n. That this in fact is so is shown by 
the following theorem. 


Theorem. Suppose that 


ρα 
Ῥείη) τ 9nVQ¢d An 


= a Y ES 
c=nV?, An = ἢ 


for all positive integral values of φ; that p is a positive integer 
less than and prime to q; that wp, 18 a 24q-th root of unity, 
defined when p ts odd by the formula 


where 


1 This term vanishes identically. 


53 
-- ] 1 ] , : 
Op,q = - exp(— [τ -ρᾳ---Ὁ) επ{0--} (2p—p'+p*p)) ri), 
and when q is odd by the formula 


p,q = [Ξ-ῷ exp (— [1(4-- 2 3 (—3) (2p—p' + p*p) τὴ , 


where (F is the symbol of LEGENDRE and JacoBl, and p' 1s any 


positive integer such that 1+ pp! is divisible by q; that 


_2npat 
Aq(n) = Nope? 
(p) 


and that a ts any positive constant and ν the integral part of 


aVn. 
Then 


p(n) = Σ Ag, τορι ἢ; 
1 


so that p(n) is, for all sufficiently large values of n, the integer 
nearest to 


D Aga: 
1 


The proof of this theorem is naturally intricate, but it in- 
volves no fundamental idea beyond those which I have ex- 
plained. 
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UNE FORMULE ASYMPTOTIQUE POUR LE NOMBRE 
DES PARTITIONS DE ἢ 


(Comptes Rendus, 2 Jan. 1917) 


1. Les divers problémes de la théorie de la partition des nombres ont été 
étudiés surtout par les mathématiciens anglais, Cayley, Sylvester et Mac- 
mahont, qui les ont abordés d’un point de vue purement algébrique. Ces 
auteurs n’y ont fait aucune application des méthodes de la théorie des 
fonctions, de sorte qu’on ne trouve pas, dans la théorie en question, de 
formules asymptotiques, telles qu’on en rencontre, par exemple, dans la 
théorie des nombres premiers. I] nous semble donc que les résultats que 
nous allons faire connattre peuvent présenter quelque nouveauté. 


2. Nous nous sommes occupés surtout de la fonction p(n), nombre des 

partitions den. Ona 
1 as , 
ΟΞ Ξ τὴ» eis: 

Nous avons pensé d’abord & faire usage de quelque théoréme de caractére 
Taubérien: on désigne ainsi les théoremes réciproques du théoréme classique 
d’Abel et de ses généralisations. A cette catégorie appartient l’énoncé 
suivant: 


Soit g (x) = Sanx” une série de puissances ἃ coefficients PositiFs, telle quon 
art 


A 
log g (a) ~ Ty 
quand x tend vers un par des valeurs positives. Alors on a 


log Sn = log (dy + αν ++» $An)~2V(An), 
quand n tend vers Vinfinrj. 


+ Voir le grand traité Combinatory Analysis de M. P. A. Macmahon (Cambridge, 
1915-16). 

1 Nous avons donné des généralisations étendues de ce théoreme dans un memoire 
qui doit paraitre dans un autre recueil. 


1917, 1 (with S. Ramanujan) Comptes Rendus, 164, 35-38. 


240° Une Formule Asymptotique 
En posant g (“) =(1—«) f(x), on a 
π᾿ 
Α ΞΞ 6 5 


et nous en tirons 
Dn) me hoe Boca nmetocsten (1) 


ou. ε tend vers zéro avec 1/n. 


3. Pour pousser l’approximation plus loin, il faut recourir au théoréme 
de Cauchy. Des formules 


P (n) -- τὶ Σ ? 


(fournie par la théorie de la transformation linéaire des fonctions elliptiques), 
nous avons tiré, en premier lieu, la formule vraiment asymptotique 


p(n)~ P(n)= 


x ae Ne, aeseneettesesaoee (3) 
Ona 
p(10)=42, p(20)=627, p(50)=204226, p(80)=15796 476; 
P (10)=48, P(20)=692, P(50)=217 590, . (80) 16 606 781. 
Les valeurs correspondantes de P(n): p(n) sont 
1145; 1104: 1065; 1-051: 


la valeur approximative est toujours en exces. 


4. Mais nous avons abouti plus tard a des résultats beaucoup plus satis- 
faisants. Nous considérons la fonction 


F(a)=— 53 4 jee [τ !!  - so) 


aw /2 1 dn V(n — ot) a: ee. wishdaer ἐν (4) 


En faisant usage des formules sommatoires que démontre M. E. Lindelof 
dans son beau livre Le calcul des résidus, on trouve aisément que F'(z) (on 


parle, il va sans dire, de la branche principale) a pour seul point singulier 
le point «=1, et que la fonction 


Faw (oe!) ουρκβιο - ἢ 


est réguliére pour e=1, On est conduit naturellement ἃ appliquer le 
théoréme de Cauchy ἃ la fonction f (x) — F(z), et l’on trouve 


1 α οτν ἰξ (τ -- φῳ}} 
Pn) τε 55 Aa Gee To Ee ΠΝ (5) 
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ot & désigne un nombre quelconque supérieur ἃ πίνθ. L’approximation, pour 
des valeurs assez grandes de n, est tres bonne: on trouve, en effet, 


p(6l1)=1121505, p(62)=13800156, p(63)=1505 499; 
Q(61)=1121539, @Q(62)=1300121, Q(63)=1505 536. 


La valeur approximative est, pour les valeurs suffisamment grandes de ἢ, 
alternativement en exces et en défaut. | 


5. On peut pousser ces calculs beaucoup plus loin. On forme des fonc- 
tions, analogues ἃ F'(«), qui présentent, pour les valeurs 


grt 


er : 
ξπὶ - gn . . 
θ » 6 » % πὶ @ yy wees 


φΞ -- 1, 
des singularités d’un type trés analogue ἃ celles que présente f(z). On 
soustrait alors de f(z) une somme d’un nombre fini convenable de ces fonc- 
tions. On trouve ainsi, par exemple, | 

Ld etNt5(™— ἰὴ (1) ἃ cbt NTE (nD -) 
PIM ποτα dn γιατ ἡ ἃπ dn να - gy) 

| V3 Qn πὰ αἱ οἰτν ϊίι- φ})}} 

ἐν tad @ ae ee τς 


ot & désigne un nombre quelconque plus grand que 47¥/3. 


+ 


+ O(N), a, (6) 


ASYMPTOTIC FORMULA FOR THE DISTRIBUTION 
OF INTEGERS OF VARIOUS TYPES* 


(Proceedings of the London Mathematical Society, 2, χντ, 1917, 112—132) 


1. Statement of the problem. 
11. We denote by g a number of the form 


(1:11) 26: 3% 5%... %, 
where 2, 3, 5, ..., p are primes and 
(1-111) ας > ας ας. DAp5 


and by Q(a) the number of such numbers which do not exceed #: and our 
problem is that of determining the order of Q(z). We prove that 


15 -- i 2π log Φ 
(112) Q(e)=exp| +005 / (ok) |, 
that is to say that to every positive e corresponds an x, = 2, (e), such that 
(1121) , 


2 -«),/ Hie τὴ <log Qa) < (75 +) υ (ες 3) 


for >a. The function Q(z) is thus of higher order than any power of log a, 
but of lower order than any power of a. 


The interest of the problem is threefold. In the first place the result 
itself, and the method by which it is obtained, are curious and interesting in 
themselves. Secondly, the method of proof is one which, as we shew at the 
end of the paper, may be applied to a whole class of problems in the analytic 
theory of numbers: it enables us, for example, to find asymptotic formule 
for the number of partitions of n into positive integers, or into different 
positive integers, or into primes. Finally, the class of numbers q includes as 
a sub-class the “highly composite” numbers recently studied by Mr Ramanujan 
in an elaborate memoir in these Proceedingst. The problem of determining, 
with any precision, the number H (x) of highly composite numbers not 
exceeding a appears to be one of extreme difficulty. Mr Ramanujan has 
proved, by elementary methods, that the order of H (4) is at any rate greater 


* This paper was originally communicated under the title ““A problem in the Analytic 


Theory of Numbers.” 
+ Ramanujan, “ Highly Composite Numbers,” Proc. London Math. Soc., Ser. 2, Vol. x1v 


1915, pp. 347—409, 


1917, 4 (with S. Ramanujan) Proceedings of the London Mathe- 
matical Society, (2) 16, 112-32. 
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than that of log #*: but it is still uncertain whether or no the order of ἢ (2) 
is greater than that of any power of log ᾧ. In order to apply transcendental 


methods to this problem, it would be necessary to study the properties of the 
function 


Ὁ) = 35, 


where A is a highly composite number, and we have not been able to make 
any progress in this direction. It is therefore very desirable to study the 
distribution of wider classes of numbers which include the highly composite 
numbers and possess some at any rate of their characteristic properties. The 
simplest and most natural such class is that of the numbers qg; and here 
progress 1s comparatively easy, since the function 


(1-18) ΘΟ -Σ ἢ 


possesses a product expression analogous to Euler’s product expression for 


f(s), viz. 
(114) @(s)=(;——<), 
1 1 — ly : 
where J, = 2.3.5... py is the product of the first ἢ primes. 


We have not been able to apply to this problem the methods, depending 
on the theory of functions of a complex variable, by which the Prime Number 
Theorem was proved. The function @(s) has the line c=Of as a line of 
essential singularities, and we are not able to obtain sufficiently accurate 
information concerning the nature of these singularities. But it is easy 
enough to determine the behaviour of @ (s) as a function of the real variable s ; 
and it proves sufficient for our purpose to determine an asymptotic formula 
for @(s) when 8 -- 0, and then to apply a “Tauberian” theorem similar to 
those proved by Messrs Hardy and Littlewood in a series of papers published 
in these Proceedings and elsewherej. 


This “Tauberian” theorem is in itself of considerable interest as being 
(so far as we are aware) the first such theorem which deals with functions or 
sequences tending to infinity more rapidly than any power of the variable. 


* As great as that of NOB # A108 108 5) : 
| (log log log x) 
see p. 385 of his memoir, 
+ We write as usual s=o+7t. 
1 See, in particular, Hardy and Littlewood, “Tauberian theorems concerning power 
series and Dirichlet’s series whose coefficients are positive,” Proc. London Math. Soc., 


Ser. 2, Vol. xu, 1914, pp. 174—191; and “Some theorems concerning Dirichlet’s series,” 
Messenger of Mathematics, Vol. XLII, 1914, pp. 134—147. 
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2. Elementary results. 


9-1. Let us consider, before proceeding further, what information con- 
cerning the order of Q(«) can be obtained by purely elementary methods. 


Let 
(2°11) n=2.3.5... Dy = E> Pr, 
where ὃ (x) is Tschebyschef’s function 
ὃ (z)= & log p. 
Pp <a 
The class of numbers q is plainly identical with the class of numbers of the 
form 


(2°12) Joi Jobe... U.P, 
where b,>0, 20, ..., bn>09. 
Now every b can be expressed in one and only one way in the form 
(2:18) ὃ, = Cm 2 + C,m—a2” 1 + 1 Έ Οἱ,» 
where every Ο is equal to zero or to unity. We have therefore 
nop ΣΝ, om ἢ m 
(2:14) gait (Wi) = TE Td = Πρ, 
1 j=0i=1 j=0 
say, where 
(2141) γ᾽; = Uy, 51,585 ὁὐν bom. 
Let r denote, generally, a number of the form 
(2°15) r= 1,%,%...1,°, 


where every 6 is zero or unity: and R(«) the number of such numbers which 
do not exceed a. If q<a, we have 
ToS ὥ, γι « x, rs < z, 
The number of possible values of 79, in the formula (2°14), cannot therefore 
exceed R (sx); the number of possible values of r, cannot exceed R (at); and 
so on. The total number of values of g can therefore not exceed 
(2°16) S (x) = R (a) Καὶ (αὖ) Καὶ (a4)... R (a), 


where @ is the largest number such that 


(2:161) a7 >2, Ὁ δ, 
Thus | 
(2°17) Q (2) < S (2). 
2:2. We denote by f and g the largest numbers such that 
(2-211) ly <2, 
(2-212) ll...ly<2. 
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It is known* (and may be proved by elementary methods) that constants 
A and B exist, such that 


(2°221) | 9 (4) > Ax es 2), 


and 
(2:222) Pro>Bnilogn (n>1). 
We have therefore eAPf< a, 
flog f= O (log a), 
(2°23) log f= O (log log x) ; 
and Σ 3 (p,) « log a, 5p, = Ο (log a), 
1 1 
Σ vlogy=O(logz), g?logg =O (log a), 
1 
| = log x ) 
[5:8] I= OS (ig log a/° 
But it 15 easy to obtain an upper bound for R(«) in terms of f and g. The 
. number of numbers J,, /,, ..., not exceeding a, 1s not greater than f; the 


number of products, not exceeding a, of pairs of such numbers, is a fortiort 
not greater than $f(f—1); and soon. Thus 


R (ὦ) < f+ OL, ALS) 


where the summation need be extended to g terms only, since 
Uyly ... dglgy, >a. 
A fortiori, we have 


Γῶς id log ( 
elt ito ert eG +f )9 = ef BE A+S), 


Thus 
(2:25) R (a) = οθ 9 08S) -- ρ0 Nog log log 4}. 
by (2°23) and (2°24). F inally, since 7 | 
log Vx log log Jax < slog@ log log a, 
it follows from (2°16) and (2°17) that 


1 | 
(2°26) Q(a)=exp ἴ {ι + 5 + i+ —_— sa) V (log # log log oh 
ἘΞ 60 ὑἱᾷος x log log 4} 


2:3. A lower bound for Ὁ (4) may be found as follows. If g is defined as 
in 2:2, we have 


Ll. eee L<a“2< Ll. eee ee 
* See Landau, Handbuch, pp. 79, 83, 214. 
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It follows from the analysis of 2.2 that 


ει = = @*(Py+1) = eO(g log 9), 
and Ll, eee l, = exp {$ ΝΣ ὡ ΞΞ e0 (97 log 9), 
1 
Thus ῳ < eG? log 9) . 


which is only possible if g is greater than a constant positive multiple of 


of log x ) 
(ig log a/ ° 


Now the numbers 1,, ἴω, ..., J, can be combined in 29 different ways, and 
each such combination gives a number 4 not greater than z. Thus 
log x ) 
(231) Q (a) > 29 > exp {x / (pokes ᾿ 


where X is a positive constant. From (2°26) and (2°31) it follows that there 
are positive constants K and LZ such that 


(2°32) κ, 7 (ἐξ) < log Q (x) < Lv/(log x log log 2). 


The inequalities (2°32) give a fairly accurate idea as to the order of 
magnitude of Q(x). But they are much less precise than the inequalities 
(1121). To obtain these requires the use of less elementary methods. 


8. The behaviour of @(s) when s—>0 by positive values. 


81. From the fact, already used in 21, that the class of numbers q is 
identical with the class of numbers of the form (2°12), it follows at once that 


(1°14) Q(s)=2 5-11 ae ΓΞ =;). 
Both series and product are πὴ ἧς convergent for o > 0, and 

(911) log  (s) = φ (5) + ὁ φ (28) + $4 (38) +... 
where 

(3-111) (s) = Σ Lams, 

We have also 

(512) 

ΡῈ.» σ:-- oe i = Ξ αι greg ee ee 
Pn+1 i 
= δὲ πὶ Σ σευ |" (a=) oe 


ο΄ 850) da, 


gs) 
a of (“" — 1)? 
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3:2. Lemma.—Ifa>1, s>0, then 
1 1 x 1 
te (elog a)? 13 < ΣΧῺΝ 
Write αὐ =e“: then we have to prove that 
1 1 ev 1 
(9:22) ὦ 15 (#—1p~ αἢ 
for all positive values of u; or (writing w for ξ 1) that 
1 1 ] 1 
ela a 8“ sink τὸ 
for all positive values of w. But it is easy to prove that the function 
1 ] 
I (wv) =o 


~~ ginh?w 
is a steadily decreasing function of w, and that its limit when w->0 18 ee 
and this establishes the truth of the lemma. 


3:3. We have therefore 
(3°31) φ (s) = — φ, (5) = 


where 


saga #0) Ὁ 00), 


1 8) as gq) U2 1 [6 dx 
(8.311) ἫΝ ἂν » P< dil) «-]} ‘Weis 


From the second of these inequalities, and laine it follows that 


1 ω e 45: dx e248 ae e 485 
bid< sf, (logz)? « slog2— [ log a . 
eee | fe de+ 01); 
s log 2 Je log x ᾿ 
and so that 
(3°32) φ (s) >A (1). 


On the other hand there is a positive constant B, such that 
3 (2)< Ba (x >2)*. 


Thus " , Ἐν σι: 
>=, laogay~ Tat “<< - τ, fies oy zy 2 +0(1) 
προς 8 inde + Ο() 
and so | 
(3:38) φ0) «8 {ἀνε 06) 


* Landau, Handbuch, loc. cit. 


282 


Distribution of Integers of Various Types 251 


84. Lemma.—If H 1s any positive number, then 
© o—Hsx 


] 
νὰν 2 lone τ (1/s)’ 
when s—>0. 


Given any positive number e, we can choose & and _X, so that 


é 00 
[ He "dz « ε, [- Ης Ἐπ « ε. 


” He-# log ne + x /* 
τ aon [af Ὁ 
= jr (8) + Jo (8) + js ᾿ + Js (8), 
say. And we have 


Ns 
0< 7, (8) < og 9) [ He-#“ du = O {ys log (1/s)} = 0 (1), 

og2 Jos 

g 

0<j,(s)< 2 | He-Fudu < 3ε, 
0 
x 
4s (8) -{ He-®“du + 0 (1), 
J¢ 


θ«μ0) «[ He-®“du<e; 
x 
and so 
1 | rs ᾿ ; = 
1 — s log (=) J (5) | = | [. He-®“ du — ἢ. (8) — je (8) — Js (8) — Ja (8) | 
< 5e+0 (1) < 6¢, 
for all sufficiently small values of 8. 


3°5. From (3°32), (3°33), and the lemma just proved, 1t follows that 
ΗΕ ts 
s log (1/s) ’ 
From this formula we can deduce an asymptotic formula for log @(s). We 
choose NW so that 
(3°52) ZK. 


N<n nv 


(3°51) φ (s) = Bl? 


and we write 


(3°53) log @ (s) =3= $ (ns) = S4+ Ss + 3 ΕΣ 


len<N N<n<ljvs UdsSnSl1/s Us<n 
= Φ, (5) + P, (5) + Bs (5) + Φ, (5), 
say. 
In the first place 
1+o(1) X1 
(3541) ®, (8) = Fiona) i 7 aa 
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In the second place 


(ns) = 0 | aa 


ns log (1/ns) 
and log (1/ns) > 4 log (1/s), 
if N<n<1/h/s. It follows that a constant K exists such that 
(3°542) tie : = 


s log (1/s) = ae -ς log (1/s) ’ 
Thirdly, /s<ns <1 in ®,(s), and a constant Z exists such that 
CY ee | 


V/s log (1/s) | 

Thus 
ἂν 1, 158] 2], 
(3 543) ®, ) = alors) a we 
for all sufficiently small values of 8. 

Finally, in ®,(s) we have ns >1, and a constant M exists such that 

φ (ns) < M2-", 

Thus 


(3°544) WD, (5) < M > lie <sM Σ Qe ες 
is<n ἢ 1,5 «ἢ 1—2 


From (3°58), (3°541)—(3 544), and (3°52) it follows that 


(355) log @(s)= ig 75 E +0(1)] (= + ρ) n "| 


1 
bi Ξ log ΤΩ, oP 


=0(1). 


where | lp|<e |p'l<Ke. 
Thus 
Ε yA πον 
(86) ὁ log @(9) ~ astra)’ 
or 
. = peste 
(3°57) ® (s) =exp E +o (1)} fa lor τη] , 


4. A Tauberian theorem. 


41. The passage from (3°57) to (112) depends upon a theorem of the 
“ Tauberian ” type. 


THEOREM A. Suppose that 
(1) ASO, λα, An >; 
(2) An/An—1—> 1; 
(3) an>0; 
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(4) A>0O, α»0; 
(5) Sa,e’ 1s convergent ἢ s>0; 


(6) f(s) =Sanent=exp | {1 +0(1)} As flog a] | 
when s—>0QO. Then 
Ay,=4,+4,+...+G, = exp [Π +o(1)} Bn, 2/44) (log An) 8/40], 
where B = A¥0+4 g-o/ 0+) (] +g) 18/a+0)), 
whenn—->o. 


We are given that 
-β -ββ 
(411) (1--δ). 4. 5- (log ;) < log f(s) < (1+ 6) As (10g 1 ᾿ 


for every positive 6 and all sufficiently small values οὗ 8; and we have to 
shew that 
(4°12) 
(1 -- ε) BA,*/ 4+) (log Δ.) 86:6) < log Ay 
< (1+e¢) Βλ, 61:6) (log An) 8/048) 


for every positive ε and all sufficiently large values of n. 


In the argument which follows we shall be dealing with three variables, 

δ, 8, and n (or m), the two latter variables being connected by an equation or 
by inequalities, and with an auxiliary parameter ¢ We shall use the letter ἡ, 
without a suffix, to denote generally a function of δ, 8, and n (or m)*, which 
is not the same in different formule, but in all cases tends to zero when ὃ 
and s tend to zero and n (or m) to infinity; so that, given any positive e, we 
have 

0<jin\<e, 
for 0<6<h, O<s<H, n>. 
We shall use the symbol 7; to denote a function of € only which tends to 
zero with ζ, so that 

0<||<e, 
if ζ is small enough. It is to be understood that the choice of a € to satisfy 
certain conditions is in all cases prior to that of ὃ, 8, and n (or m). Finally, 
we use the letters H, K,... to denote positive numbers independent of these 
variables and of €. | 


The second of the inequalities (4°12) is very easily proved. For 
(41381) Ane n® < aye + ae*a® +... + nen! 


< f(s) < exp κα +6) As (τος 5) ; 


(4°132) An< exp y, 
where 
-β 
(4°1321) x = (1+6) As [τος :) + Ans. 


* » may, of course, in some cases be a function of some of these variables only. 
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We can choose a value of 8, corresponding to every large value of ἢ, such 
that 


(414) (! -- δ) Aas (log -) <An<(1+6) das (log 5] 
From these inequalities we deduce, by an elementary process of approximation, 


| 1\8/0+a) 
(4151) (1 -- η) (Aa) e+ χ ἡ +2) (τος ;) 


1 7.8 -α) 
«- «(1 1η) (4 α)τ τῶ ate (log Ξ , 
(4°152) 5 log An < log = 7 log Ans 
(4158). (1 - n) τ΄ ττττ λ, Ή 616) (log Δ.) β A+) 
aB 
—1/(1+a) —B/ (1+a) 
eee ν- i (log An) ; 
(4154) χ < (L+7) Βλ, 16:6) (log Δ.) Δ" τα) 
We have therefore 
(4°16) log An < (1 +6) Βλ, 10:16) (log A,)-F/0+), 
for every positive e and all sufficiently large values of n*. 
42. We have 
(4:21) f(s) = Dane’ = a (6 ληϑ — e~Ani18) 


where «οὐ (4) is the discontinuous function defined by 
A (t)=An On<@<Anu)T, 
so that, by (4°16), 
(4:22) log SH (x) < (1 +) Bat/*+) (log a)-#/0+a) 


for every positive ε and all sufficiently large values of z We have therefore 
—B ΩΌ 
(4:28) exp \a — 6) As~ (τος =) <s | A (x) e~s*dx 
| 0 


-β 
< exp \a + δ) As (log :) ᾿ 
for every positive ὃ and all sufficiently small values of 8. 


* We use the second inequality (4°12) in the proof of the first. It would he sufficient 
for our purpose to begin by proving a resuit cruder than (4°16), with any constant AK on 
the right-hand side instead of (1+) B. But it is equally easy to obtain the more precise 
inequality. Compare the argument in the second of the two papers by Hardy and Little- 
wood quoted on p. 114 [p. 246 of this volume] (pp. 143 e¢ seg.). 

+ Compare Hardy and Riesz, “The General Theory of Dirichlet’s Series,” Cambridge 
Tracts in Mathematics, No. 18, 1915, p. 24. 
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We define X,, a steadily increasing and continuous function of the con- 
tinuous variable x, by the equation 
Ag = Ant (5 -- ) (Anti~ An)  (n<aegn+l). 
We can then choose m so that 
Las 2 
: SS ρους, /(t+a) B/{i+a) 
(4°24) a EA 48 (Lg Aya P/O, 


We shall now shew that the limits of the integral in (4°23) may be replaced 
by ( -- ῶ Am and (1+) Am, where ζ is an arbitrary positive number less 
than unity. 


We write. 
(4°25) 
a0 Am/H (I=) Ag (14+$) Ap A, οὉ 
J()=8{ Aa) ede =) | +] εἰ +] +{ 
0 /0 Am/H G—¢) Am (ἘΦ) Ag Ham 
=J,+ , Ἐς. Ὁ ,τύς, 


where # is a constant, in any case greater than 1, and large enough to satisfy 
certain further conditions which will appear in a moment; and we proceed to 
shew that J,, Ja, J,, and J, are negligible in comparison with the exponentials 
which occur in (4°23), and so in comparison with ὦ). 


4:3. The integrals J, and J, are easily disposed of. In the first place we 
have 


(4°31) πὰ [rst ene Ἐ) 


<exp ἴα Ἐδ)8 ye (log 7) 


by (422)*. It will be found, by a straightforward calculation, that this 
expression is less than 


| 1\-4 
(4°32) exp ic +) A (1+ a) H-2/0+) s-@ (log -) ; 


} 


—B/ (1+) 


and is therefore certainly negligible if H is sufficiently large. 
Thus J, is negligible. To prove that J, is negligible we prove first that 
sx > 4Batl 0+) (log φ) βία τα 
if ¢ > HX, and H is large enought. It follows that 


ὦ, τῷ Ν A (x) 6. 5 dar «0 exp [(] -- δ) Βα 1) (log α) βΠ Ὲα) — sa} dx 
Hhm Bam 


< ἮΝ ebstdaz=4, 
0 
and is therefore negligible. 


* With ὃ in the place of ε. 
+ We suppress the details of the calculation, which is quite straightforward. 
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44. The integrals J, and J, may be discussed in ῬΟΙΘΟΚΟΙΥ the same 
way, and we may confine ourselves to the latter. 


We have 
Hm Hm 
(4°41) J, (8) = 4 A (x) eda « s | ev da, 
(ἘΦ) Am A+¢) Am 
where 
(4°411) ap = (14+ δ) Batl/9+9 (log x)-8/0+9) — sx, 


The maximum of the function ae occurs for z = x), where 


(4°42) Ξ 


ας} 66) (log 4) β]6 Τα), 


From this “-ν and (4:24), it ὍΝ results that 


(4.48) (1 --- ἢ) Am « %< (] - 7) Am, 
and that a, falls (when ὃ and 8 are small enough) between (] —£)2,, and 
(1 + [) Am. 

Let us write ῶ τε y+ ἕ 
in J,. Then 


(0) = (Ὁ 8 (+8) BEES (a (log a,)-#/%4} 


where 4< δ᾽ « ὦ and a fortiort 
(1 —f)Am< a, < Hr. 
It follows that 


(4°44) « {a,2/ +a) (log x,)~B/A+e)} ise Rt! at) -- (log Am) βία τα, 
1 
On the other hand, an easy calculation shews that 


(445) (An) Ae (log) <¥ «(Ὁ 2) Ae (log 3 
Thus 
(446) J,<exp [κα +n) As (log :)"| 


x in exp {— LE*),,2/+0)-2 (log Nm) ~B/A+2} ἀξ 
(¢—n) Am 
=F 
<exp μι +7) As (log =) — MEA, 4/04) (log An) -#/04 


< exp ἴα Ἔη-- ΝΖ) As (.ς-}"} : 


Since ¢ 1s independent of 6 and s, this inequality shews that J, is negligible ; 
and a similar argument may be applied to J3. 
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4'5. We may therefore replace the inequalities (4°23) by 


(4°51) exp κα — 6) As (log =) 


(+9) Am 1\-8 
4 A (x) 655 dx « exp {a +6) As (10g =) ᾿ 
ᾳ-- ὦ) Am, 


Since «οὐ (x) is a steadily increasing function of z, it follows that 
(4°521) 


—B 1+$) Ay, 
exp [κα -- δ) 49: (τος -) «9.51 (1 +£) ren} | al er 
(4°522) 
146) Am 
exp [κα +6) 4.5-. (τος 5) > 8A {(1— ζ) Am} es 1x ; 
or = 
(4°531) 


(eS*m — e-S8m) 6 {(L — £) Ama} < EXD {a +8) As (log ὮΝ + 2m | 
(4°532) 
( 1\-# ) 
(chm — 6° $m) οὖ {(1 + £)dn} > exp {1 -- δ) As (log =) + rn 


If we substitute for 8, in terms of A,,, in the right-hand sides of (4°531) and 
(4.532), we obtain expressions of the form 


exp {(1 +7) Brynt/®+) (log Ay) 73/049)}. 


On the other hand em — e—$8m 
is of the form exp (ηςλη 615) (log Am)—9/ 0+}. 
We have thus 

(4°541) 


A (1 — ἢ) Am} < exp {(1 + 9g +9) Brot! O+*) (log Aim)F/0+)}, 
(4°542) 
A {(L+ ὃ) An} > exp ((1 — 9¢— 9) Bam!) (log qn) Ια Τα), 
Now let ν be any number such that 
(4°55) (1 -- ῶ Am <A < (1+ ὅ) An- 
Since An/An-1—>1, it is clear that all numbers n from a certain point onwards 
will fall among the numbers v. It follows from (4.541) and (4°542) that 


(4°56) 
exp {(1 — ης -- ) (1 — ng) Bd, 2/04) (log A,)-8/9+)} < A (Ay) 
<exp {(1 + 9¢ +) (1 + 9¢) BA,7/9) (log A,)-8/044)} ; 
and therefore that, given e, we can choose first £ and then 1 so that 
(4°57) exp {(1 — ε) BA,*/9+*) (log Ay)P/04#)} < A (An) 
<exp {(1 + ε) BA,2/@+) (log A_)-9/44)}, 
for n>n,. This completes the proof of the theorem. 
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4:6. There is of course a corresponding “Abelian” theorem, which we 
content ourselves with enunciating. This theorem is naturally not limited 
by the restriction that the coefficients a, are positive. 

THEOREM B. Suppose that 

(1) 420, An>An-r, An—> 0; 

(2) An/Ana—>1; 

(3) A>0, 0<a<l; 

(4) An=a,ta,+...+a,=exp[{l +0 (1)} AX? (log An) ], 
when n> 0. Then the series ane 1s convergent for s>0, and 


1\—8/a—«) 
J (s) = Zane”? = exp E +o (1)} Bs-/o-#) (log -} | : 
where B = A¥0-*) χα! ι--αἰ (1 — ΑἸ ἩΙΒΙα τα] 


when s—>0. 


The proof of this theorem, which is naturally easier than that of the 
correlative Tauberian theorem, should present no difficulty to anyone who 
has followed the analysis which precedes. 


41. The simplest and most interesting cases of Theorems A and B are 


those in which 
An=n, B=O0. 


It is then convenient to write 2 for e~*. We thus obtain 

THEorEM C. If A>0, 0<a<l, and 

log An = log (a, + @,+... + Gn) ~ An’, 
then the series Xa,x" is convergent for |a| <1, and 
log f (4) = log (Sa,a") ~ B (1 — x)/0-), 

where B=(1—a) at/t~ AV/0-), 
when x—->1 by real values. 

If the coefficients are positive the converse inference is also correct. That is 
to say, of 


A>Q, a>QO, 
and log f (t)~ A (1-2), 
then log A, ~ Bnel+), 
where B= (1+) απο]: 41/04), 


5. Application to our problem, and to other problems in the 
Theory of Numbers. 


61. We proved in 8 that 
: TT 
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In Theorem A take | 
An =logn, A= τ᾿ a=1, βΞ-|]. 
Then all the conditions of the theorem are satisfied. And A, is Q(n), the 
number of numbers q not exceeding n. We have therefore 


; 82) 

(5°11) log Q(n) ~ 8. { (aE 
where 

ἰδὲ. a ese es 

(5°12) B=2 J (F) ἊΝ 


5:2. The method which we have followed in solving this problem is one 
capable of many other interesting applications. 


Suppose, for example, that R,(n) is the number of ways in which n can 
be represented as the sum of any number of rth powers of positive integers ἢ. 
We shall prove that 


1 1 1 r/(r+1) 
(5°21) log R, (n)~(r+1) Ἑ Γ (- + 1) ἐ(: Ὁ 1)} ni r+). 


In particular, if P (n) = R, (n) is the number of partitions of n, then 


(5-22) log P(n)~o τ, (=) 


We need only sketch the proof, which is in principle similar to the main 
proof of this paper. We have 
a0 οο 1 
ER, μη) ὁπ π ἢ (7 στο) 
and so 


(523) (6) Ξ Σ {R, (n) — R, (n —1)}e-™ = Π (; yt 
1 ΣᾺΣ 


— ee” 


It is obvious that R,(n) increases with n and that all the coefficients in 
(8) are positive. Again, 


(5°24) log f (s) = S log (===) = Σ (6. "" + 467%" +...) 
56. 
= = 1 Ὁ (hs), 
where 
(5°241) φ (5) = Ze". 


* Thus 28 = 39 + 133, 2344, 13=2. 28412. 13=23+4+20. 18=28. 1: 
and RB (28) =5. 
The order of the powers is supposed to be indifferent, so that (e.g.) 33+ 18 and 15- 35 are 


not reckoned as separate representations. 
+ &,(0) is to be interpreted as zero. 
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But 

(5°25) ¢(s)~ TP ( + 1) anu’, 
when s—>0; and we can deduce, by an argument similar to that of 3°5, that 

(5-26) log f(s) +P ( es 1) ¢(- + 1) sour, 
We now obtain (5:21) by an application of Theorem A, taking 

1 ΤΥ νὰ 
Man, a=, B=0, A=0(541)6(5 +1). 
In a similar manner we can shew that, if S(n) is the number of partitions 
of n into different positive integers, so that 
+S (n) 6.55 = (1 + 65) (1 + 6.3 (1 +e) +... 
1 


“{1-τἡ (I—e-*) ( -- 6.5)... 
then 


(5°27) log S (n) ~ 7 / (3) : 


that if 7 (n) is the number of representations of n as the sum of rth powers 
of primes, then 


(5°28) | 
1 1 r/ (r+) 
log T, (n) ~ (r + 1) ἱγ (- + 2) ἐ(- ΕΣ 1)| n+) (log n)—7/ + ; 


and, in particular, that if 7’ (n) = 7, (n) is the number of partitions of n into 
primes, then 


2a n 
Ὁ “Ἵ Pere ee ἘΞ - 
(5-281) log Pn) ~~ τῷ ν᾽ (τ -\. 
Finally, we can shew that if r and 8 are positive integers, a>0, and 
0<b<l1, and 
(5°291) = (n) ὦ" = 


r 


(1 — δα) (1 — bx?) ( 1 -- ba) ye 


then 
(5-292) log $ (n) ~ 2 (cn), 
where 
(5°2921) car |” BUF yg [ἘΕ 0 Ξ Dap 
0 t 0 t 
In particular, if a =1, b=1, and r=s, we have 
(5°293) Σ ᾧ (n) ὡ" = (1 — Qe + 23." — Qa? +...)-7, 
(5294) log φ (n) ~ π᾿ A/(rn). 


[Added March 28th, 1917.—Since this paper was written M. G. Valiron 
(“Sur la croissance du module maximum des séries entiéres,” Bulletin de la 
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Société mathématique de France, Vol. xiv, 1916, pp. 45—64) has published a 
number of very interesting theorems concerning power-series which are more 
or less directly related to ours. M. Valiron considers power-series only, and 
his point of view is different from ours, in some respects more restricted and 
in others more general. 


He proves in particular that the necessary and sufficient conditions that 
A 
log M (r ) ~ [-- τὴς ; 
where M (r) is the maximum modulus of f (x) = Zana" for |a|=~7, are that 
n a/(+a) 
log |an| < (1+ e) (1 +a) να: (*) 
for n> (e), and 
n a/(i+a) 
log | dy | > (1 — φ) (1 Ὁ a) Ava (*) 


for n=, (p =1, 2, 3, ...), where ny41/np—>1 and ep->0 as po. 


M. Valiron refers to previous, but less general or less precise, results 
given by Borel (Legons sur les séries ἃ termes positifs, 1902, Ch. v) and by 
Wiman (“Uber dem Zusammenhang zwischen dem Maximal-betrage einer 
analytischen Funktion und dem grdssten Gliede der zugehdérigen Taylor’schen 
Reihe,” Acta Mathematica, Vol. xxxvu, 1914, pp. 305—326). We may add a 
reference to Le Roy, “Valeurs asymptotiques de certaines séries procédant 
suivant les puissances entiéres et positives d’une variable réelle,” Bulletin des 
sciences mathématiques, Ser. 2, Vol. xxiv, 1900, pp. 245—268. 


We have more recently obtained results concerning P (n), the number of 
partitions of n, far more precise than (5°22). | 
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ON THE COEFFICIENTS IN THE EXPANSIONS 
OF CERTAIN MODULAR FUNCTIONS 


(Proceedings of the Royal Society, A, xcv, 1919, 144—155) 


1. A very large proportion of the most interesting arithmetical functions 
—of the functions, for example, which occur in the theory of partitions, the 
theory of the divisors of numbers, or the theory of the representation of 
numbers by sums of squares—occur as the coefficients in the expansions of 
elliptic modular functions in powers of the variable q=e™". All of these 
functions have a restricted region of existence, the unit circle |q|=1 being 
a “natural boundary” or line of essential singularities. The most important 
of them, such as the functions* 


(11) (ω, [πῈ} A = @? {(1 — g?) (1 -- φῇ...) 
(1) ὃ. (0) = 1 + 29 Ὁ 2 249 +..., 
(γ᾿ ς lige | 2g ) 
(1:3) 12 (2) gai +240 (46+ Et... , 
. ; w,\6 τὴς 153 25η ) 
(1-4) 216 (2!) n=l 504 (tat 


are regular inside the unit circle; and many, such as the functions (1:1) and 
(12), have the additional property of having no zeros inside the circle, so that 
their reciprocals are also regular. 


In a series of recent paperst we have applied a new method to the study 
of these arithmetical functions. Our aim has been to express them as series 
which exhibit explicitly their order of magnitude, and the genesis of their 
irregular variations as n increases. We find, for example, for p(n), the number 


* We follow, in general, the notation of Tannery and Molk’s Eléments de la théorie 
des fonctions elliptiques. Tannery and Molk, however, write 16G in place of the more 
usual A. 

7 (1) G. H. Hardy and 8. Ramanujan, “Une formule asymptotique pour le nombre 
des partitions de n,” Comptes Rendus, January 2, 1917; (2) G. H. Hardy and S. 
Ramanujan, ‘Asymptotic Formule in Combinatory Analysis,’ Proc. London Math. 
Soc., Ser. 2, Vol. xvi, 1918, pp. 75—115; (3) S. Ramanujan, ‘On Certain Trigono- 
metrical Sums and their Applications in the Theory of Numbers,” Trans. Camb. 
Phil. Soc., Vol. xx11, 1918, pp. 259—276 ; (4) G. H. Hardy, “On the Expression of a 
Number as the Sum of any Number of Squares, and in Particular of Five or Seven,” 
Proc. National Acad. of Sciences, Vol. 1v, 1918, pp. 189—193: [and G. H. Hardy, “On 
the expression of a number as the sum of any number of squares, and in particular of 
five,” Trans. American Math. Soc., Vol. xx1, 1920, pp. 255—284]. 


1918, 2 (with S. Ramanujan) Proceedings of the Royal Society, A, 95, 
144-55. 
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of unrestricted partitions of n, and for r, (n), the number of representations 
of n as the sum of an even number 8 of squares, the series 


(1) 


ας (+S (2) 


+ 7 ν (5) cos (Sn τ πὶ Ξ. (3 Ἔ..., 


where Na = J (n - κι) and C=7 ν (3) , and 
(1°6) 
ἦε 
___. ndt-1 {1-48 +. 2 cos (kn — $577) 2-# + 2 cos (ξππ — $877) 3-# + ...} 5 


T'(3s) 
and our methods enable us to write down similar formule for a very large 
variety of other arithmetical functions. 


The study of series such as (1°5) and (1.6) raises a number of interesting 
problems, some of which appear to be exceedingly difficult. The first purpose 
for which they are intended is that of obtaining approximations to the 
functions with which they are associated. Sometimes they give also an exact 
representation of the functions, and sometimes they do not. Thus the sum 
of the series (16) is equal to r,(n) if s is 4, 6, or 8, but not in any other case. 
The series (1°5) enables us, by stopping after an appropriate number of terms, 
to find approximations to p(n) of quite startling accuracy; thus six terms of 
the series give p (200) = 3972999029388, a number of 18 figures, with an error 
of 0:004. But we have never been able to prove that the sum of the series is 
p(n) exactly, nor even that it 1s convergent. 


There is one class of series, of the same general character as (1°5) or (1°6), 
which lends itself to comparatively simple treatment. These series arise 
when the generating modular function /(q) or ¢ (τ) satisfies an equation 


e+dr 
(7) ταὔτ)» (TS), 

where n is a positive integer, and behaves, inside the unit circle, like a 
rational function; that is to say, possesses no singularities but poles. The 
simplest examples of such functions are the reciprocals of the functions (1.8) 
and (1:4). The coefficients in their expansions are integral, but possess other- 
wise no particular arithmetical interest. The results, however, are very 
remarkable from the point of view of approximation ; and it is, in any case, 
well worth while, in view of the many arithmetical applications of this type 
of series, to study in detail any example in which the results can be obtained 
by comparatively simple analysis. 


We begin by proving a general theorem (Theorem 1) concerning the 
expression of a modular function with poles as a series of partial fractions. 
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This series is (as appears in Theorem 2) a “ Poincaré’s series”: what our 
theorem asserts is, in effect, that the sum of a certain Poincaré’s series is the 
only function which satisfies certain conditions. It would, no doubt, be 
possible to obtain this result as a corollary from propositions in the general 
theory of automorphic functions; but we thought it best to give an inde- 
pendent proof, which is interesting in itself and demands no knowledge of 
this theory. 


2. THEOREM 1. Suppose that 
(21) f(g) =f (055) = $ (7) 
w regular for qg=0, has no singularities save poles within the unit circle, and 
satisfies the functional equation 
c+dr 


(2:2) (1) = (a+ br)" (2 5") = (a + τ)" (1). 

n being a positive integer and a, b,c, d any integers such that ad—be=1. Then 
(2:9) 7} (q) = 2, 

where R is a residue of 7 (α.) (ᾳ -- “) 


at a pole of f(x), of [φ] «1; while if |q|>1 the sum of the series on the right- 
hand side of (2°3) is zero. 


The proof requires certain geometrical preliminaries. 


3. The half-plane I(r) >0, which corresponds to the inside of the unit 
circle in the plane of g, is divided up, by the substitutions of the modular 
group, into a series of triangles whose sides are arcs of circles and whose 
angles are ἐπ, ἐπ, and 0*. One of these, which is called the fundamental 
polygon, (P)+, has its vertices at the points p, p?, and io, where p= et”, and 
its sides are parts of the unit circle |+|=1 and the lines R (r)=+4. 


Suppose that F, is the “ Farey’s series” of order m, that is to say the 
aggregate of the rational fractions between 0 and 1, whose denominators are 
not greater than m, arranged in order of magnitudet, and that h’/k’ and h/k, 
where 0</Ah’/k'<h/k<1, are two adjacent terms in the series. We shall 
consider what regions in the r-plane correspond to P in the 7-plane, when 

ἡ" --κτ h—kr 

(95:1) ἐπα. as (9:2) D= 
Both of these substitutions belong to the modular group, since Ak’ —h’k=1. 
The points 1, 3, —4, in the T-plane correspond to h/k, (A + 2h')/(k + 2k’), 

* It is for many purposes necessary to divide each triangle into two, whose angles are 
$7, $7, and 0; but this further subdivision. is not required for our present purpose. For 
the detailed theory of the modular group, see Klein-Fricke, Vorlesungen tiber die Theorie 


der Elliptischen Modulfunktionen, 1890—1892. 
+ See Fig. 1. 


{ The first and last terms are 0/1 and 1/1. A brief account of the properties of Farey’s 
series is given in ὃ 4:2 of our paper (2). 
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(h —2h’)/(k — 2k’) in the t-plane. Thus the lines R(7)=4, R(7) ΞΞ -- corre- 
spond to semicircles described on the segments 
ho h+2h’ h h—-2h 
(: ba oR)” Ἢ Ea) 
respectively as diameters, Similarly the upper half of the unit circle corre- 
sponds to a semicircle on the segment 


(Gy ΞῚ 
ΕΑ ΤᾺ, = 3 ; 


7 
Wi 


J 


- 0 + 1 


Fig. 1. 


to|— 


The polygon P corresponds to the region bounded by these three semicircles. 
In particular, the right-hand edge of P corresponds to a circular arc stretching 
from h/k (where it cuts the real axis at right angles) to the point 

(83) Wh' +hk +3 (hk + h’k) + ξὺν 

ke + kk’ +k’? 

corresponding to 7 = p. 

Similarly we find that the substitution (3:2) correlates to P a triangle 
bounded by semicircles on the segments 

@ λ΄ -- ἘΞ} ( oe) (F —h aaa 
kK? k’—2k/? κ᾿ κι; k’—k’ κ τ’ 

In particular, the left-hand edge of P corresponds to a circular are from ἢ, 
to the point (3°3). These two arcs, meeting at the point (3°3), form a con- 
tinuous path ὦ, connecting h/k and h’/k’, every point of which corresponds, in 
virtue of one or other of the substitutions (3°1) and (8:2), to a point on one 
of the rectilinear boundaries of P*. 


* Fig. 2 illustrates the case in which ἀξ τε 8, h'/k’=4. These fractions are adjacent in 
F; and F,, but not in F;. 
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Performing a similar construction for every pair of adjacent fractions of 
Fn, we obtain a continuous path from tr=0 to r=1. This path, and its 
reflexion in the imaginary axis, give a continuous path from τ =—1 to r=1, 
which we shall denote by 0,,. To ©, corresponds a path in the qg-plane, 
which we call H,,; Hm is a closed path, formed entirely by arcs of circles 
which cut the unit circle at right angles. 


2 
δ 
Fig. 2. 


The region shaded horizontally corresponds to P for the substitution (3:1), that shaded 
vertically for the substitution (3-2). The thickest lines shew the path w; the line of 
medium thickness shews the semicircle which corresponds (for either substitution) to 
the unit semicircle in the plane of 7. The large incomplete semicircle passes through 
r=], 


gi ἡ Μ΄ +2h h+2h’ ἢ 
Pre ar) ae 2) a Τ’ | 

the path ὦ from h’/k’ to h/k is always passing from left to right, and its 

length is less than twice that of the semicircle on (h'/k’, h/k), ie., than π μζ΄. 


The total length of 0, is less than 27; and, since 
dq 


dr 


the length of H,, is less than 27°. Finally, we observe that the maximum 
distance of 0, from the real axis is less than half the maximum distance 
between two adjacent terms of F,,, and so less than 1/2m*. Hence Q,, tends 
uniformly to the real axis, and H,, to the unit circle, when m—>oo. 


ST, 


arie™™ 


4. The function ᾧ (τ) can have but a finite number of poles in P; we 
suppose, for simplicity, that none of them lie on the boundary. There is then 
a constant K such that | /(q)|< Καὶ on the boundary of P. 


* See Lemma 4:22 of our paper (2), 
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We now consider the integral 
. 520) 
(41) Sai feng ὦ 
where |q|< 1 and the contour of integration is H,,*. By Cauchy’s Theorem, 
the integral is equal to 
Ff (q)- ΣΕ, 


where BR is a residue of f («)/(q—«) at a pole of f(x) inside H,,t. To prove 
our theorem, then, we have merely to shew that the integral (41) tends to 
zero when m->oo. 

Let w,' and , be the left- and right-hand parts of w, and ζ΄, €, and ¢ the 
corresponding arcs of H,». The length of @, is, as we have seen, less than 
$a/kk', and that of & than 47°/kk’. Further, we have, on ἔῃ, 


r(@)|=| 40 "loir|<K fk (E- 5)} = pe 


Thus the contribution of ¢, to the integral is numerically less than 
C/(kk'"+1), where C is independent of m; and the whole integral (4:1) is 
numerically less than 


(4-2) 205 a (gat ga) 


= |b br 


kk’ \ken ἢ 
where the summation extends to all pairs of adjacent terms of F,. 


When ν is fixed and m > ν, the number of terms of Κι whose denominators 
are less than ν is a function of v only, say Ν (νυ). If h/k is one of these, and 
h’/k’ is adjacent to it, k+k’>m{, and so ζ΄ Ὁ πι--ν. Thus the terms of (42) 
in which either & or k’ is less than v contribute less than 8CN (ν) (γι -- ν). 
The remaining terms contribute less than 


40.1 40 
ok Ξ- 
Hence the sum (43) is less than 

80Ν (v) 40 

m—v pr? 

and it is plain that, by choice of first ν and then m, this may be made as small 
as we please. Thus (41) tends to zero and the theorem is proved. It should 
be observed that >A must, for the present at any rate, be interpreted as 
meaning the limit of the sum of terms corresponding to poles inside H,,; we 
have not established the absolute convergence of the series. 


* Strictly speaking, f(7) is not defined at the points where H,, meets the unit circle, 
and we should integrate round a path just inside H,, and proceed to the limit. The point 
is trivial, as f(x), in virtue of the functional equation, tends to zero when we approach 
a cusp of H,, from inside. 

+ We suppose m large enough to ensure that += q lies inside H,,. 

Ϊ See our paper (2), loc. cat. 


299 


300 


316 On certain Modular Functions 


We supposed that no pole of ¢ (τ) lies on the boundary of P. This restric- 
tion, however, is in no way essential; if it is not satisfied, we have only to 
select our “fundamental polygon” somewhat differently. The theorem is 
consequently true independently of any such restriction. 


So far we have supposed |g|<1. It is plain that, if |q|>J1, the same 
reasoning proves that 


(4:3) SR=0. 


5. Suppose in particular that ᾧ (τ) has one pole only, and that a simple 
pole at τα, with residue A. The complete system of poles is then given by 


: - c+da 
(5:1) ἑὰς τ 


If a and ὃ are fixed, and (c, d) is one pair of solutions of ad — bc = 1, the com- 
plete system of solutions is (ὁ + ma, d + mb), where m is an integer. To each 
pair (a, 6) correspond an infinity of poles in the plane of +; but these poles 
correspond to two different poles only in the plane of gq, viz., 


(6:2) q=tq=te™, 
the positive and negative signs corresponding to even and odd values of m 


respectively. It 15 to be observed, moreover, that different pairs (a, δ) may 
give rise to the same pole q. 


(ad — be = 1). 


The residue of ¢$ (τ) for τ =a 15, in virtue of the functional equation (2:2), 


A 
(a + ba)"*? , 
and the residue οὗ f(q) for g=q 15 ι 
A (42 - _ @mAq 
(a+ bay? τ)... (a+ bay” 


Thus the sum of the terms of our series which correspond to the poles 
(52) is | 
eS πω τυ 
(a + δα)" 15 Fe 4: 4) (a+ bart? q? — αὐ᾽ 
We thus obtain : 


THEOREM 2. If φ(τ) has one pole only in P, viz.,a simple pole at r =a, 
with residue A, and |q|< 1, then 


. ] 3 
on rnen($S x 


c,d being any pair of solutions of ad—bc=1, and the summation extending 
over all paars a, ὃ, which give rise to distinct values of ᾳ. If |q|>1, the sum 
of the series on the right-hand side of (5°3) is zero. 
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If ¢ (τ) has several poles in P, f(q), of course, will be the sum of a number 
of series such as (53). Incidentally, we may observe that it now appears that 
the series in question are absolutely convergent. 


6. As an example, we select the function 
| “΄πϑ 9 γ ω 
(61) γι) παχέος, τ (1 - 508% Ee) = Brae" 
say, where z=q*. It is evident that p, 15 always an integer; the values of 
the first 13 coefficients are 
p=1, p=504, p,= 270648, p,= 144912096, 
p, = 17599626552, p,=41553943041744, p, = 22251789971649504, 
pr = 11915647845248387520, p, = 6380729991419236488504, 
Po = 3416827666558895485479576, 
Pro = 1829682703808504464920468048, 
Py = 979779820147442370107345764512, 
Pry = 524663917940510191509934144603104 ; 
so that p,, is a number of 33 figures. 


By means of the formule * 
Js = fr (1 — 6,)} (1 + 15) (1 -- ὁ 15) (1 — 26"), 


a-4=() SOK == 07, 


1 2K 
we find that a5 = (==) (1+) (1-44) (1-20). 
The value of n is 6. The poles of f(q) correspond to the values of t which 
make K =k? equal to —1, 2, or 4. It is easily verified} that these values are 


given by the general formula 
ο -ἰ αἱ 


~ at δὶ 


(ad — bc=1), 
so that 


c+di . ac+bd . T 
(9) a=exp (ZF, mi) πὸ *P ere mi — TB): 


The value of ais 11. In order to determine A we observe that 


ἀ (14 3.4 ΕΟ ΩΝ 64) 
~ 504 = (. ει) ες 
ἀφ λῚ -- ᾳ “Ἐπ. - φ' q ((1-- =e (1 — q)? re 


* All the formule which we quote are given in Tannery and Molk’s Tables; see in 
particular Tables XXXVI (3), LXXI (3), XCVI, CX (3). 7 

+ A full account of the problem of finding r when κ is given will be found in Tannery 
and Molk, loc. cit., Vol. 11, ch. 7 (“On donne ἀξ ou gz, g3; trouver r ou ὦ; 3”). 

t It will be observed that in this case a is on the boundary of P; see the concluding 
remarks of §4, As it happens, r=? lies on that edge of P (the circular edge) which was 
not used in the construction of H,,, so that our analysis is applicable as it stands. 
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The series in curly brackets is the function called by Ramanujan* ®, , andt 


1008, , = Q? -- 
12, @, 4 6 
where P= a, Q = 129, (=) , KR=2169, (=) : 


Here R = 0, so that 
1"q? 2794 
1008®,,, = ς᾽ = 1+ 480%, ,+ = 1 - 480 (5 ΕΝ iat): 


Hence we find that Az=inrC, AWiA =—2/C, 


where 
1 27 
(63) σι 480 7 1.1... 
Another expression for C is 
8 
(64) O= 144 (=) 
7 
where 
_ dé _ {0°(4)¥ 
(6-41) Ky - V(1—4sin?0) ἀνψπ΄ 


We have still to consider more closely the values of a and b, over which 
the summation is effected. Let us fix k, and suppose that (a, b) is a pair of 
positive solutions of the equation a?+b6*=k. This pair gives rise to a system 
of eight solutions, viz., 

(ta, +6), (£6, ta). 
But it is obvious that, if we change the signs of both a and b, we do not 
affect the aggregate of values of a, Thus we need only consider the four pairs 


(a, ὃ), (a,—6), (ὃ, a), (6, —a). 


If a or ὃ is zero, or if a=, these four pairs reduce to two. 


It is easily verified that, if (a, δ) leads to the pair of poles 


ee ee ee 7 ) 


ore ao 

then (a, - ὃ) and (6, a) each lead to g= +4, where ἃ is the conjugate of q. 
Thus, in general (a, δ) and the solutions derived from it lead to four distinct 
poles, viz.,+q and +q. These four reduce to two in two cases, when q is 


real, so that q=4q, and when q is purely imaginary, so that q=—gq. It is 


* S. Ramanujan, “On Certain Arithmetical Functions,” Trans. Camb. Phil. Soc., Vol. 
XXII, pp. 159—184 (p. 163). 

+ Ramanujan, loc. cit., p. 164. 

{ Ramanujan, loc. cit., p. 163. 
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easy to see that the first case can occur only when &=1, and the second 
when k =2*, 


If k=1 we take a=1, b=0, c=0, d=1; and q=qG=e™. If k=2 we 
take a=1,b=1,c=0, d=1; δῃὰ ᾳ -- -- ἃ -ε ἐστὲ", The corresponding terms 
in our series are 

] ] 
l—qe™’ 24(1+ qe") 

If & is greater than 2, and is the sum of two coprime squares a? and ὃ, it 
gives rise to terms _ 

1 1 1 1 
(a+ bi) 1—(g/ay * (a— bay 1 -- (φ8}᾽ 
There is, of course, a similar pair of terms corresponding to every other 
distinct representation of & as a sum of coprime squares. Thus finally we 
obtain the following result : 


THEOREM 3. If 
rs) γῆς ee 
I(9)= ian =1/(1- 5043 0) = Spn0m 
and |q|< 1, then 


i 


(65) $Cf(q)= mat 2 (1 + g'e*) 
1 1 1 ἱ 1 
> ὰ + δῇ 1- [φ{4)" ἢ (a— bi? 1— (qa 
h C=14480 a ic 
ὠὰ τάθ0 {ππ7 tent) “Ere 


οσταὶλ Δ΄ act+bd. 7 
a=exp (Fam) παρ (Sam aE) 
and ἃ ts the conjugate of q. The summation applies to every pair of coprime 
positive numbers a and b, such that k=a*+b?>5, such pairs, however, only 
being counted as distinct if they correspond to independent representations of 
k as α sum of squares. If |q|>1, then the sum of the series on the right-hand 
side of (6°5) ws zero. 


* When a and 6 are given, we can always choose c and d so that | ac+bd|<4(a*+6?). 
If q is real, we have ad—bc=1 and ac+bd=0 simultaneously : whence 


(a?+ 52) (c?+d?)=1, 
If q is purely imaginary, we have 
ad—be=1, 2|ac+bd|=a?+6?, 
whence (63 + d?)? = (| ac+bd | ~c? -- a?)? +1. 
This is possible only if c?+d?=1 and |ac+bd|=1, whence a?+6?= 2. 
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7. It follows that 


: _. enn (= 1)" nw 1 —2n eee at = τ 
(7-1) $Cp, =e'"" + - οι Ὁ ΕΣ (a+ bi? : +a hp = > 


say. Here ἃ is the sum of two coprime squares, so that 
DW = 2% Hes 13% 17%7 ..., 
where a, is Ὁ or 1 and 5, 13, 17,... are the primes of the form 4 -Ὁ 1; and 
the first few values of c, (nm) are 
c¢,(n)=1, c(n)=(—1)", © (n) =2 cos ({nm + 8 arc tan 2), 
Cio (2) = 2 cos (2na — 8arctan2), οἱ (Π) =2 cos (197 + 8 arc tan 5). 
The approximations to the coefficients given by the formula (71) are 


exceedingly remarkable. Dividing by $C, and taking n=0, 1, 2, 3, 6, and 12, 
we find the following results: 


(0) 0944 (1) 505°361 (2) 270616°406 
+ 0:059 — 1365 4-31°585 
— 0°003 + 0004 + 0-009 
Po = 1:000 p, = 504000 DP, = 270648°000 
(3) 144912827:002 (6) 22251789962592450:237 
— 730°900 + 9057051-688 
—0101 + 208] 
— 0001 — 0:006 
ps = 144912096-000 Pe = 22251789971649504-000 
(12) 524663917940510190119197271938395-329 
+ 1390736872662028-140 
+ 2680°418 
+0130 
— 0014 
— 0:003 


Pr = 524663917 940510191509934144603104-000 


An alternative expression for C is. 
C = 96%e-8"/8 {(1 — 955) (1 — 55 5).....5 


by means of which C may be calculated with great accuracy *, To five places 
we have 2/C = 0°94373, which is very nearly equal to 352/373 = 0°94370. 


* Gauss, Werke, Vol. 111, pp. 418—-419, gives the values of various powers of e—* to ἃ 


large number of figures, 
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It is easy to see directly that p, lies between the coefficients of x” in the 
expansions of 


1 1—T7 52 
(1—536a2)(1+3la)’ Π(]-- ὅδῦ δα) (1+ 242)’ 
and so that | 
(535)"+2 — (— 31)" 352 (535°5)" + 21 (— 24)" 
B66 sess 373 
The function 0, (x) = “τὰ ρ3ῶπὶλ 
λ 


has very remarkable properties. It is an integral function of x, whose maxti- 
mum modulus is less than a constant multiple of e"!*!. It is equal to pz, an 
integer, when x=n, a positive integer; and to zero when c=—n. But we 
must reserve the discussion of these peculiarities for some other occasion. 
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ASYMPTOTIC FORMULZE IN COMBINATORY 
ANALYSIS* 


(Proceedings of the London Mathematical Society, 2, χντι, 1918, 75—115) 


1. INTRODUCTION AND SUMMARY OF RESULTS. 


11. The present paper is the outcome of an attempt to apply to the 
principal problems of the theory of partitions the methods, depending upon 
the theory of analytic functions, which have proved so fruitful in the theory 
of the distribution of primes and allied branches of the analytic theory of 
numbers. 


The most interesting functions of the theory of partitions appear asthe 
coefficients in the power-series which represent certain elliptic modular 
functions. Thus p(n), the number of unrestricted partitions of n, is the 
coefficient of x” in the expansion of the function 


2 1 
: τὰ y Mi es San τς 0 - - τῆν τ τ πὶ 

(111) 7 Ξ  ΞΩνς {1 -- αὶ - ὡὴ Te mee 
If we write 

(1:12) e=G¢=er*, 
where the imaginary part of 7 is positive, we see that f(«) is substantially 
the reciprocal of the modular function called by Tannery and Molkf{ ἢ (τ); 
that, in fact, Ἴ 

. —ottg -- σὺς ΤΊ ean 

(1°13) ea rae te) Fw)’ 

The theory of partitions has, from the time of Euler onwards, been 
developed from an almost exclusively algebraical point of view. It consists 
of an assemblage of formal identities—many of them, it need hardly be said, 
of an exceedingly ingenious and beautiful character. Of asymptotic formula, 
one may fairly say, there are none§. So true is this, in fact, that we have 


* A short abstract of the contents of part of this paper appeared under the title “Une 
formule asymptotique pour le nombre des partitions de n,” in the Comptes Rendus, January 
Qnd, 1917. 

+ P. A. MacMahon, Combinatory Analysis, Vol. τι, 1916, p. 1. 

{ J. Tannery and J. Molk, Fonctions elliptiques, Vol. 11, 1896, pp. 31 et seg. We shall 
follow the notation of this work whenever we have to quote formule from the theory of 
elliptic functions. 

§ We should mention one exception to this statement, to which our attention was called 
by Major MacMahon. The number of partitions of πὶ into parts none of which exceed r is 
the coefficient », (7) in the series 

1 
(1-2) (l—2*)...(1—2*)' | 
This function has been studied in much detail, for various special values of r, by Cayley, 


1 ἘΣ», (n) “"- 
1 


1918, 5 (with S. Ramanujan) Proceedings of the London Mathe- 
matical Society, (2) 17, 75-115. 
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been unable to discover in the literature of the subject any allusion whatever 
to the question of the order of magnitude of p (n). 


12. The function p(n) may, of course, be expressed in the form of an 
integral 
, . 1 fl) 
(1-21) pin)=5—[ Lode 


gti ’ 


by means of Cauchy’s theorem, the path I’ enclosing the origin and lying 
entirely inside the unit circle. The idea which dominates this paper is that 
of obtaining asymptotic formule for p(n) by a detailed study of the integral 
(121). This idea is an extremely obvious one; it is the idea which has 
dominated nine-tenths of modern research in the analytic theory of numbers: 
and it may seem very strange that it should never have been applied to this 
particular problem before. Of this there are no doubt two explanations. The 
first is that the theory of partitions has received its most important develop- 
ments, since its foundation by Euler, at the hands of a series of mathematicians 
whose interests have lain primarily in algebra. The second and more funda- 
mental reason is to be found in the extreme complexity of the behaviour of 
the generating function f(x) near a point of the unit circle. 


It is instructive to contrast this problem with the corresponding problems 
which arise for the arithmetical functions 7 (n), 3(n), y(n), u(n), d(n), ... 
which have their genesis in Riemann’s Zeta-function and the functions allied 


Sylvester, and Glaisher: we may refer in particular to J. J. Sylvester, “On a discovery in 
the theory of partitions,” Quarterly Journal, Vol. 1, 1857, pp. 81—85, and “On the parti- 
tion of numbers,” tbid., pp. 141—152 (Sylvester’s Works, Vol. 11, pp. 86—89 and 90—99) ; 
J. W. L. Glaisher, ‘On the number of partitions of a number into a given number of 
parts,” Quarterly Journal, Vol. xt, 1909, pp. 57--143; “Formule for partitions into given 
elements, derived from Sylvester's Theorem,” zbid., pp. 275—348; “Formule for the 
number of partitions of a number into the elements 1, 2, 3, .... 2 up to n=9,” «bid, 
Vol. XLI, 1910, pp. 94—112: and further references will be found in MacMahon, loc. czt., 
pp. 59—71, and E. Netto, Lehrbuch der Combinatorik, 1901, pp. 146—158. Thus, for 
example, the coefficient of x” in 
1 
(1-2) (1 - 2) (1 -- 2°) 


is a(n) = py (n+3)"— fy + B(—1)+ F008 τὶ 


as is easily found by separating the function into partial fractions. This function may 
also be expressed in the forms 


τς (1 +3)? (ὁ cos gan)? -- (ἢ sin fan)’, 
L+[pen(n+6)}, {ey (n+3)%, 


where [] and {n} denote the greatest integer contained in » and the integer nearest to n. 
These formule do, of course, furnish incidentally asymptotic formule for the functions in 
question. But theyare, from this point of view, of a very trivial character: the interest 
which they possess is algebraical. 
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to it. In the latter problems we are dealing with functions defined by 
Dirichlet’s series. The study of such functions presents difficulties far more 
fundamental than any which confront us in the theory of the modular 
functions. These difficulties, however, relate to the distribution of the zeros 
of the functions and their general behaviour at infinity: no difficulties what- 
ever are occasioned by the crude singularities of the functions in the finite 
part of the plane. The single finite singularity of ζ (8), for example, the pole 
at s=1, is a singularity of the simplest possible character. It is this pole 
which gives rise to the dominant terms in the asymptotic formule for the 
arithmetical functions associated with €(s). To prove such a formula rigorously 
is often exceedingly difficult; to determine precisely the order of the error 
which it involves is in many cases a problem which still defies the utmost 
resources of analysis. But to write down the dominant terms involves, as 
a rule, no difficulty more formidable than that of deforming a path of integra- 
tion over a pole of the subject of integration and calculating the corresponding 
residue. 


In the theory of partitions, on the other hand, we are dealing with 
functions which do not exist at all outside the unit circle. Every point of 
the circle is an essential singularity of the function, and no part of the contour 
of integration can be deformed in such a manner as to make its contribution 
obviously negligible. Every element of the contour requires special study ; 
and there is no obvious method of writing down a “dominant term.” 


The difficulties of the problem appear then, at first sight, to be very serious. 
We possess, however, in the formule of the theory of the linear transformation 
of the elliptic functions, an extremely powerful analytical weapon by means 
of which we can study the behaviour of f(x) near any assigned point of the 
unit circle*. It is to an appropriate use of these formule that the accuracy 
of our final results, an accuracy which will, we think, be found to be quite 
startling, is due. 


1:3. It is very important, in dealing with such a problem as this, to 
distinguish clearly the various stages to which we can progress by arguments 
of a progressively “deeper” and less elementary character. The earlier results 
are naturally (so far as the particular problem is concerned) superseded by 
the later. But the more elementary methods are likely to be applicable to 
other problems in which the more subtle analysis is impracticable. 


We have attacked this particular problem by a considerable number of 
different methods, and cannot profess to have reached any very precise con- 
clusions as to the possibilities of each. A detailed comparison of the results 


* See G. H: Hardy and. J. E. Littlewood, “Some problems of Diophantine.approxima- 
tion (II: The trigonometrical series associated with the elliptic Theta-functions),” Acta 
Mathematica, Vol. xxxvit, 1914, pp. 193--238, for applications of the formule to. different 
but not unrelated problems. 
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to which they lead would moreover expand this paper to a quite unreasonable 
length. But we have thought it worth while to include a short account of 
two of them. The first is quite elementary; it depends only on Euler’s 
identity 
(1°31) 
I x τ" 

(1 —2) ([ -- «ἡ ([ - α)... ἘΝ (1 =e ane a2)2 
—an identity capable of wide generalisation—and on elementary algebraical 
reasoning. By these means we shew, in section 2, that 


(1:32) eANn < n(n) « 6855, 
where A and B are positive constants, for all sufficiently large values of n. 


It follows that 

(1:33) Α Μη < log p(n) < Buon; 
and the next question which arises is the question whether a constant C exists 
such that 

(1°34) log p(n) ~ Con. 
We prove that this is so in section 3. Our proof is still, in a sense, “ele- 
mentary.” It does not appeal to the theory of analytic functions, depending 
only on a general arithmetic theorem concerning infinite series; but this 
theorem is of the difficult and delicate type which Messrs Hardy and Little- 
wood have called “Tauberian.” The actual theorem required was proved by 
us in a paper recently printed in these Proceedings*. It shews that 

π᾿ 

=e: 


cee 


(1°35) 
in other words that 


(1:36) p(n) = exp {mr J (τ (1+ ἢ ! 


where ε is small when n is large. This method is one of very wide application. 
It may be used, for example, to prove that, if p(n) denotes the number of 
partitions of n into perfect s-th powers, then 


/(8+1) 
log p(n) ~ (s +1) : Γ (1 + =) ἕ (1 + Ἴ ni (st), 


It is certainly possible to obtain, by means of arguments of this general 
character, information about p(n) more precise thar that furnished by the 
formula (1:36). And it is equally possible to prove (1°36) by reasoning of a 
more elementary, though more special, character: we have a proof, for example, 
based on the identity 


np (πὴ = Σ ov) p(n») 


* G. H. Hardy and S. Ramanujan, “Asymptotic formule for the distribution of 


integers of various types,” Proc. London Math. Soc., Ser. 2, Vol. xvr, 1917, pp. 112—-132. 
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where σ (v) is the sum of the divisors of v, and a process of induction. But 
we are at present unable to obtain, by any method which does not depend 
upon Cauchy’s theorem, a result as precise as that which we state in the next 
paragraph, a result, that is to say, which is “ vraiment asymptotique.” 


14, Our next step was to replace (1°36) by the much more precise 
formula 


(1.41) , () ~ py exp [-, Χ (FI. 


The proof of this formula appears to necessitate the use of much more 
powerful machinery, Cauchy’s integral (1°21) and the functional relation 


(142) γω- ΟΝ (log=) exp ἰποξπ 0}, 
where ps 
(1:43) a’ = exp s oe a . 


This formula is merely a statement in a different notation of the relation 

between ὦ (τ) and h(T), where 
_etdr 
at br’ 


viz. h(t) = τ, (:) h (T)*. 


It is interesting to observe the correspondence between (1:41) and the 
results of numerical computation. Numerical data furnished to us by Major 
MacMahon gave the following results: we denote the right-hand side of 
(1-41) by ow (n). 


a=d=0, b=1, c=-1; 


τ (2) 


48°104 


627 692°385 


204226 217590°499 


15796476 16606781 567 


It will be observed that the progress of τοί towards its limit unity is not 
very rapid, and that τὸ —p is always positive and appears to tend rapidly to 
infinity. 


* Tannery and Molk, loc. ect., p. 265 (Table XLY, 5). 
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15. In order to obtain more satisfactory results it is necessary to con- 
struct some auxiliary function F(#) which is regular at all points of the unit 
circle save «=1, and has there a singularity of a type as near as possible to 
that of the singularity of f(x). We may then hope to obtain a much more 
precise approximation by applying Cauchy’s theorem to f— F instead of to Καὶ 
For although every point of the circle is a singular point of f, c=1 is, to put 
it roughly, much the heaviest singularity. When 2-»1 by real values, f(z) 
tends to infinity like an exponential 


7? 
ΤΕΣ 
when a= rewrilg 


p and q being co-prime integers, and r-»1, | f(x)| tends to infinity like an 
exponential 


7? 
ne τῷ (= a 
while, if z= reer, 


where @ is irrational, | f(x) | can become infinite at most like an exponential 


of the type 
exp ‘0 (; 3. * 


The function required is 


(181) F(a) = 5 ΣΨ (n) α" 
where 

(1:52) y(n) = < jee! 

(1°53) C= ϑπ|γθ -- πν(ᾷ), λ, τ νία-- ἀρ. 


This function may be transformed into an integral by means of a general 
formula given by Lindeloff ; and it is then easy to prove that the “ principal 
branch” of F'(x) 1s regular all over the plane except at =1{; and that 


F(x) —x (2); 


* The statements concerning the “rational” points are corollaries of the formule of 
the transformation theory, and proofs of them are contained in the body of the paper. 
The proposition concerning “irrational” points may be proved by arguments similar to 
those used by Hardy and Littlewood in their memoir already quoted. It is not needed for 
our present purpose. As a matter of fact it is generally true that f(x)-» 0 when @ is 
irrational, and very nearly as rapidly as {/(1—r). It is in reality owing to this that our 
final method is so successful. 

t+ E. Lindelof, Le calewl des résidus et ses applications ἃ la théorie des fonctions 
(Gauthier- Villars, Collection Borel, 1905), p. 111. 

{ We speak, of course, of the principal branch of the function, viz. that represented by 
the series (1°51) when 2 is small. The other branches are singular at the origin. 
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where 


(154) χα)- ae of (log 1) exp ἐπ a} 7 1 


is regular for g=1. If we compare (1°42) and (1:54), and observe that f(z’) 
tends to unity with extreme rapidity when «# tends to 1 along any regular 
path which does not touch the circle of convergence, we can see at once thie 
very close similarity between the behaviour of f and F inside the unit circle 
and in the neighbourhood of «= 1. 


It should be observed that the term — 1 in (1°52) and (1°54) is—so far as 
our present assertions are concerned—otiose: all that we have said remains 
true if it is omitted; the resemblance between the singularities of f and F 
becomes indeed even closer. The term is inserted merely in order to facilitate 
some of our preliminary analysis, and will prove to be without influence on 
the final result. 


Applying Cauchy’s theorem to f — δ᾿, we obtain 


PCH 75 
PM) Oe 2 dn \ An 


where D is any number greater than 


ὁ 6 = ἐπ ν(3). 


(1-55) ) +O (ePwny, 


16. The formula (1°55) is an asymptotic formula of a type far more precise 
than that of (1.41). The error term is, however, of an exponential type, and 
may be expected ultimately to increase with very great rapidity. It was 
therefore with considerable surprise that we found what exceedingly good 
results the formula gives for fairly large values of n. For n=61, 62, 63 it 
gives 

1121538°972, 1300121°359, 1505535°606, 
while the correct values are 


1121505, 1300156, 1505499. 
The errors 33°972, —34641, 36°606 


are relatively very small, and alternate in sign. 


The next step is naturally to direct our attention to the singular point of 
f(x) next in importance after that at «=1, viz, that at e=—1; and to 
subtract from f (#) a second auxiliary function, related to this point as 7 (4) 
is to #=1. No new difficulty of principle is involved, and we find that 


(aes 4 ( = re (Ὁ 
PW) oF ἀπ =} Qn dn\ rp 


(1°61) ) +0 (eDun), 
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where D is now any number greater than $C. It now becomes obvious why 
our earlier approximation gave errors alternately of excess and of defect. 


It is obvious that this process may be repeated indefinitely. The 


singularities next in importance are those at «=e!™ and «=e!™; the next 
those at #=1 and =—7; and so on. The next two terms in the approximate 
formula are found to be 


/3 se αἱ (etOrn 
7 cos (Ξηπ — 7577) dn (S 
V2 d (etOrn 
and 7 008 (4a — πὶ Pe (5: : 


As we proceed further, the complexity of the calculations increases. The 
auxiliary function associated with the point «= e?"/4 involves a certain 
24q-th root of unity, connected with the linear transformation which must 
be used in order to elucidate the behaviour of f(x) near the point; and the 
explicit expression of this root in terms of p and q, though known, 18 some- 
what complex. But it is plain that, by taking a sufficient number of terms, 
we can find a formula in which the error is 


O (ern), 


where ν is a fixed but arbitrarily large integer. 


1:7. A final question remains. We have still the resource of making 
y a function of n, that is to say of making the number of terms in our 
approximate formula itself a function of n. In this way we may reasonably 
hope, at any rate, to find a formula in which the error is of order less than 
that of any exponential of the type 65"; of the order of a power of n, for 
example, or even bounded. 


When, however, we proceeded to test this hypothesis by means of the 
numerical data most kindly provided for us by Major MacMahon, we found 
a correspondence between the real and the approximate values of such 
astonishing accuracy as to lead us to hope for even more. Taking π Ξε 100, 
we found that the first six terms of our formula gave 


190568944°783 

+ 348°872 

— 2°598 

+ ‘685 

+ 318 

— 64 
190569291°996 , 


while p (100) = 190569292 ; 
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so that the error after six terms is only ‘004. We then proceeded to calculate 


p (200), and found 
3, 972, 998, 993, 185°896 


+ 36, 282°978 

— 87°555 

+ 5147 

+ 1.424 

+ 0071 
+ 0-000* 

+ 0043 

3, 972, 999, 029, 388-004 , 

and Major MacMahon’s subsequent calculations shewed that p (200) is, in fact, 
3, 972, 999, 029, 388. 


These results suggest very forcibly that it is possible to obtain a formula for 
p(n), which not only exhibits its order of magnitude and structure, but may 
be used to calculate its exact value for any value of n. That this is in fact so 
is shewn by the following theorem. 


Statement of the main theorem. 
THEOREM. Suppose that 


α Ολρᾳ 
(1-71) b(n) = 4, als) 


where C and dX, are defined by the equations (1°53), for all positive integral 
values of q; that ps a positive integer less than and prime to q; that wp,¢ 18 
a 24q-th root of unity, defined when p is odd by the formula 


(1-721) : 
- 1 j ; 3: 

Op, q= (=") exp |- Ἢ (2 -- ρᾳ -- Ὀὴ) + τς (4-) (2p — »' + p*p ) ni | = 
and when q is odd by the formula 

(1:722). ; | 

Ξ:1[ΞὉ at ae | 1 (g—1 2 4 nin’ : 
eg (5 ) ΣΡ] το ὦ (6 -- 1) Ὁ ὑς [4-- τ) Cpa »΄ tip), πί], 
where (a/b) is the symbol of Legendre and Jacobit, and p’ is any positive 
mteger such that 1+ pp’ is divisible by q; that 

(1°73) Ag (n) = Zw, ge-™Pri!4; 

, (p) 

and that a 1s any positive constant, and v the integral part of av/n. 


* This term vanishes identically. 

+ See Tannery and Molk, loc. cit., pp. 104—106, for a complete set of rules for the cal- 
culation of the value of (a/b), which is, of course, always 1 or ~1. When both pand g 
are odd it is indifferent which formula is adopted. 
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Then 
(1°74) P (n) = 3 Agdy +0 (0-9), 


so that p(n) 1s, for all sufficiently large values of n, the integer nearest to 
(1-75) Σ 44φ,. 
1 


It should be observed that all the numbers A, are real. A table of A, 
from q=1 to 4 ΞΞ 18 is given at the end of the paper (Table II). 


The proof of this theorem is given in section 5; section 4 being devoted 
to a number of preliminary lemmas. The proof is naturally somewhat 
intricate ; and we trust that we have arranged it in such a form as to be 
readily intelligible. In section 6 we draw attention to one or two questions 
which our theorem, in spite of its apparent completeness, still leaves open. 
In section 7 we indicate some other problems in combinatory analysis and 
the analytic theory of numbers to which our method may be applied; and 
we conclude by giving some functional and numerical tables: for the latter 
we are indebted to Major MacMahon and Mr H. B.C. Darling. To Major 
MacMahon in particular we owe many thanks for the amount of trouble he 
has taken over very tedious calculations. It is certain that, without the 
encouragement given by the results of these calculations, we should never 
have attempted to prove theoretical results at all comparable in precision 
with those which we have enunciated. 


2. ELEMENTARY PROOF THAT e4%" < p(n) < e?%™ FOR SUFFICIENTLY 
LARGE VALUES OF ἡ. 


21. In this section we give the elementary proof of the inequalities 
(1°32). We prove, in fact, rather more, viz., that positive constants H and K 
exist such that 

(211) Fain < p(n) ς Κ eaten 

n n 
for n>1*. We shal! use in our proof only Euler's formula (1:31) and a 
debased form of Stirling’s theorem, easily demonstrable by quite elementary 


methods: the proposition that 
nier/nntt 


lies between two positive constants for all positive integral values of n. 


* Somewhat inferior inequalities, of the type 
g4 [Nn] <p (n) <n? [Wa] 
may be proved by entirely elementary reasoning; by reasoning, that is to say, which 
depends only on the arithmetical definition of (7) and on elementary finite algebra, and 


does not presuppose the notion of a limit or the definitions of the logarithmic or expo- 
nential functions. 
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2:2. The proof of the first of the two inequalities is slightly the simpler. 
It is obvious that if 
1 
ΣΡ, (n) a = (l—a) (1—2)... (1—2#’) 


so that p,(n) is the number of partitions of n into parts not exceeding r, then 
(2°21) Pr (2) = Pra (2) + Pra (n — 17) + Pra (ἢ -- 27) +... 
We shall use this equation to prove, by induction, that 


(2°22) Pr (n) > 


γη 7 ῖ 
(ἢ) 

It is obvious that (2°22) is true for 7-- 1. Assuming it to be true for r=s, 
and using (2°21), we obtain | 


8 


Pets (N) > Tei {ns + (n —8 — 1)5 1 + (n — 28 — 2). 1 +...} 
8 (ns—(n—s—1)® (η --- 8 -- 1)" - (ἡ - 28 - 2)" 
> ri s(s+1) ε 8 (85 - 1) +. 
ns (s+ 1) n8 


~(st+i)(s)? (e+) 
This proves (2°22). Now p(n) is obviously not less than p,(n), whatever the 


value of r, Take r=[j/n]: then 


[vn] H 
p(n) > Pn (N) > We) Tay - ΓΟ 


by a simple application of the degenerate form of Stirling’s theorem men- 
tioned above. 


28. The proof of the second inequality depends upon Euler's identity. 
If we write 


See 1 
2dr (1) = =o ae 
we have 
(2°31) 4, (N) = φ,-α (2) + 24,.-.. (ἢ — 17) + 3g, (τι — 27) +..., 
and 


(232) = p(n)=q (n—1) +g, (n—4) - φς (γι -- 9) +... 
We shall first prove by induction that 


᾿ (n+ τὴ) 
(2.38) Qe (π) ἐπι Diep" 


This is obviously true for r=1. Assuming it to be true for 7 ΞξΞ 8, and using 
(2°31), we obtain | 


1 
s+ (n) « (2s -- 1(6ὴ {(n + 5) 5: + 9 (n + 92 imi Ss 155 
+ 8 (n  85- 28 -- 2) τι εν} 


916 
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Now m (m —1) a™-?b? < (a + b)™ — 2a™ + (a —b)™, 
if m is a positive integer, and a, ὃ, and a —6 are positive, while if a—6 «0, 
and m is odd, the term (a — b)™ may be omitted. In this inequality write 
m=2s+1, a=n+s?—ks—k (k=0,1,2,...), b=8+4+1, 
and sum with respect to k. We find that 
(2s + 1) 2s (¢ +.1)?{(n + 852)36- - 2 (ἡ Ὁ 8) -- 8 -- 1)55.1 ἘΠῚ} « (Ὁ 85 Ἐ8 Ὁ 5:1’ 
and so 
(n+s?+5+1)¥* {n+ (s+ 1) "7 

~ (2s + 1) 2s (s + 1)? (2s — 1)! (s!)? . (2s+1)!{(s+1)!}?° 
Hence (2°33) is true generally. 

It follows from (2°32) that 


p(n)=q,(n—1) + q(n—4) +... 


Ys-+1 (n)< 


ao nr) 
recs ΠΩΣ 
But, using the degenerate form of Stirling’s theorem once more, we find 
without difficulty that 
1 2° i 
(Qr—1)! (rij? ~ 4r!’ 
where K is a constant. Hence 


p(n) <8K 30 


«ΒΚ Σ Σ Say Κ coven, 
a 
This is the second of the inequalities iis 


3. APPLICATION OF A TAUBERIAN THEOREM TO THE DETERMINATION 
OF THE CONSTANT (Οἱ. 


3:1. The value of the constant 
ae log p (n) 
C = lim Vn 


? 


is most naturally determined by the use of the following theorem. 


If g(x) =Zdn2" is a power-series with positive coefficients, and 


A 
log g(t) ~ 7; 
— when x->1, then | 
log Sy = log (dy + Git... + Gn) ~ 2 V(An) 
when n—> 00. 


This theorem is a special case* of Theorem C in our paper already 
referred to. 


Now suppose that ; 
g (2) = (1-2) f(x) == {p(n)— p(n- 1)} δ Ξε {τι -- «(1 - σἡ--ν 


* Loe. cit., p. 129 (with a= 1). 


317 


318 


288 Asymptotic Formule in Combinatory Analysis 


Then Ay = p(n) —p(n—1) 
is plainly positive. And 
(3°11) 
2 1 2 ee 51 πΞ 
ee ge) =e προ τ Oa) 


when #->1*, Hence © 
(3°12) log Ὁ (n) = Gp +Q,+... + An~C μη, 
where C = 2ar/,/6 = ar ν (3), 88 in (1°53). 


8.2. There is no doubt that it is possible, by “Tauberian” arguments, to 
prove a good deal more about p(n) than is asserted by (3°12). The functional 
equation satisfied by 5, (4) shews, for example, that 


(gy ==)? αι at 

2 af Bn) °F (6a) 

a relation far more precise than (3:11). From this relation, and the fact that 
the coefficients in g (x) are positive, it 1s certainly possible to deduce more 
than (3°12). But it hardly seems likely that arguments of this character will 
lead us to a proof of (1:41). It would be exceedingly interesting to know 
exactly how far they will carry us, since the method is comparatively ele- 
mentary, and has a much wider range of application than the more powerful 
methods employed later in this paper. We must, however, reserve the dis- 
cussion of this question for some future occasion. 


4. LEMMAS PRELIMINARY TO THE PROOF OF THE MAIN THEOREM. 


41. We proceed now to the proof of our main theorem. The proof is 
somewhat intricate, and depends on a number of subsidiary theorems which 
we shall state as lemmas. 


Lemmas concerning Farey’s series. 


4:21. The Farey’s sertes of order m is the aggregate of irreducible rational 


fractions 
pla (0<p<q<m), 


* This is a special case of much more general theorems: see K. Knopp, “Grenzwerte 
von Reihen bei der Anniherung an die Konvergenzgrenze,” Jnaugural-Dissertation, Berlin, 
1907, pp. 25 et seg.; K. Knopp, “Uber Lambertsche Reihen,” Journal fii-Math., Vol. oxi, 
1913, pp. 2883—315; G. H. Hardy, “Theorems connected with Abel’s Theorem on the 
continuity of power series,” Proc. London Math, Soc., Ser. 2, Vol. rv, 1906, pp. 247—-265 
(pp. 252, 253); G. H. Hardy, “Some theorems concerning infinite series,” Math. Ann., 
Vol. Lxtv, 1907, pp. 77-94; G. H. Hardy, “Note on Lambert’s series,” Proc. London 
Math. Soc., Ser. 2, Vol. x111, 1913, pp. 192—198. 

A direct proof is very easy: for | 

ye" (l-7) << 1-2" ἐν (1 -- ), 
arti 


yp? 


1 


———— 3 <lo (xz) aay 
l-x2 »? 89 aoe Ea 
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arranged in ascending order of magnitude. Thus 


{, ἢ ἐν ἐν Ὁ ἢ, ὁ, ἢν ὅν ὦ ἡ, $B ὅν ὁ, ἢ ὁ, ὅν, ὁ 1 


is the Farey’s series of order 7. 


Lemma 4°21. If p/q, p'/q' are two successive terms of a Farey’s serves, then 

(4211) Pq- py =1. 

This is, of course, a well-known theorem, first observed by Farey and 
first proved by Cauchy*. The following exceedingly simple proof is due to 
Hurwitz f. 


The result is plainly true when m=1. Let us suppose it true for m=k; 
and let p/q, p’/q’ be two consecutive terms in the series of order k. 


Suppose now that p”/q” is a term of the series of order &+1 which falls 

between p/gq and p’/q’. Let 
P’g-py’=>0, pa -pg=">9. 
Solving these equations for ρ΄, g”, and observing that p’q — pq’ = 1, we obtain 
p’=pp+rp, go = pq tq. 
Consider now the aggregate of fractions 
(up + Ap’)/(ug +4); 
where and μ are positive integers without common factor. All of these 
fractions lie between p/q and p’/q'; and all are in their lowest terms, since 
a factor common to numerator and denominator would divide 
n= q (up + Ap’) — p (ug +9), 
and w= p' (μᾳ τ λᾳ) -- 7 (up +Ap). 
Each of them first makes its appearance in the Farey’s series of order 
uqg+rq’, and the first of them to make its appearance must be that for 
which A=1, »=1. Hence 
p’=ptp, g=qtq, 
ρ΄4--»ᾳ' =p —p'g =1. 

The lemma is consequently proved by induction. 

Lema 4:22. Suppose that p/q is a term of the Farey’s serves of order m, 
and p"/q", p’/q’ the adjacent terms on the left and the right: and let jpq denote 


the interval 

p 1 Pp J 

eT ay Ξε ΟΞ, 
q 9(9+q) q 9(9+@) 

* J. Farey, “On a curious property of vulgar fractions,” Phil. Mag., Ser. 1, Vol. xuvur, 
1816, pp. 385, 386; A. L. Cauchy, “Démonstration d@’un théoréme curieux sur les nom- 
bres,” Exercices de mathématiques, Vol. 1, 1826, pp. 114—116. Cauchy’s proof was first 
published in the Bulletin de la Société Philomatique in 1816. 

+ A. Hurwitz, “Ueber die angeniherte Darstellung der Zahlen durch rationale Briiche,” 
Math. Ann., Vol. xuiv, 1894, pp. 417—436. 

t When p/g is 0/1 or 1/1, only the part of this interval inside (0, 1) is to be taken ; 
thus 70,1: 18 0, 1/(m+ 1) and 71,1 is l= 1/(m+ 1), 1. 
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Then (i) the intervals jp, q exactly fill up the continuum (0,1), and (11) the length 
of each of the parts into which jpg 18 divided by p/q* 1s greater than 1/2mq 
and less than 1/mq. 
(i) Since 
1 ᾿ ee ae 
φίᾳ Ἐ4) (+9 @ 44 


the intervals just fill up the continuum. 


(ii) Since neither g nor q’ exceeds m, and one at least must be less than m, 
we have 
1 " 
---τ τῆ » ς----᾿ 
φίᾳφ 4) 2mq 
Also ῳ Ἔ φ' >, since otherwise (p+ ρ΄) (4φ-Ἐ 4φ) would be a term in the series 
between p/g and p’/q’. Hence 
1 ] 
eens geen 
q(q+q) mq 
Standard dissection of a circle. 
4:23. The following mode of dissection of a circle, based upon Lemma 
4°22, 1s of fundamental importance for our analysis. 


Suppose that the circle is defined by 
c= Re 0<6<1). 


Construct the Farey’s series of order m, and the corresponding intervals 7, 9. 
When these intervals are considered as intervals of variation of 6, and the 
two extreme intervals, which correspond to abutting arcs on the circle, are 
regarded as constituting a single interval £,,, the circle 1s divided into a 
number of ares 

ἕξ,» 


where q ranges from 1 to m and p through the numbers not exceeding and 
prime to gt. We call this dissection of the circle the dissection &,,. 


Lemmas from the theory of the linear transformation of the elliptic 
modular functions. 


4°3. Lemma 4°31. Suppose that q 18 a positive integer; that p is a positive 


integer not exceeding and prime to q; that p’ 18 a positive integer such that 
1+ pp’ ts divisible by q; that wp, 1s defined by the formule (1:721) or (1°722) ; 


that . " 
w= exp (—722 + PR), af = exp (- τς ΠΡ πὴ, 
4 q qz q 


* See the preceding footnote [footnote 1 of p. 289]. 
+ p=0 occurring with g=1 only. 
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where the real part of 2 1s posite; and that 


1 
od aay PE We) τ 
Then f (@) = wp, «ΜΖ exp (or a iz) f (2). 


This lemma is merely a restatement in a different notation of well-known 
formule in the transformation theory. 


Suppose, for example, that p is odd. If we take 


_ i+ pp’ 


a=PD, =— qd, C 
p 4 q 


so that ad — be = 1; and write 


so that r=P ye) TH=E+-; 
q 4 ge 
then we can easily verify that 
_e+dr 
~ atbr’ 


Also, in the notation of Tannery and Molk, we have 
τς ,. οὐ 
χω τ: 7 67- κΚ6 
and the formula for the linear transformation of h (τ) is 


h(T)= (=) exp 8 (a —1) — τς [a (b —c) + bd (αϑ ---1}}} πὶ] JV (a+ br) ἢ (τ), 


where ./(a+ br) has its real part positive*. A little elementary algebra will 
shew the equivalence of this result and ours. 


The other formula for w,,, may be verified similarly, but in this case we 
must take 
a=—p, b=4q, o=— PP, d= ρ΄. 
We have included in the Appendix (Table I) a short table of some values 


of wy, 9, or rather of (log wy, ¢)/7t. 


Lemma 4°32. The function f (x) satisfies the equation 
(4:°321) 


Fe) πόρεν aie le (=) ta laptag Ta) τὸ. 
where 
(4-322) 
ἄρ, 4ᾳ ΞΞ- are Pmla, αἱ 4 ΞΞ exp Β 


Ss Ey By EE Gn τ ----- 
Glog (1/tp,q) 4 
* Tannery and Molk, loc. cié., pp. 113, 267. 


4πὸ 2p 
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This is an immediate corollary from Lemma 4°31, since 


— Α΄ ἃ i —nz/ig — 7? * 
ὧν G5 OR (=). : a οἢ 
SO τος ee (- 2π πὸ _ 
1222 6g? log (1/ap, 4)’ P ηΖ 4 ae 


If we observe that 
SF (@'p,q) =1+p(1) ep gts 
we see that, if x tends to e?™/? along a radius vector, or indeed any regular 
path which does not touch the circle of convergence, the difference 


f (a) — wp, 4 af ἘΞ log (;-)| a 2XP latex tea} 


tends to zero with great rapidity. It is on this fact that our analysis is based. 


Lemmas concerning the aumliary function F, (2). 


441. The auxiliary function F, (x) 1s defined by the equation 
Fa (a) = Σ ψε (n) 2% 


where ry (n) = < cosh ah, — | 52 -ἰ ! 
An = γ (ἢ — δ), a>Oo0. 


Lemma 4:41. Suppose that a cut 1s made along the segment (1, 0 ) in the 
plane of «. Then Fy (x) 18 regular at all points inside the region thus defined. 


This lemma is an immediate corollary of a general theorem proved by 
Lindeléf on pp. 109 et seg. of his Calcul des résidus*. 
_ a cosha(z—4)-1 
dz V(2— gz) 
satisfies the conditions imposed upon it by Lindeléf, if the number which he 
calls a is greater than «ἷς; and 


The function Wa (2) 


ic 


at qe 
(4-411) P(e) =|" Sab (2) ds 
if a=re", 0<0< 27, x= exp {z (logr+76)}. 


442. LEMMA 442. Suppose that D is the region defined by the in- 
equalities 
~7TW<—-4<6<&<7, rn<r, 0<%<1, 


* Lindelof gives references to Mellin and Le Roy, who had previously established the 
theorem in less general forms. 
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and that log (1/x) has its principal value, so that log (1/x) 18. one-valued, and 
its square root two-valued, in D. Further, let 


χα (α) = /{m log (1/2)} αὖ exp {tog Tait ~ | | 


that value of the square root being chosen which is positive when Ὁ «α΄«Ἱ1]. 


Then 
ae Fy (£) — χα (2) 
is regular unside D*. 

We observe first that, when @ has a fixed value between 0 and 2π, the 
integral on the right-hand side of (4.411) is uniformly convergent for 
gz<a<a@. Hence we may take a=, in (4411). We thus obtain 

e Σ 2 ait . . 1 a a e 
Fy (2) π- iat |’ ΤῊΣ οὐπὶ - 2πί Va (sir + wt) dt + ἰὸς | 1— etett πὶ Vo (yg — οὐ) dt, 
where the γ (ὦ) and /(— it) which occur in Wy (q+ 2) and Wa (sy — 2é) are to 
be interpreted as e#*,/t and ὁ ἐπὶ γέ respectively. We write this in the form 
1 = ae . 
(4421) Fy (x) = Xa (x) + iat | ες tami πὶ l Va (siz + it) dt 


—tt 


.. [9 ἰὴ ΐ 
+ ἕατε ip | —etrmit int Va (οἷς — τ) αὐ 


= X, (x) + Θ, (x) + @, (α), 
say, where X, (a) = ta i ” i aby (ὡς + tt) αἱ. 
0 
Now, since jit | =e, | ait | =o, 


the functions Θ are regular throughout the angle of Lemma 4.42, And 


_ at = ὦ (5 ΕνΈ- ἢ 
τ τ» . en πῃ oe ae dt, 


where N= ilog =, =a v/2. 


The form of this integral may be calculated by supposing αὶ and yu positive, 
when we obtain 


7 , αἱ /coshpw—l τ ; 
Ι ΠΝ ue) dw = 2. | ev (cosh pw — 1) dw 


= (am) (eH! — 1). 
Hence 


. a 
(4425) X- (0) = for log (1/a)} 2% | exp [Fah - 1| = x0 (0) 
and the proof of the lemma is completed. 


* Both F, (x) and χα (2) are two-valued in D. The value of F, (x) contemplated is 
naturally that represented by the power-series. 
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Lemmas 4°41 and 4:42 shew that «=1 is the sole finite singularity of 
the principal branch of F, (2). 


4:43. Lemma 448. Suppose that P, 6, and A are positive constants, 
0, being less than w. Then 
| Fa (x) |< K=K (P, 6,, A), 
for O<r<P, θι«θ«2π--θ., θ«ας Α. 
We use K generally to denote a positive number independent οὗ ὦ and 


of a. We may employ the formula (4.411). It is plain that 


< Ke~1\"\, 


--------..-..-.----.ς... 


Τ-- ene 


πῶς μη, 
τὶ Ce < KeE la, 


where ἡ is the imaginary part of z. Hence 


| Wa (2) |= 


(F, (2) |< ΚΙ cE dla 191 dn « K. 


4°44, Lemma 444. Let c be a circle whose centre 15 x=1, and whose 
radius δ 1s less than unity. Then 
| Fa (2) — χα (2) |< Ka’, 
if x hes inc and 0<a<A, K=K (δ, A) being as before independent of « and 
of a. 
If we refer back to (4.421) and (4.422), we see that it is sufficient to prove 


that 
— |@, (2) | < Ka’, |@, (x)|< Ka’; 


and we may plainly confine ourselves to the first of these inequalities. We 
have 


git fe ait d (cosh α ν (ἐδ) —1 
9, (0) =F {{ aw Ee a 


Rejecting the extraneous factor, which is plainly without importance, and 
integrating by parts, we obtain 
cosh a /(tt) — 1 


@(2)= [Φὼ Vt 


10" log ὦ παῖς e— ὑππὶ + aut 
en temit+2nt 1 (6- tyrit+2xt γ᾽ 
Now | @| < ἐπ and | at | < Kei*t, It follows that 

| [Φ (ἢ |< Ke-*; 


dt, 


where Φ (ἐ) ὩΣ -- 
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and JO (c)|< K |” | sinh fa y(t) | 
< K{* = {cosh a /(4t) — cos α /(4t)} dt 
: 


mt oe. ge 
<K i} 6 (cosh 73 COs 5) dw 


= k (eo*/87 ees) < Kai 


5. PROOF OF THE MAIN THEOREM. 


51. We write 
J 
(5°11) Fy, q (2) = 9,9" 45 Fe (p,q), 
where C=7 2, ἄρ, 9 ΞΞ ve~™4/4; and 
(5°12) ® (x) = f (x) — 2X Fy, q (2); 
4» 


where the summation applies to all values of p not exceeding 4 and prime 
to φ, and to all values of φ such that 


(5-13) L<q<v=[ayn], 
a being positive and independent of n. If then 
(5°14) Faq (@) = Sepo.n%*, 
we have 
. 1 f &() 
(515) P(t) ~23enen= τς | Soar de, 


where I’ is a circle whose centre is the origin and whose radius Ff is less 
than unity. We take 


(5°16) 7 Rr=1-8 
n 
where 8 also 1s positive and independent of n. 


Our object is to shew that the integral on the right-hand side of (5:15) 
is of the form O(n-*); the constant implied in the O will of course be a 
function of « and 8. It is to be understood throughout that O’s are used in 
this sense; O (1), for instance, stands for a function of x, n, p, ᾳ, a, and B (or 
of some only of these variables) which 15 less in absolute value than a number 


K= K (a, B) independent of x, n, p, and q. 


We divide up the circle [, by means of the dissection ἔξ, of 4:23, into 
arcs ἕ,,ᾳ each associated with a point Re®*/2; and we denote by ἡρ,ᾳ the arc 
of complementary to & 4. This being so, we have 

D(z), F(a) - Fpg(@) a F’p,q (2) 

(517) Ι. τε ἄσ-Σ | Teal αν Σ [ΓΑΙ de 


= Σ p,¢ eo Σ Ὺρ,4» 
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say. We shall prove that each of these sums is of the form O(n-*); and 
we shall begin with the second sum, which only involves the auxiliary 
functions F. 


Proof that Xjp,q = O (n+). 
5:21. We have, by Cauchy’s theorem, 


(5-211) (ere ae acd Ὲ i Hoa) gy 
: ὄρ» 4 


nm+1 
Np» @ & 


where £4 consists of the contour LMNM’L’ shewn in the figure. Here 
7 and L’ are the ends of £,,, LM and M’L’ are radii vectores, and MN M is 
part of a circle T, whose radius R, is greater than 1. P is the point errlq: 
and we suppose that R, is small enough to ensure that all points of LM and 
Μ΄, are at a distance from P less than 4. The other circle ὁ shewn in the 
figure has P as its centre and radius 4. We denote LM by a, ,, M'L’ by 
σ΄, , and MNM’ by γ,,4: and we write 


(5°212) Jp g= Ι. = | ΗΝ + =P patPrat Spa 


»»4 ὙΡΌ 4 Wp το». 


The contribution of Σ}"», 4. 
5:22. Suppose first that x lies on yp,q and outside c.. Then, in virtue of 
(5°11) and Lemma 4°43, we have 
(5-221) F,,q (a) = 0 (v4). 
If on the other hand a lies on yp, but inside c, we have, by (5:11) and 
Lemma 4°44, 


(5°222) Fy, q(®) — Xp,q (@) = O (7 4), 
where 
δος vq 
(5°2221) Xp, 9 (2) = wp, g 72 χοιᾳ (Lp, q)- 
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But, if we recur to the definition of χα (x) in Lemma 4°42, and observe that 


as a a? log (1/7) “1 
ΡΖ Tog (1/a) | — “*P 7 [flog ( (1/7) }? +6) ~ 
if x = re” and r > 1, we see that 
(6223) χρ,ᾳ (2) = Ο (ν4) 


on the part of yp in question. Hence (5221) holds for all yp. It follows 
that 
7», φπ 0 (R, Ry" VQ); 
(6224) Bina = 0 (R* E gl) =O (nt Reo) 


This sum tends to zero more Hanidly than any power of n, and is therefore 
completely trivial. 


The contributions of %7%p,q and 7°», 9: 

5.231. We must now consider the sums which arise from the integrals 
along τῦρ,φ and ow’, ,; and it is evident that we need consider in detail only 
the first of these two lines. We write 

(52311) 

J p.a= | 


Wpg 


H,q(#) — χρ,ς (4) χα +] Xe.0 (6 X29!) dy = τος +5" ρα 
- Wprg 


ant 
say. 
In the first place we have, from (5-222), 


J'p,q= 0 (¢- i " on)= 0 (q7? π᾿ ἢ), 


since 
. Ὡς oe) eae 
(52312) R-* = ( ΕῚ =0 (1). 
Thus 
(52313) Sjpg= O(n? Σ gh=O(n-), 


q< O(n) 
6.232. In the second place we have 
or vq χοίᾳ (*p, 9) 9 
= Wy 9 — Ani 2 dx. 
J »0.4 0,4 7Τ V2 Jw oe gnti 
It is plain that, if we substitute y for ze~”™/2, then write x again for y, and 
finally substitute for yoj, its explicit expression as an elementary function, 
given in Lemma 4°42, we obtain 
(52321) 
tt 1 i _ 23 
ina 0 (9) [ (E(@) ~1},/ (log) #-*-# de = 0 (va) J 


* Here, and in many passages in our subsequent argument, it is to be remembered 
that the number of values of Ψ, corresponding to a given q, is less than q, and that the 
number of values of ¢ is of order ,/n. Thus we have generally 


oe +1) — (2) (n}8t1), 
BO(g=O( Batt) = O(n) 
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say, where 


: Υ͂ = 7 
(5°23211) Ei (x) = exp lector We log aja} ; 
and the path of integration is now a line related to =1 as ap, 18 to 
a = e?™"/2; the line defined by «= re”, where Rer< R,, and @ is fixed and 
(by Lemma 4:22) lies between 1/2qv and 1/qv. 


Integrating J by parts, we find 


(5'2322) 
a ON μεμννὴν 
= {πῶ -ἢ (log =) Vanni dx 
i [ξω (log?) τη τάν = I+ Sat Ss 
say. 


5:233. In estimating J;, J,, aud J;, we must bear the following facts in 
mind. 


(1) Since |#|>R, it follows from (5°2312) that | #|-*=0 (1) throughout 
the range of integration. 
(2) Since 1 -- R=£8/n and 1/2qv < 6 < 1/qv, where v=[a/n], we have 


log (=) =O Ga , 


1 
when 7: = R, and bee 
throughout the range of integration. 

m log (1/r) 

ἫΡ δα} [flog (177}}" + 9 
E (4) is less than 1 in absolute value when r>1. And, on the part of the 
path for which r< 1, it is of the form 

1 , 

exp O (aa) = exp 0 (1) = 0 (1). 

It is accordingly of the form O (1) throughout the range of integration. 


5:234. Thus we have, first 
(5'2341) 
J, = 0 (1) Ο 4) O(R,™) + 0 (1) O (q-tn-4) O (1) = O (φτ π" ἢ), 


secondly 


(3) Since | # (x) |= 


R, dr 
/R 


(52342) Ja = 0 (1) O (gtnt) rh = O (g*n-), 
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R, a 
(52343) J,=0(g7*) 0(1) 0 (gint) [“ Sag = 0 (40), 
R 


From (5:2341), (5°2342), (5°2343), and (5°2322), we obtain 
J=0 (q- ἐπ ἢ + 0 (gin ἢ; 
and, from (5'2321), j"n,q= 0 (n~*) +0 (qn-®). 
Summing, we obtain 


(6233) Sj",q=Ol(n™* Σ ghtO(n-* SZ φ) 
qg< O(n) q@< O(n) 


= Ο (nt) + O (πα ἢ) =0 (πη ἢ). 
5235. From (52311), (5°2313), and (5:2344), we obtain 
(5°2351) = j*p,q = O (n-4); 
and in exactly the same way we can prove 
(5°2352) Σ7"»,4Ξ- O (n-*). 
And from (5212), (6224), (5°2351), and (5'2352), we obtain, finally, 
(5'2353) Ljp,q = O (n+). 
Proof that XJ»y,¢= O (n-). 


5°31. We turn now to the discussion of 


(5°311) Jpq= Ι. Fea) de 


Ff (2) )—Xpa ag τω = Xora) de +f Pot) a 
Poe £p,¢ 
= 7}... Ὁ 4 ὁ» 4 


say, where Pp, 4 (5) = @p,¢ if (<t log =) att, 


X p,q (α) = χρ,ᾳ (Ὁ) + ρρ,ᾳ (©) = Pp, (©) αὶ (ap, 4), 
E (x) being defined as in (5:23211). 
Discussion of %J%p,q and Σ "4. 


5:32. The discussion of these two sums is, after the analysis which 
precedes, a simple matter. The arc &,,q is less than a constant multiple of 


1/q/n; and a" = Ο (1) on &),. Also 
| Pp, g (@) — χρ,ᾳ (2) |= O (g =a), 
by (6.222); and 


(6821) J (τος =~) = 0(g-*n-, 


since | tp.q|= R=1—(B/n), | am ap,q|<1/Qv. 
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Hence J*p,q = Ο (q7 *n~ 4), 
(5°322) YJ%y9 =O (n=? > qg~?)=O(n-34); 
 -.0 (Nn) 
and 75,4 = O (q7*n-4), 
(5.929) Στ οι τ Σ 1)=O0(n-). 
q<O(Nn) 


Discussion of XJ ty, 9. 
5°33. From (4321) and (5°2221), we have 
(5°331) 
Ξ { 7] 1 ot ; | 
7 (α) — Xp,q(#) = wp, g (Qar og Fed) Xa E (Xp, q) Ὦ (2'p,q); 


where O(2)=f(2)-1=11(, : τα προ) δ᾽, 
1.1 -ςΖ 1 
᾿ ee 4π3 Ζ2πῖρ' 
if} z|<1, and 2 n,q = EXP stopgap te | 
a ς΄ 4m* log (1/R) | 

= eal exe | ΤΉ Fe 
where @ is the amplitude of a, ,. Also 

2 2 a 2 1 1 mas’ 1 

γ᾽ ([log (1/R)P +} = 0 {o"(5 + =) = 0(3), 


while log (1/2) is greater than a constant multiple of 1 /n. There is therefore 
a positive number δ, less than unity and independent of n and of 4, such that 


|'p,q/< 8; 
and we may write 2) (2'p, q) =O (| p,q). 
We have therefore 
EE (p,q) (ap, g) = O ([«΄,,41 ἢ O (| ®'p,q|) =O (|p, |*#) =O (1); 
and so, by (5.321), 
F (2) — xa (0) = 0 (9) 0 (4/ log =|) 0 (1) = 0 6-9, 


And hence, as the length of &,,4 is of the form 0 (1/q1/n), we obtain 
Jt, g = 0 (gq n-3), 


(5°332) Σ ὦ" g=O(n-t Σ 1)=O(n-). 

q<O (Nn) 
5°34. From (5.311), (5°322), (5°323), and (6.382), we obtain 
(5°341) YJ p,q = O (n-). 
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Completion of the proof. 
54. From (5°15), (5°17), (5°2353), and (5°341), we obtain 


(5°41) p(n) —E Zep, ¢,n= Ο (αι ἢ). 
4.» 
Β _ ve ἃ cosh (Crn/g) —1 
ἃ 2 Cp,a,n πὸ Ὁ dn Na 
where : Ag= wy ge-mPre'd, 
» 


All that remains, in order to complete the proof of the theorem, is to shew 
that 
cosh (Ολ,, (4) — 1 


may be replaced by $eCAn/d ; 
and in order to prove this it is only necessary to shew that 
1 ρΟλῃίᾳ--. 
ot 2 eCAnld — cosh (Cry /g) +1 _ O(n). 
a<O(vn) an An 


On differentiating we find that the sum is of the form 


econ? Ὁ me ἰὼ () si : ae 4 το την 


Thus the theorem is proved. 


6. ADDITIONAL REMARKS ON THE THEOREM. 
61. The theorem which we have proved gives information about p(n) 
which is in some ways extraordinarily exact. We are for this reason the more 


anxious to point out explicitly two respects in which the results of our 
analysis are incomplete. 


6°21. We have proved that 
p(n) = Aggy ὁ O(n“), 


where the summation extends over the values of q specified in the theorem, 
for every fixed value of a; that is to say that, when a is given, a number 
K = K (a) can be found such that 


| p (n) —ZAgdy|< Kn* 
for every value of n. It follows that 
(6.211) p(n) = [5 Aggy}, 
where {x} denotes the integer nearest to 2, for N>N, Where m= (a) is 
a certain function of a. 
The question remains whether we can, by an appropriate choice of a, 
secure the truth of (6°211) for all values of n, and not merely for all sufficiently 


large values. Our opinion is that this is possible, and that it could be proved 
to be possible without any fundamental change in our analysis. Such a proof 
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would however involve a very careful revision of our argument. It would be 
necessary to replace all formule involving O’s by inequalities, containing only 
numbers expressed explicitly as functions of the various parameters employed. 
This process would certainly add very considerably to the length and the 
complexity of our argument. It is, as it stands, sufficient to prove what is, 
from our point of view, of the greatest interest ; and we have not thought it 
worth while to elaborate it further. 


6:22. The second point of incompleteness of our results is of much greater 
interest and importance. We have not proved either that the series 


Σ Aq dy 


is convergent, or that, 1f it 1s convergent, it represents p(n). Nor does it seem 
likely that our method is one intrinsically capable of proving these results, 
if they are true—a point on which we are not prepared to express any definite 
opinion. 

It should be observed in this connection that we have not even discovered 
anything definite concerning the order of magnitude of A, for large values 
of g. We can prove nothing better than the absolutely trivial equation 
A,=0O(q). On the other hand we cannot assert that A, is, for an infinity of 
values of q, effectively of an order as great as g, or indeed even that it does 
not tend to zero (though of course this is most unlikely). 


63. Our formula directs us, if we wish to obtain the exact value of p (n) 
for a large value of n, to take a number of terms of order /n. The numerical 
data suggest that a considerably smaller number of terms will be equally 
effective ; and it is easy to see that this conjecture is correct. 


Let us write Ββ -- ἀπ /(#)=4C, με aber 1], 


and let us suppose that a< 2. Then 
Σ _Aata= = 0 (q) O(-. .)0 0 n/a) = o(; > vq eovnia) 
er N μ-:1ι 


-- Ο ἯΙ Yee πια α] ; 
Nip 
since /ge°~"/2 decreases steadily throughout the range of summation *. 

Writing /n/y for x, we obtain 

Nnip Vn τι 
O (πὸ | yt ey dy) =O [ν᾿ (2) ec ‘ne = O {n- (log n)—fet los ny 

l/a 

= O (log n)-! = 0 (1). 


* The minimum occurs when g is about equal to 2C Jn. 
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It follows that it is enough, when n is sufficiently large, to take 


ΕΗ 


terms of the series. It is probably also necessary to take a number of terms 
of order /n/(logn); but it is not possible to prove this rigorously without 
a more exact knowledge of the properties of A, than we possess. 


64. We add a word on certain simple approximate formule for log p (n) 
found empirically by Major MacMahon and by ourselves. Major MacMahon 
found that if 


(6:41) logis p (n) = /(n + 4) — dn, 
then a, is approximately equal to 2 within the limits of his table of values 
of p(n) (Table IV). This suggested to us that we should endeavour to find 
more accurate formule of the same type. The most striking that we have 
found is 


(6:42) logis p (n) = 42 {4/(n + 10) — a}; 
the mode of variation of a, is shewn in Table III. 
In this connection it is interesting to observe that the function 
13-“" p (n) 


(which ultimately tends to infinity with exponential rapidity) is equal to 973 
for n = 30000000000. 


7. FURTHER APPLICATIONS OF THE METHOD. 


ΤΊ. We shall conclude with a few remarks concerning actual or possible 
applications of our method to other problems in Combinatory Analysis or the 
Analytic Theory of Numbers. 


The class of problems in which the method gives the most striking results 
may be defined as follows. Suppose that q(n) is the coefficient of 2" in the 
expansion of F(x), where F(z) is a function of the form 


aa ὑπ τ) meAcaad seems 
aa. χα oP)... ? 
St (2) being the function considered in this paper, the a's, δ᾽ 8, a’s, and f’s being 
positive integers, and the number of factors in numerator and denominator 
being finite ; and suppose that | F(x) | tends exponentially to infinity when « 
tends in an appropriate manner to some or all of the points e”"/2, Then our 
method may be applied in its full power to the asymptotic study of ᾳ (n), and 
yields results very similar to those which we have found concerning p (n). 


AS (oe) 
P= Fe) Fah)’ 
the arguments with a negative sign may be eliminated if this is desired. 


* Since 
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Thus, if 


᾿ 1 
F(a) => (1 1 4) (L+2)(1+#)...= Gp γα Ξ φῆττ’ 


so that q(n) is the number of partitions of n into odd parts, or into unequal 
parts*, we os a 


4 (0) = ἢ 5 Solin VEE (n+ I 


+ 4/2 cos (gum — grr) © Jo [Sem νὰ} (n+ gy)}]+--. 


The error after [a /n] terms 1s of the form ; (1). We are not in a position to 
assert that the exact value of ῳ (n) can always be obtained from the formula 
(though this is probable); but the error is certainly ounded. 


fe) Τα. κως " 
᾿ς Κῶ - = aap Atte (1 Ὁ αὴ).. 


so that q(n) is the number of partitions of n into parts which are both odd 
and unequal, — 


q (n) = τ [ὑπ ν{ξ (n — 7}}} 
+ 2 cos (ξππ — 27) -. J, (hom VR (n — Ay} + --- 


The error is again bounded (and probably tends to zero). 

~ F(a) ~ [20 + 2at— 2094...’ 
4 (n) has no very simple arithmetical interpretation; but the series is none 
the less, as the direct reciprocal of a simple $-function, of particular interest. 


In this case we find 
1 de” V/3 d enw 


IU ἀπ᾿ ἀπ Jn + oF eer ὁ τὶ) dn s/n i 
The error here is (as in the partition problem) of order O (n~+), and the exact 
value can always be found from the formula. 


72. The method may also be applied to products of the form (7:11) which 
have (to put the matter roughly) no exponential infinities. In such cases the 
approximation is of a much less exact character. On the other hand the 
problems of this character are of even greater arithmetical interest. 


The standard problem of this category is that of the representation of a 
number as the sum of s squares, s being any positive integer odd or evenf. 
We must reserve the application of our method to this problem for another 
occasion; but we can indicate the character of our main result as follows. 

* Cf. MacMahon, loc. cit., p. 11. We give at the end of the paper a table (Table V) of 
the values of ¢(n) up to n=100, This table was calculated by Mr Darling. 


+ As is well known, the arithmetical difficulties of the problem are much greater when 
8 is odd. 
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If r,(n) is the number of representations of n as the sum of 8 squares, 
we have 
2\\8 28 at) }8 
F(c)=Sr, (naa (14904 Sats νς FOO _ FOP των} 
2 NN REE Te ge ae 
We find that 


(7:21) rs (n) = = nt Σ᾿ “ ΓΈ Ο (δ), 


rae 


where c, is a function of g and of n of les same general type as the function 
A, of this paper. The series 
6 

(7:22) = ΝΣ 
is absolutely convergent for sufficiently large values of 5, and the summation 
in (721) may be regarded indifferently as extended over all values of q or 
only over a range 1<q<ann. It should be observed that the series (7:22) 
is quite different in form from any of the infinite series which are already 
known to occur in connection with this problem. 


1.3. There is also a wide range of problems to which our methods are 
partly applicable. Suppose, for example, that 
1 
ga ΣΡ ΠΕ (1 — 4) (1— «Ὁ (1 -- “")...’ 
so that p?(n) is the number of partitions of n into squares. Then F (z) is not an 
elliptic modular function; it possesses no general transformation theory: and 
the full force of our method cannot be applied. We can still, however, apply 


some of our preliminary methods. Thus the “Tauberian” argument shews that 
log p* (π) ~ 2~ #3ark (6(g)}Fnb. 

And although there is no general transformation theory, there is a formula which 

enables us to specify the nature of the singularity at 2 =1. This formula is 


γον (Z) on ecw} 
x Π {1 -- 2e-°"/41 cos Qar /(n/z) + em δολία, 


By the use of this formula, in conjunction with Cauchy’s theorem, it is 
certainly possible to obtain much more precise information about p(n), and 
in particular the formula 


p(n) ~ 374 (dren) “FE (yt ee Prk ΓΘ) dat 
The corresponding formula for p*(n), the number of partitions of n into 
perfect s-th powers, is 


1 3 
p*(n) ~ (29) ~ + (s+1) τι ( a knsti “(8 +1) kndtor) 


1 1 1\)s+i 
where k= f'n ( ες (1 τ 2}; 
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The series (721) may is written in the form 


nisl > op e npr /q 
7 rd pq 4" 
where @, , is always one of the five numbers 0, e#, e~?*, —et', —-e~#*, When 
s is even it begins 

ΠΝ τὰ {1-# + 2 cos (47 -- hen)? 9-# + 2 cos (nm — £s7r) ὃ. δ" + ...}. 

It has been proved by Ramanujan that the series gives an exact repre- 
sentation of r,(n) when 8 = 4, 6,8; and by Hardy that this is also true when 
s=3, 5, 7. See Ramanujan, “ On certain trigonometrical sums and their 
applications in the Theory of Numbers”; Hardy, “On the expression of a 
number as the sum of any number of squares, and in particular of five or 
seven.” 


TABLE 1 ap ¢. 


» q logwyp αἰπὶ » 4 10g wp αἰπὶ » 4 Ἰοβωρ αἰπὶ 
1 Ἵ 0 3 11 3/22 8 15 7/18 
1 2 0 45 ὦ 3/22 11 » --ἰ19,490 
1 3 1/18 5 » - /22 13 » 7/18 
2 » 1/18 6 " 5/22 14 » 1/90 
1 1/8 a » 3/22 1 16 -- 99,32 
8 » -1,8 8 , «0 8/22 3 »  —27/32 
1 1/5 9 » --Ὁ,23 5 » --δ,8 
2 " 0 10 » -1ὅ,22 » ἢ ». --,32 
8 bs 0 1 19 55/72 9 se 3/32 
4 » -16 5 » -1.18 11 Ἧ 6,82 ᾿ 
] 6 5/18 7 5 1/72 13 ὃ 27/32 
5 » —5/18 11 » = 55/'72 15 29/32 
1 7 5/14 1 13 11/13 1 17 —14/17 
2 εἰ 1/14 9 τ 4/13 2 ᾿ 8/17 
3 age tc 3 5 1/13 3 . 5/17 
4 jf 1/14 4 » 1/18 4 0 

5 » 1/14 5 = 0 5 ᾿ 1/17 
6 » 5/14 6 » —4/13 6 5/17 
1 8 7/16 7 a 4/13 γί ie 1/17 
3 ᾿ 1/16 8 0 8 »  —8/17 
5 » L/l6 9 . 1/18 9 i 8/17 
7 » —7/16 10 » 1/13 10 » “11 
1 9 14/27 11 » 4/18 11 » ΘΗ 
2 4 4/27. 12 » 11/13 12 ee 
4 » 4/27 l 14 13/14 13 ἢ 0 

5 fs 4/27 3 Pe 3/14 14 » = 5/17 
7 go --491 5 ᾿ 3/14 15 » 8/17 
8 » 14/27 9 » -3814 16 i 14/17 
1 10 3/5 11 » --314 1 18 -- 90,97 
3 a 0 13 » --1814 5 . 2/27 
7 " 0 1 15 1/90 7 » ~2/27 
9 — 3/5 2 . 7/18 11 i 2/27 
1 1] 15/22 4 : 19/90 13 » --2.ὃ1 
2 » 5/22 7, “a SR/is 11, 20/27 
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TABLE II: Ag. 


A, =1. 

Ay =COs nn. 

As =2008 (8ηπ — pgm). 

| A = 2 cos (422 -- ἀπ). 

As =2 cos (fam — ὅπ) Ἐ 9 005 tum. 
Ag =2 cos (fun — 757). 


A, =2 cos (¢nm — 38) +2 cos ($9 — yw) +2 cos (Sum + kr). 
A, =2 cos (ζηπ — yg) +2 cos (fam — {4 πὶ). 
Ag -- ῶ 005 (nm — 3417) +2 cos (fn — fy) +2 008 (nr +47). 


Aj9=2 cos (42m — $7) +2 cos Bun. 


Ay, =2 cos (ηγῆπ — 482) +2 cos (An — By) +2 cos (8.22 — Ayr) +2c08 (-Ξ1ππ — Ar) 
+2 cos (1929 + 52). 

Αμ-- 8 008 (nm — $$) +2 008 (fram + Pym). 

A}3=2 cos (γχῆπ — $427) + 2 cos (sgn — 4577) +2 cos (sn — pyr) +2 cos (Snr + pyr) 

+2 cos $9n+2 cos (4420 + 7477). 


A\,=2 cos (Fn — 4 fr) + 2 cos (Gr — 8,2) +2 cos (Snr — 1). 


A 5=2 COS (pnw — gy) +2 Cos (γγῆπ — τ πΞ-} 2 cos (Fn — h8r) + 2 cos (nm +750). 
Ajg=2 cos (ἐππ + 982) +2 cos (ξππ + hr) +2 cos (ξηπ + $17) +2 cos (nm + yr). 
Ay, =2 cos (syn +442) + 2 cos (fn — 8,7) +2 cos (740m — 8,3) +2 cos Snr 
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+2 cos (f9nr — py) +2 cos (ξῆππ — nr) + 2 cos (t4nm — py) +2 cos (Pin + 387). 


Ajg=2 008 (fnm +392) +2 cos (fn — gy) +2 cos (fn + Syn). 


It may be observed that 
A, =0(n=1, 2 (mod 5)), 
Ay=0(n=1, 2 (mod 5)), 
Aj3=0 (n=2, 3, 5, 7, 9, 10 (mod 13)), 
Aig=0 (n=O (mod 2)), 


while A,, Ag, 43, 44; 4g, As, 49, Aig, Ayg, and Aj, never vanish. 


A, =0 (n= 1, 3, 4 (mod 7)), 


Ay,=0 (n=1, 2, 3, 5, 7 (mod 11)), 


Ay=0 (n=1, 3, 4 (mod 7)), 
Ay, =0 (n=l, 3, 4, 6, 7, 9, 13, 14 (mod 17)); 


TABLE III: logy p(n) = 19 {/(n + 10) — ayn}. 


n On 
3°317 
3 3.176 
10 3°011 
30 2°951 
100 3°036 
300 9227 
1000 9.597 
9000 3°838 


nt 
10000 
30000 
100000 
300000 
1000000 
3000000 
10000000 
30000000 


οΌ 


αι 
4:148 
4°364 
4°448 
4°267 
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TaBLE IV*: p(n). 


| oe I 51... 239943 101... 214481126 151... 45060624582 
Basi 2 52... 281589 102... 241265379 152... 49686288421 
3... 3 53.... 329931 103... 271248950 153... 54770336324 
4... 5 54... 3886155 104... 304801365 154... 60356673280 
Dey 7 ὅδ... 451276 105... 342325709 155... 66493182097 
6... 11 ὅθ... 526823 106... 384276336 166... 73232243759 
y 15 57... 614154 107... 431149389 157... 80630964769 
8... 22 58... 715220 108... 483502844 158... 88751778802 
9... 30 ὅθ... 831820 109... 541946240 159... 97662728555 
10... 42 60... 966467 110... 607163746 160... 107438159466 
it 2. 56 61... 1121505 111... 679903203 161... 118159068427 
12... 77 62... 1300156 112... 761002156 162... 129913904637 


18... 101 63... 1505499 113... 851376628 163... 142798995930 
14... 185 64... 1741630 114... 952050665 164... 156919475295 
15... 176 65... 2012558 115... 1064144451 165... 172389800255 
16... 231 66... 2323520 116... 1188908248 166... 189334822579 
17... 297 67... 2679689 117... 1327710076 167... 207890420102 
18... 385 68... 3087735 118... 1482074143 168... 228204732751 
19... 490 69... 3554345 119... 1653668665 169... 250438925115 
20... 627 70... 4087968 120... 1844349560 170... 274768617130 
21... 792 711... 4697205 121... 2056148051 171... 301384802048 
22... 1002 72... 5392783 122... 2291320912 172... 330495499613 
23... 1255 78... 6185689 123... 2552338241 173... 362326859895 
24... 1575 74... 7089500 124... 2841940500 174... 397125074750 
25... 1958 75... 8118264 125... 3163127352 175... 435157697830 
26... 2436 76... 9289091 126... 3519222692 176... 476715857290 
27... 3010 77... 10619863 127... 3913864295 177... 522115831195 
28... 3718 78... 121382164 128... 4351078600 178... 571701605655 
29... 4565 79... 13848650 129... 4835271870 179... 625846753120 
30... 5604 80... 15796476 130... 5371315400 180... 684957390936 
31... 6842 81... 18004327 131... 5964539504 181... 749474411781 
32... 8349 82... 20506255 132... 6620830889 182... 819876908323 
do... 10143 83... 238338469 133... 7346629512 183... 896684817527 
34... 12310 84... 26543660 134... 8149040695 184... 980462880430 
35... 14883 85... 30167357 135... 9035836076 185. ..10718237 74337 
36... 17977 86... 34262962 136...10015581680 186...1171432692373 
37... 21637 87... 38887673 137...11097645016 187...128001 1042268 
38... 26015 88... 44108109 138...12292341831 188...1398341745571 
39... 31185 89... 49995925 139...13610949895 189...1527273599625 
40... 37338 90... 56634173 140...15065878135 190...1667727404093 
41... 44583 91... 64112359 141...16670689208 191...1820701100652 
42... 53174 92... 72533807 142...18440293320 192...1987276856363 
43... 63261 93... 82010177 143...20390982757 193. ..2168627105469 
44... 75175 94... 92669720 144, ..22540654445 194...2366022741845 
45... 89134 95...104651419 145...24908858009 195...2580840212973 
46...105558 96...118114304 146...27517052599 196...2814570987591 
47...124754 97...133230930 147...3038867 1978 197...3068829878530 
48...147273 98...150198136 148...338549419497 198. ..3345365983698 
49...173525 99...169229875 149...87027355200 199...8646072432125 
50...204226 100. ..190569292 150...40853235313 200. ..3972999029388 


* The numbers in this table were calculated by Major MacMahon, by means of the 
recurrence formuls obtained by equating coefficients in the identity 


(l-—v— 2? 425 4 77 — gl? —g'5 + ΩΣ p(n) g*=1. 
0 


We have verified the table by direct calculation up to »=158. Our calculation of p (200) 
from the asymptotic formula then seemed to render further verification unnecessary. 
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n δὴ 
1... 1 
Boas 1 
9... 2 
4... 2 
ὅ... ὃ 
6... 4 
7... 5 
8... 6 
θις .8 
10... 10 
11... 12 
12... 15 
18... 18 
14... 22 
15... 27 
16... 32 
17... 38 
18... 46 
19... 54 
20... 64 
21... 76 
22... 89 
23...104° 
24...122 
25...142 


n 


26... 
27... 
28... 
29... 
30. 
31... 
32. 
33... 
34... 
35... 
36... 
37... 
38... 
39... 
40... 
4]... 
42... 
43... 
44... 
45.. 
46.. 
47.. 
48.. 
49.. 
50.. 


* We are indebted to Mr Darling for this table. 


TABLE V*: q(n). 


Cn 


165 
192 
222 
256 


.. 296 


340 


.. 390 


448 
512 
585 
668 
760 
864 
982 
1113 
1260 
1426 
1610 
1816 


.2048 
.2304 
.2590 
.2910 
3264 
.3658 


n 


51... 
52... 
53... 
54... 
55. 
56... 
57... 
58... 
59... 
60... 
... 12076 
... 13394 
... 14848 
... 16444 
... 18200 
...20132 
...22250 
...24576 
...27130 
...29927 
32992 
...36352 
... 40026 
. 44046 
...48446 


Cn 


4097 
4582 
5120 
5718 


.. 6378 


7108 
7917 
8808 
9792 
10880 


n 


76... 
ry eee 
78... 
79... 
80... 
81... 
82... 
83... 
84... 
85.. 
86... 
87... 
88... 
89... 
99... 
91.. 
92.. 
93. 
94.. 
95.. 
96.. 
97... 
98, 
99. 


100 


Cn 


53250 
58499 
64234 
70488 
77312 
84756 
92864 
101698 
111322 


.121792 


133184 


.145578 


159046 
173682 
189586 


.206848 
.225585 
..245920 
.267968 
.291874 
.317788 


345856 


..376256 
..409174 
.444793 


309 
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ON THE REPRESENTATION OF A NUMBER AS THE SUM OF ANY 
NUMBER OF SQUARES, AND IN PARTICULAR OF 
FIVE OR SEVEN 


By G. H. Harpy 
Trinity COLLEGE, CAMBRIDGE, ENGLAND 
Communicated by E. H. Moore, May 21, 1918 


1. The formulae concerning the representation of a number as the sum of 
5 or 7 squares belong to one of the most unfamiliar and difficult chapters in 
the Theory of Numbers, and only one proof of them has been given. The 
proof depends on the general arithmetic theory of quadratic forms, initiated 
by Eisenstein and perfected by Smith and Minkowski. This theory, of 
which a systematic account will be found in the fourth volume of Bachmann’s 
Zahlentheorie gives a complete solution of the problem of any number s of 
squares not exceeding 8. Beyond s = 8 it fails. 

When s is even there is an alternative method. This method, which de- 
pends on the theory of the elliptic modular functions, is much simpler in idea 
than the method of Smith and Minkowski; and it has another very important 
merit, that it can be used—within the limits of human capacity for calcula- 
tion—for any even value of s. Thus Jacobi solved the problem for 2, 4, 6 and 
8. In these cases the number of representations can be expressed in terms of 
the divisors of m. Suppose, e.g., that s = 8; and let us write, generally, 


1+ D) 1: (n)g" = (1+ 2g + 25 + 2. P= {os (0,7) P= δ᾽, 
1 


where 4 =e". Then 


= | ἐς. 350 45. ) 


and γε (n) is 16 Σ & if 7 is odd and 8 Σ 85 — 8 Σ δὲ if π is even, 5 denoting 


1918, 10 Proceedings of the National Academy of Sciences, 4, 189-93. 
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a divisor of 1, 5) a even, and 6, an odd divisor. When s exceeds 8 the formulae 
are less simple, and involve arithmetical functions of a more recondite 
nature. Liouville gave formulae concerning the cases s = 10 and s = 12. 
and Glaisher! has worked out systematically all cases up to s = 18. More 
recently important papers on the subject, to which I shall refer. later, have 
been published by Ramanujan? and Mordell.2 In the latter paper the whole 


subject is exhibited as a corollary of the general theory of modular in- 


variants. 

The primary object of my own researches has been to deduce the formulae 
for s = 5 and s = 7 from the theory of elliptic functions, and so to place the 
cases in which s is odd and even, so far as may be, on the same footing. The 
methods which I use have further important applications, but this is the one 
which I wish to emphasize at the moment. The formulae which I take as my 


goal are the formulae 
Bav/n n\1 
r (0) = NE (2) 


given by Bachmann (pp. 621, 655). Here π as an odd number not divisible 
by any square (so that there is no distinction between primitive and imprimi- 
tive representations); m runs through all odd numbers prime to 7; B is 80, 
160, 112, or 160, according as is congruent to 1, 3, 5 or 7 (mod. 8); and C 
is 448, 560, 448 or 592 in similar circumstances. These formulae are the cen- 
tral formulae of the theory: they involve infinite series, but these series are 
readily summed in finite terms by the methods of Dirichlet and Cauchy. 
With them should be associated the formula 


s(n) = τας, » (=") 2, (3) 


m 


where A is 24, 16, 24, or 0: but this formula, as we shall see, stands in some 
ways on a different footing. 

2. My new proof of the formulae (1) and (2) was arrived at incidentally in the 
course of researches undertaken witha different end, that of finding asymptotic 
formulae (valid for a/l values of 5) for r,(z) and other arithmetical functions 
which present themselves as coefficients in the expansions of elliptic modu- 
lar functions. In a paper‘ shortly to appear in the Proceedings of the London 
Mathematical Society, Mr. Ramanujan and I have developed an exceedingly 
powerful method for the solution of problems of this character, and applied 
it to the study of p(m), the number of (unrestricted) partitions of ». This 
method, when applied to our present problem, introduces the function 
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és Ss $ ; 
Θ,(4) =1+—— (3) F (φο πη, (4) 
I (4s) pz k 
where ae | 
Sak = » efihni/h F(¢) = yt φ", 
pm 1 
and the summation applies tok = 1,2,3, . . . , andall positive values 


of k less than, of opposite parity to, and prime to ᾧ (ὦ = 0 being associated 
with ἃ = 1alone). The coefficient of g” in Θ,(4) is 


τὶ τὰ 8. ε΄ 
= js—1 h,k\ ,-nkwi/k. 
Xs (n) Γ (4s) n pz (5) έ ᾽ (5) 


and our method leads to the conclusion that 
ts (n) = Xs (n) +0 (n*), (6) 


at any rate for every value of s exceeding 4. 
When s is even, F(q) isan elementary function; and (Sj, ,)" is easily expressi- 


ble in a form which does not involve the ‘Legendre-Jacobi symbol’ (; : 


The function X,() is then susceptible of a variety of elementary transforma- 
tions and it was shown by Ramanujan, in the second of his two papers quoted. 
above, that X,() is identical with r,(n) when ὁ = 4, 6 ογ 8. In what follows 
I confine myself to the case in which s is odd, merely remarking that my method 
(which is entirely unlike that used by Ramanujan) leads directly to an alterna- 
tive proof of his results. 

3. When s is odd, F(g) is not an elementary function. But it is not diffi- 
cult to prove that 


πὸ -- 1 
Γ (45) F (q) = Σ [ (2n ΝΗ r) i} (7) 


every term on the right hand side having an argument numerically less than 
dsr. Further, δὲ... = Sti δα, and the first factor can always be expressed in 
a simple form. Suppose, to fix our ideas, thats = 5. Then Ste = (—1)*R. 
Substituting from this equation and from (7) into (4), and effect'ng some ob- 
vious simplications, we obtain 


| τ (-- 1)} δι,» 1 
Gs (g) = 1+ p> Fe (eal (8) 


where now ἢ assumes all values of opposite parity to and prime to k&. This 
formula may be simplified further by multiplying each side by 
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1 1 1 1? 
τα τ s+ ΞΙ 
1. st 8 
We then find 
—1)'S 1 
Θ ( ) gate Ἐς ( kh, Ne Oe NR es ee ny 9) 
A 1 ΟΣ Vk [( -- τὴ ἐ] ( 
the summation now extending tok = 0,1,2, . . . and all hk of opposite parity 
to k. This is our fundamental formula, when s = 5. Two steps remain: 


first, to prove the identity of Θε(4) and 3°; secondly, to deduce the formulae of 
Smith and Minkowski. 

4. The first step presents no very serious difficulty, for it involves nothing 
beyond an adaptation of the ideas used by Mordell in his paper quoted in §1. 
We prove first that Θεὲ behaves like δ in respect to the linear modu- 
lar transformations τ = 7 + 2,7 = —1/T; so that 0;/d° is an invariant of 
the modular sub-group called by Klein-Fricke and Mordell T3. Secondly, by 
studying the transformation τ = (7 — 1)/T, we prove that ©;/#° is bounded 
in the ‘fundamental polygon’ associated with T;. It then follows that the quo- 
tient is a constant which is easily seen to be unity. In all this the only 
difficulty arises from the use of certain reciprocity-formulae satisfied by Gauss’s 
sums. 

We now transform (9) by effecting the summations with respect to ἢ, 
using certain contour integrals of a type common in the work of Lindeléf 
and other writers. We thus obtain 


=1+5 De Γ » Σ metre (10) 


πὸ 


B ‘>> - 1)5}1» (mk + 7)*q mk+j 


2, 4,6,. j _ 


a fundamental identity which contains the whole theory of the representation 
of numbers by sums of 5 squares. The symbols 7 and μ alone require expla- 
nation; j runs through the complete set of least positive residues of 0, 1’, 
22, . . . ,(& — 1)? to modulus k, each taken as often as it occurs; and uk 
is the multiple of & deducted in order to arrive at such a residue. And the 
remainder of the work is purely arithmetical. Picking out the coefficient 
of q*, we obtain a series for rs(m) which is found, after some reduction, to be 
cquivalent to the series given by Bachmann. 
4. The formulae which correspond to (10) for s = 7 and s = 3 are 
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91 = +3) > (ayer ᾿Ξ 1) > Σ ink-+i¥q mhj (11) 


1,3,5,. m=0 
ca B 3D Dv ink ton 
2,4,6.. πὸ 
ΦΕΡΕ ἊΣ - i 1) (ie 5 Σ πὰ ek | os 
1,3,5,.-. j m=0 
+ Σ 2D D com mety! rel 
2,4,6,.. j mm0 


The interpretation of j and μ is as before, except that, when & is even, 7 is a 
residue of one of the numbers $2, ἀξ + 12, . . . , ἀκ + (κ — 1)% These 
identities embody the theory for 7 or 3 squares. It should be ncted however, 
that the application of my method becomes very much more difficult when 
s = 3, as the double series used are then not absolutely convergent; and in fact 
the only proof of (12) which I possess consists in an identification of the results 
which it gives with those already known. 

I conclude by a word concerning the cases in which s>8. Here, when s is 
odd, we are on untrodden ground. We have the asymptotic formula (6); 
and we can evaluate X,(m) as when s = 5 or 7, thus obtaining a series of new 
results. But it is no longer to be expected that our results should be exact, 
and I have verified that, when s = 9, they are not exact, even when n = 1. 


1 Glaisher, J. W. L., Proc. London Math. Soc., (Ser. 2), 5, 1907, (479-490). 

5 Ramanujan, S., Trans. Camb. Phil. Soc., 22, 1916, (159-184); Ibid., (in course of 
publication). 

* Mordell, L. J., Quart. J. Math., 48, 1917, (93-104). 

4 Hardy, G. H., and Ramanujan, S., Proc. London Math. Soc., (Ser. 2), 17, 1918, (in 
course of publication). | 


CORRECTION 


p. 192. Formula (9) is incorrect ; see the footnote at the end of § 3.22 of the next 


paper (1920, 10). 


ON THE REPRESENTATION OF A NUMBER AS THE SUM OF ANY 
NUMBER OF SQUARES, AND IN PARTICULAR OF FIVE* 


BY 


G. H. HARDY 


1. INTRODUCTION 


1.1. Ina short note published recently in the Proceedings of the 
National Academy of Sciences! I sketched the outlines of a 
new solution of one of the most interesting and difficult problems in the 
Theory of Numbers, that of determining the number of representations of a 
given integer as the sum of five or seven squares. The method which I use 
is one of great power and generality, and has been applied by Mr. J. E. Little- 
wood, Mr. S. Ramanujan, and myself to the solution of a number of different 
problems; and it is probable that, in our previous writings on the subject,? 
we have explained sufficiently the general ideas on which it rests. I may 
therefore confine myself, for the most part, to filling in the details of my 
previous work. I should observe, however, that the method by which I 
now sum the “ singular series’, which plays a dominant rdéle in the analysis, 


* Presented to the Society, February,. 1920. 

1G. H. Hardy, On the expression of a number as the sum of any number of squares, and in 
particular of fwe or seven, Proceedings of the National Academy of 
Sciences, vol. 4 (1918), pp. 189-193. 

36. H. Hardy and 5. Ramanujan: (1) Une formule asymptotique pour le nombre des partitions 
den, Comptes Rendus, 2 Jan. 1917; (2) Asymptotic formulae in Combinatory Analysis, 
Proceedings of the London Mathematical Society, ser. 2, vol. 17 
(1918), pp. 75-115; (3) On the coefficients in the expansions of certain modular functions, Pro - 
ceedings of the Royal Society, (A), vol. 95 (1918), pp. 144-155: 

S. Ramanujan, On certain trigonometrical sums and their applications in the theory of num- 
bers, Transactions of the Cambridge Philosophical Society, 
vol. 22 (1918), pp. 259-276: 

G. H. Hardy and J. E. Littlewood: (1) A new solution of Waring’s Problem, Quarterly 
Journal of Mathematics, vol. 48 (1919), pp. 272-293: (2) Note on Messrs. Shah 
and Wilson's paper entitled On an empirical formula connected with Goldbach’s Theorem, Pro - 
ceedings of the Cambridge Philosophical Society, vol. 19 (1919), 
pp. 245-254: (3) Some problems of ‘ Partitio Numerorum’, (1) A new solution of Waring’s Prob- 
lem, Gbttinger Nachrichten, 1920: (4) Some problems of ‘ Partitio Numerorum’, (II) 
Proof thal ciety lage wittiber ts the Gurkol at most 21 biquadrates, Mathematische Zeit- 
schrift, 1920. : 

The two last papers will be published shortly. 


1920, 10 Transactions of the American Mathematical Society, 21, 
255-84. 
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is quite different from that which I sketched in my former note. The new 
method has important applications to ἃ whole series of problems in Com- 
binatory Analysis, concerning the representation of numbers by sums of 
squares, cubes, kth powers, or primes. It is in the present problem that it 
finds its simplest and most elegant application, and it is most instructive to 
work this application out in detail. 

It is well known that the solution of the problem is a good deal simpler 
when 8, the number of squares in question, does not exceed 8. If is 2, 4, 
6, or 8, the number of representations may be expressed in finite form by 
means of the real divisors of n; if sis 3,5, or 7, by means of quadratic residues 


‘and non-residues. If s > 8, other and more recondite arithmetical functions 


are involved. In this paper I confine myself to the cases in which s = ὃ. 
Among these, those in which s is odd have always been regarded as notably 
the more difficult, and one of my principal objects has been to place them 
all upon the same footing. But I generally suppose s = 5 or s = 8, cases 
typical of the odd and even cases respectively. 
In Section 2 I construct the singular serves 

ar?8 niet 2 

Γ(29) 5 Αι, 
where 

A, = 1: An = τὰ Σὺ (Sa, κ)" Mr"; 


S,, x denoting the Gaussian sum? 


k 
Σ, ewhnisk ; 
jl 
and the summation extending over all positive values of ἦ less than and prime 
tok. The series may be written in the form 
art? nite) 


2 851: 1 
|! + 0 + 37, cos (2 nr — $87) + Gir COs (ξ ππ — $87) 


+ 2, loos ἢ nw + cos (fn -- sx)} +0 + 00]. 


the zero terms corresponding to k = 2 and k = 6. 

In Section 3 I show that, when s = 8 or s = 5, the sum of the singular 
series is in fact r,(n) , the number of representations of 7 as a sum of s squares. 
The methods used are equally applicable in the cases of 3, 4, 6, or 7 squares; 


3In my former note I denoted atypical “rational point’ on the unit circle by e***/*, 


and a typical Gaussian sum by 
k—1 


Σ cdthailk, 
0 


In this paper I generally use the forms involving ἃ 2. Each notation has special advantages 
for particular purposes. 
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but the case of two squares is abnormal.* Throughout this section I am very 
deeply indebted to a paper by Mr. Mordell, published recently in the Quar- 
terly Journal of Mathematics.® My proof of the identity of the 
functions which I call δ΄ and Θ, is in fact based directly on his work. It is 
true that Mordell considers only the case in which s is even; but his argu- 
ment is applicable in principle to either case, and was applied by him to the 
even case only merely because, at the time when his paper was written, he 
had no method for the construction, when s is odd, of the essential “ principal 
invariant ’’ denoted by him by x. It is the construction of this invariant by 
a uniform method in all cases, through the medium of the “ singular series ”’, 
that is my own principal contribution to the subject. 

In Section 4 I show how the singular series may be transformed into a 
product, and give general rules for the calculation of the terms of the product. 
All the results of this section are independent of the hypothesis 8 = 8. In 
Section 5 I sum the series when 8 = 8, and obtain Jacobi’s well-known results. 
In Section 6 I consider the case s = 5, supposing however that 7 has no squared 
factor, so that there is no distinction between primitive and imprimitive 
representations; and I obtain results equivalent to those enunciated first by 
Eisenstein and proved later by Smith and Minkowski. In Section 7 I con- 
sider the general case, and show that the method leads to the more complete 
results of Smith. I conclude, in Section 8, by some remarks as to the appli- 
cation of the method whens > 8. Ido not pursue this subject further because 
such applications belong more naturally, either to Mr. Littlewood’s and my 
own researches in connection with Waring’s problem, or to Mr. Mordell’s in 
connection with the general theory of modular invariants. | 

It will be noticed that the explicit formulas for the powers of the funda- 
mental theta-function, such as the familiar formula 

13 q 23 ¢? 


33 3 πὸ 
w= (1 Ὁ 24. -Ὁ 24’ Ὁ --.}} Ξ 1+16( (ἐς τς at .. 


or the new formula® 
2 = . : 
arte! Σ BOL (mk sje 


1, ὃ, 5, «+ wae 
Pen . , 
— oe Be Σ (> De (mk + srg}, 


2, 4, 6, -- m=0 


Θ 


do not appear at all in my present analysis. 


‘See Mr. Ramanujan’s paper quoted in footnote 2. 

51,. J. Mordell, On the representations of numbers as a sum of 2r squares, Quarterly 
Journal of Mathematics, vol. 48 (1917), pp. 93-104. See also a later paper by 
the same author, On the representations of a number asa sum of an odd number of squares, 
Transactions of the Cambridge Philosophical Society, vol. 22 
(1919), no. 17, pp. 361-372. 

6 This is formula (10) of my former note, where the meaning of 7 and p» is explained. See 
also p. 360 of Mr. Mordell’s second paper cited above. 
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In the sequel I give references only to isolated results directly required for 
the objects of my analysis. It is more convenient to collect here some notes 
concerning the older memoirs dealing with the problem. 

Jacobi’s classical results concerning 2, 4, 6, or 8 squares are quoted by 
Smith on p. 307 of his Report on the Theory of Numbers (Collected Papers, 
vol. 1). They are contained implicitly in §§ 40-42 of the Fundamenta Nova 
(pp. 103-115). | 

Liouville gave formulas relating to the cases of 10 and 12 squares in a 
number of short notes in the second series of the Journal des mathé- 
matiques: see in particular vol. 5, p. 143; vol. 6, p. 233; vol. 9, p. 296; 
vol. 10, p. 1. These notes appeared between 1860 and 1865. 

Later Glaisher, in a series of papers published inthe Quarterly Journal, 
worked out systematically all cases in which s is even and between 2 and 18 
inclusive. He has given a short summary of his results in a paper On the 
numbers of representations of a number as a sum of 2r squares, where 2r does not 
exceed 18, published inthe Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 5 (1907), pp. 479-490. This paper con- 
tains full references to his more detailed work. 

The results for 5 squares (for numbers which have no square divisors) 
were stated without proof by Eisenstein on p. 368 of vol. 35 (1847) of 
Crelle’s Journal. They were completed by Smith, who stated the | 
general results at the end of his memoir On the orders and genera of quadratic 
forms containing more than three wndeterminates (Proceedings of the 
Royal Society, vol. 13 (1864), pp. 199-203, and vol. 16 (1867), pp. 197- 
208; Collected Papers, vol. 1, pp. 412-417, 510-523). No detailed proofs, 
however, appeared before the publication of the prize memoirs of Smith 
(Mémoire sur la représentation des nombres par des sommes de cing carrés, 
Mémoires présentés par divers savants ἃ l’Académie, 
vol. 29, no. 1 (1887), pp. 1-72; Collected Papers, vol. 2, pp. 623-680) and 
Minkowski (Mémoire sur la théorie des formes quadratiques ἃ coefficients en- 
tiéres, ibid., no. 2, pp. 1-178; Gesammelte mathematische ἀδα ἐν ον μὰ; 
vol. 1, pp. 3-144). 

The methods for the summation of the series 


n\ 1 
which is fundamental in the five square problem, and other series of similar 
type, are due to Dirichlet (Recherches sur divers applications de l’analyse 
infinitésimale ἃ la théorte des nombres, Crelle’s Journal, vol. 19 (1839), 


pp. 324-369, and vol. 21 (1840), pp. 1-12, 134-155; Werke, vol. 1, pp. 411-497) 
and to Cauchy (Mémoire sur la théorte des nombres, Mémoires de 
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l’Académie des Sciences, vol. 17 (1840), pp. 249-768; especially 
Note 12, pp. 665-699). 

A systematic account of the whole theory is given by Bachmann in vol. 4 
of his Zahlentheorie. Bachmann works out the case 8 = 7 also in detail. 


2. FORMAL CONSTRUCTION OF THE SINGULAR SERIES 


2. 1. Iwrite, as in my former note 


2.11) f(g) =1+ Din(m)gr = (1 + 324 Ὁ 24' + +++)! 
= {53(0, 7)}* = δ΄, 


where q = οἴ and ἃ (τ) > 0; and I consider the behavior of this function 
when 4 tends radially to a “ rational point ” e”**” upon the unit circle. We 
may suppose that h = 0, k = 1, or that k is greater than unity and ὦ positive, 
less than k, and prime to k. 

If (2.11) 


2h wi/k 
3 


q = ge 
so that 0O=q<1,q-—>1, we have 
i= 1 + 9 » ᾳ" e2nthwile 
1 


k 


-- 1- 2 ᾽ν» > ᾳ (Ὁ οι Ἐ} Paw ile 


j=l i=0 


k 60 
=14+2 > euthetik »> q ttt, 
j=i ἔπε 


Now 
= ἢν a ἽΝ 
Get? WO = 
2,4 oe 8G) ᾿ 
when 4 > 1. It follows that 
Sz, 1λ τὰ 
(2.12) ὃ“ Ve §:* (1og=) ; 
where : 
k ᾿Ξ 
(2.121) Sik = >> erate 
=1 
and ᾿ 
S 8 1 --δὲ 
(2.13) fig ~ ris (5+) (1og= ) , 


it being understood that, when S;, κα = 0 (as is the case if, and only if, & is of 
the form 4m + 2), this equation is to be understood as meaning 


(2.131) | Fae (log). 
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2.2. The principle of the method is to write down a power-series 


(2.21) fae (G) = Lea, , α 4" | 
which (a) is as simple and natural as possible and (6) behaves as much like 
f(q) as possible when g -- e”***; and to endeavor to approximate to the 
coefficients in f (q) by means of the sums 


(2.22) p(n) = Σ᾿. οι, ἀπ 


It is plain that, in forming these sums, we may ignore values οὗ k of the 
form 4m + 2. | 
The appropriate auxiliary function (2.21) is 


4a 8 
(2.28) fi 2) = eps ($4) να), 
where 
(2.231) F.(q) = dni“ gq”, 


1 


It 1s in fact well known that 
—js 
F,(2) - 42) ( log? ) 


is regular at x = 1.7 We are thus led to take 


= a niet Sa, Δ᾽ —2nhwt/k 
ce anes Fase)? 
and 

> art salie oy 
(2.25) p(n) ir ed kn = Τ (19) a Κ᾽ 
where 
(2.251) A =] ᾽ A; = ΤΌΣ; (Ss, κε)" εν, 

h 


the summation extending over all positive values of h less than and prime to Ε. 


I call the series 
art? n3#-!] art * nel 


(2.26) ps (n) = Ta) = ‘= Tine) ® 


the singular series. The process by which it has been constructed is of a purely 
formal character. It remains (1) to investigate more rigorously its bearing 
on the solution of our problem and (2) to find its sum. 


3. PROOF THAT THE SUM OF THE SINGULAR SERIES, WHEN 3 = 8 OR 8 = 5, IS 
THE NUMBER OF REPRESENTATIONS OF n 
3.1. Proof that pg(n) = rg(n). 
3.11. When s is 3, 4, 5, 6, 7, or 8 (but not 2 or any number greater 


7 See, for example, Εἰ. Lindeléf, Le calcul des résidus, p. 139. 
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than 8) the sum of the singular series gives exactly the number of representa- 

tions of n. In this section I prove this when s = 8 and whens = 5. These 

cases are perfectly typical, but formally a little simpler than the others. 
Suppose first thats = 8. Then 


a Sa, κλϑ Seay 
(3.111) Θ,ε(4) =1+ Dofs.e(q) = 1 rae i Fy (ge"rl® ) , 
Now 
Sh, x = nk, 


where ἢν is 1, 0, or 16 according as k is odd, oddly even, or evenly even. 
Also, if x = εν, we have 
1 


7 ha 
F3(z2) = >» nig = ». ni e—"¥ = dy (2 cosech? $y) = 6 2G + onaty* 
where n runs through all integral values. Hence 


1 


6k 
Pa (qe een) = τὸ ΣΤ (mk hy — ey 


and 


(3.112) Θε(φ) =1+ by nk i) Sl” 


h,k,n 


the summation extending over the values of h, k, and n already specified. 
If k > 1, nk + h assumes all values prime to k; if k = 1, all values. Thus 


(3.113) @(7)=1+ Dogo ee 


where now k = 1, 2, 3, --- and & assumes all values such that (h, k), the 
highest common factor of hand k, is unity. But this equation may be written 


1 16 


(8.114) Θ,(4) = Lt De μι ΓΕ Ξ be) + nas, Hayes (Oh — ry 
1 1 
κὰν sere k)=1 (2h = kr)‘ Pes k)=1 (h = kr)‘ 
1 
“14+ 2G =e 
where now k = 1, 2, 3, --+ and kh assumes all values of opposite parity to 


and prime tok. 
Multiplying both sides of (3.114) by 


π' 1 1 

ago age ee 
we obtain 
3.1151 ua ως ξεως: 
oan 96 0869) = 96 + UG - [τ}} 
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or. 
a‘ ne 
(3.1152) 96 95(4) = Σ τῇ Ξ Eye 
In (3.1151) k= 1,2, 8, ++, and in (3.1152) ᾿Ξ 0, 1, 2, +++; in each 


equation h assumes all values of opposite parity to ἦς. 
3.12. We now write 


a? 
(3.121) | 9g 08(9) = x(7r); 


and consider the effect on x (7) of the modular substitutions 
(3.1221) τ’ =rt2, (3.1222) τ᾽ = —1/r. 
It is obvious in the first place, from (3.1151) or (3.1152), that 
(3.123) χίτ: 2) = χί(τ). 

Again, we may write (3.1151) in the form 


wr 1, 1 
χίτ) = 96 +92! eye 


where ἦ and k assume all values of opposite parity except that (as is indicated 
by the dash) the value k = 0 15 omitted. Thus 


1 π' 
χ(-ἢ)- 643" ‘YS lan ἘΣ Varcp 


Changing ὦ and k into — k and h, we obtain 
(3.124) χί-- 17τ) =.rtx(7). 
Now {(ϑε(0, 7)}® = 38 = Ψ(τ) satisfies the equations 

ψίτ - 2) -ψίτ), ψί -- 17τ) Ξ τ ψ (τ); 
and so it follows, from (3.123) and (3.124), that the function 
(3.125) n(r) = x(7r)/8 = χίτ ͵ψί τ) 


is invariant for the substitutions (3.122), and therefore for the modular sub- 
group which they generate, the group called by Klein-Fricke and Mordell I;. 

3.13. The next step in the proof is to show that 7 (τ) is bounded through- 
out the “fundamental polygon” Gs; associated with the group Γς. This 
region is defined by 


r=ax+y, |r| 21, ΓΊΞΩΞΙ, 


and has only the points 7 = + 1 in common with the real axis. It is there- 
fore sufficient to show that 7 (τ) is bounded when 7 approaches one or other 
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of these points, say r= 1. For this purpose, following Mordell, I consider 
the effect of the substitution 
r=1-— ; ᾿ 


If we write T= X +7Y, and suppose that τ +1 from inside Gs , then 
Y -Ὁ and [0] = [2557] is small. And 


1 ἈΠ... ., 1 
9} χ(! τ): Σ Te τῇ -Ξ- Ἐ)17: 
r4 1 : 1 
=o tah’ Liagsarye 
] 1 
= Mh Laan 


where now k assumes all integral values and h all odd values. 
Write hT = a, e** = §, and sum with respect tok. We have 


aE = — oe cosec? απ + x‘ cosec‘ az; 
and this function, when expanded in powers of ζ, begins with the term 
ἐπ τ Oa ae 
Hence, when Τ = X + ¢¥ and Y is large, we have 
κ(ι - 4) Begg en 
(3.132) Θ,(4) = 25674 Q? + --- 
But we have also 
8 
(3.133) (0, 1 — 7) = T*{3,(0, 7)}® = 25674 G+ ---, 
and so 


(3.134) n(r) =a(1-z) 91. 


Thus 7 (τ) is an invariant of I's and bounded throughout G3; and is therefore 
necessarily a constant, which is plainly unity. 


It follows that 
(3.135) | 3 = O3(¢). 
and 80 that | | 
(3.136) pg (n) = τε (πη). 
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3.2. Proof that ps(n) = 15(n). 


3.21. When s = 5 the proof proceeds on the same lines, but is not quite 
so simple. We shall require certain well-known identities which I state as 
lemmas. 

Lemma 3.2112 If h and k are positive integers of opposite parity, then 


k h 
(3.2111) Derik — Ni se ΣΉ; 
j=l j=! 
and if h and k are positive integers, and h odd, then 
k h 
(3.2112) Σ) (-- 1)} fret = vi NF Dero 
7Ξι j=l 


Here Vi = et”. 
LEMMA 3.212. Suppose that 0 «ν «1, and that o and the real part of t are 
positive. Then 


(3.2121) 


where 


2nv wi 


(27)? < a—] ο "πὶ mtv) — έ 
Pio) mtr re ea ere 


(t+ ni)” = exp{o log (t+ ni)} = exp(o log |t + ni| + σφ) 
and -- ἔπ <q «3π. The formula still holds forv = 0,ifo >1. 
This result is due to Lipschitz. We shall δ two special cases. 
(i) Suppose that σ =4s>1, » =0, t= -- ξύτ, x = e™*; 850 that 
¥(7r) >Oand [2 <1. Then we obtain 


(3.2122) 
where 
(3.21221) {(2n — r)i}#* = exp{$s log |(2n — τ)ῦ + 3892} 


and — ἔπ <q «τ. 7 
(ii) Suppose that ν = ξ(1 - 6), 0 =2d/K, where K and ἃ are integers 
and --Κ «λ «Καὶ, andt= — Kr. Then 


1 
τα ΡΥ ΔΌΣ, ΣῊ πη 


πο 


(3.2123) Σ τὰ - Re = 2% Ρ(), 


where P (2) is an ascending power series in 2. 
3.22. Supposing now that s = 5, we have 


(3.221) Θε(4) = 430 >> (= ἢ] Fs (qe) , 


8 366, for example, G. Landsberg, Zur Theorie der Gaussschen Summen und der linearen 
Transformation der Thetafunktionen, Journal fir Mathematik,, vol. 111 (1893), 
pp. 234-253. Both formulas are included in formula (176), p. 243, of Landsberg’s memoir. 
The first is also proved by Lindeldf, loc. cit., pp. 73-75. 

*R. Lipschitz, Untersuchung der Eigenschaften einer Gattung von unendlichen Rethen, 
Journal fir Mathematik, vol. 105 (1889), pp. 127-156. 
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and 
Six = 1k ae 


where now 7; is 1, 0, or — 4 according as ἢ is odd, oddly even, or evenly 
even. Thus 


An? 
(3.222) θε(4) -1 ἘΣ 58, Fs (qe). 
Substituting from (3.2122), we obtain 
- Me Si, 

(3.223) Θε(ί(4) =1+ Σ; Nel (2 (πὶ +h) -- kr}i pr? 
or 

, 29 ΚΙ ὅλ, k 
(3.224) Θε(4) =1+ 22 Nie {(2h — ker) 0}5?? 


the ranges of summation in these equations being the same as in (3.112) and 
(3.113) respectively. The last equation can be expressed in a more con- 
venient form by introducing the sum 


k—-1 
(3.225) | Τι,χ = 2,0, 
0 
In fact (8 224) may be written 
1 Sa, κα 
6 =x ] , Se 
(4) τ k=1, 8, ἫΝ Vi {(2h -- kr) ape? 


2 ῖςς 
k=4, 8, .--; (A, B)=1 Ni; {( 2h ὡς kr) i}5??° 


In the first sum k is odd; 2h = H is even and prime to k; and S;,% = Tr. 
In the second k = 2K, where K runs through all even values; ἢ is odd and 
prime to K; and δὰ,» = 27, κ. Effecting these substitutions, and then 
replacing H (or K) by ἢ (or k), we obtain 


Dk =: (41) Dn, k 
(7) =1+ 2 NE {Ch — kr) a}s?? 
where now k = 1, 2, 3, --- and A assumes all values of opposite parity and 
prime to k.1° 
Multiplying by 
πῷ 1 1 1 
8. prytet 


and observing that, if » is odd, 
(-- 1)" τ {--Ἠ 1), VAE{(MA — Dkr) i}? = ἘΝ Ε[(ἃ — kr) is”, 


Dyn, ak a AT, ks 
10 This is equation (8) of my former paper. 
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we obtain ᾿ 
2 : T 
(3.226) O59) = = + yi [ἢ — eye 


where h now assumes all values of opposite parity to k.¥ 
3.23. The discussion now follows the lines of 3.12 and 3.13. We wiite 


a 
(3.231) π 9ε(4) Ξ χίτ), 
and it is obvious at once that 
(3.232) x(7r 42) =x(7r). 
The discussion of the transformation 7’ = — 1/r requires a little more care, 


owing to the presence of many-valued functions under the sign of summation. 
It is convenient to begin by including negative values of k. 

We write generally 

| z* = exp{s log |z| + zamz} 

where the particular value of amz to be selected has to be fixed by special 
convention. Thus in {(h — kr)z}5?, where Kk >0, am{(h — kr)7} lies 
(as has already been explained) between — ἔπ and ἐπ. We now agree 
that, if & is still positive, am(—k) = 7, so that V—k —k=ivk, while 
am{(— h-+ kr)7} lies between — $2 and — lo. It will easily be verified 
that 


(3.233) ὙΞΈ((- b+ ker) i352 = VE((h — ker) a}5". 
Further, we write by definition 
(3. 234) Τ᾽; --α = T i, ke 


We know from (3. 2111) that, when h and & are both positive, 


Lx, k air. hs 


and it is easy to verify that, with our conventions, we have generally 


(3.235) τι͵ k= € aint T_x, hy 
where ε = 1 unless A > 0, k <0,in which casee = — 1. 
3.24. We have, from (3.226), (3.233), and (3.234), 
ae π' 1 ; (-:1} . μ᾽ 
(8.241) χίτ) πὸ ἜΣ ee ba 


πὸ πἪὲ ᾿ -- 1} T,. 
= sts (-- τ} ἡ pees a 
8 8 4 {(h — kr)2}*! 
1. This equation takes the place of (9) of my former paper, which is not printed correctly. 
The first term on the right is omitted, and k = 0 is included wrongly under the sign of sum- 
mation. 
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where now h and k are any integers other than zero and of opposite parity. 
Writing — 1/r for 7 in (3.241), using (3.235), and then replacing ἢ and k by 
K and — H, we obtain 


2m x(—2)= 84 8() ED ea 


where ¢ is 1 unless H and K are both positive, and then — 1, and 
am{(K — Η7τ)ὲ} 


lies between — ἐπ and ἐπ if H < 0, between — §x and — ἔπ if H>0. 
It may be verified without difficulty that 


8.248) [(ἀ. - 2) ip - (τα -- κεγην, 


where 0 < am(— 1/r) « π and the value οὗ am{(H — Kr)t} is fixed in 
accordance with our previous conventions. Consider, for example, the case 
H>0O, Καὶ <0Q. In this case 


— 84 <a=am{(K — H/r)i} < — dr, 
0<B=am(-—1/r) <7, 


and 
—inr<y=am{(H — Kr)i} <4. 


Thus 6 + ¥ lies between — ἐπ and ὅπ, and, as α differs from β΄ - y by a 
multiple of 27, we must have a = B + y — 27 and 


(x2) ftoen(-2)F aro 
= -(-2)" ται -- κου, 


in agreement with (3.243). The other possible cases may be treated similarly. 
Thus 


eau) x(—2)- τ (8)" 


ye oe ee 
επί *) Σ, mae ale {(H — Kr)i}5r? 


where — ἔπ < am(t/r) <$7,0<am(—1/r) <7. And this equation 
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leads to soa . 
ez) x(~7) 8) HM (-2) ES τ ake 
-(3) [822 Σ΄ κα ako 


7 (5) "x(n 


This is the same functional equation as is satisfied by 3°. Hence 
(3.246) η(τ) = x(7)/# 
is an invariant for each of the substitutions (3.122), and so for IT. 
3.25. It remains to verify that ἡ (τ) is bounded in σας. As in 3.13, it is 


only necessary to consider the neighborhood of 7 = 1. Putting;r = 1 — 1/T, 
as in 3.13, in (3.241), and then os h=H—kK,k = H, we obtain 


us 1 = me C= 1)* Tux, ΗΠ er 

(3.251) 9 x(1 - 1) - ἘΣΣ » Vi ia] ΚΗ τ) ij?’ 

where H assumes all values save 0 and K all odd values, and 
am{(— Καὶ + H/r)1} 


lies between — ἔπ and $7, or between — ὅπ and — 47, according as 
H>0OorHH <0. 
Now 
H—1 


(3.252) Tux, = Σὲ (— 1) PF = Uy, gy, 
0 


say. It follows from (3.2112) that, if h and k are both positive, and ἢ is odd, 


and 
k—-1 k 


(3.253) Un, k = Σ)(-- 1)} rte, Wr, w= 2,6 Gate 
0 1 
then 


Un, kr = =i m, h3 


and it is easily verified that, if we adopt the same conventions as in 3.23 
concerning the meanings of γν-- ἃ, V—k, U_,,-., and W_;,_,, we have 
12 We first restore the terms for which H = 0, and then observe that 
(-1)¥ = —(-1)%, 
We have to verify that, with our conventions, 


— Vi(—1/r)-#(— ri)-? Ξ 1 
and 


— Vi( —1/7r)-3 = — (i/r)-: 


these verifications present no difficulty. 
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generally 
k 
(3.254) ὕ,, κΞξεν- inf Em, h» 
where ε = 1 unless h < 0, &k > 0, in which case € = — 1. 
Using this equation in (3.251), we obtain 
π' Ιλ ae γι τὸ {Ξ: 1): Ware 
ee) x(3 ~ r) <p TNL eK + A/a 


: (—1)e Wux 
— END Eg SKF aT 


It is now easy to verify, by arguments similar to those of 3.24, that 
{((— Καὶ + H/T )ij}8? = eT? {(H — KT)1}°”, 


where am7 lies between 0 and 7, while am{(H — KT )2} obeys our previous 
conventions. We thus obtain 


““- ἡ Wu, K 


1 5,2 ᾿Ξ: ΞΞΞΞ eee reese ove 
gx(1-z)=- Hod Ee a {((H — KT)i}°?? 


the summation being now limited only by the fact that K is odd. In virtue 
of (3.233), this equation may be written 


2 1 : —1)? War 
(3.256) Rx(1-z)-- er Σ᾿ Sia ee 


1,3 


3.26. The series in (3.256) may be expressed in the form 
a (-- 1)# ¢-G-DtHAIK 
ἜΝ ἘΣ a (( — KT)i}*? ° 
Suppose that 
(3-2)? =); (mod 2K) (-K <2’; « Κ), 
and 6; =A;/K. Then 
(-- 118. e-G-DHHIK (-- 1)8 @- art 
2H = EMA ~ ΣΤΩΙ - ΚΤ 
may, by (3.2123), be expanded as a power series in Q = e**7, in which the 
lowest power of @ is 
Qty | 


The smallest possible values of Καὶ + A; are}, $,---; and K +A; = {involves 
fP—-jt+i=—-K+4(mod 2K) 


or : 
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where Ὁ Is an integer, 1.6. an equation sani left-hand side is even and whose 
right-hand side is odd. Thus K +); = 3; and the left-hand side of (3.256) 
is the product of 7°/* 0514 by an ascending power-series in Q. But 


(0, 1 -7) - SF (0, 7) 


is the product of 7)? 6114 by a power-series in Q. It now follows, just as in 
3.13, that ἡ (τ) is bounded, and so is a constant, which is plainly unity. 

We have thus established the identity of 8, and 3*, and so of p,(m) and 
r,(n), when s = 8 and s = 5. The same method may be used for any 
value of s from 5 to 8 inclusive.!* In order to complete the solution of our 
problem, we have to sum the singular series (2.26). 


4. GENERAL RULES FOR THE SUMMATION OF THE SINGULAR SERIES 


4.1. The value of Sh, x. 


The known results concerning the value of the Gaussian sum 8, κα are as 
follows. We assume that (h, &) = 
If k and k’ are prime to one another 


(4.11) Sh, ee’ = San’, x Sax, κ'. 


We need therefore consider only the cases in which k = 2 or Καὶ = p*, p being 
an odd prime. 


Ifk =2 
(4.121) , ϑκ,κ = 0. 
If ἢ = 2% = 241, and u > 0, 
(4.122) Sp, κα = QHt ethei, 
If k = 2 = 2%, andu>O0, 
(4.123) Sa. = 2" (1 + δ) = 2+ cos Lhe eth, 
If k=p, 
(4.131) Sik = (=) Vp, 


where (h/p) is the well known symbol of Legendre and Jacobi. 


13 When 8 = 2ors > 8, the conclusion is false. The casess = 3 ands = 4 are exceptional. 
The conclusion is true, but new difficulties arise in the proof because the series used are not 
all absolutely convergent. ‘These difficulties are easily surmounted when 8 = 4, but are 
more serious when 8 = 3. 

14 For proofs of these assertions see the chapter on Gauss’s sums in the second volume of 
Bachmann’s Zahlentheorie. A less complete account is given in Dirichlet-Dedekind, Vorlesungen 
tiber Zahlentheorie, ed. 4, 1894, pp. 287 et seq. 
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If k = p* = p**!, andu > 0, 


(4.132) Sr, k = Dp" δλ,ρ 
Finally, if k = p\ = p*, andu > 0, 
(4.133) 5», = p*. 


These formulas enable us to write down the value of S;,, x for all co-prime 
pairs of values of h and k. 


The multiplication rule for Ax. 
4.2.. The first step is to prove that 


(4.21) Ax’ = Ax Ax’ 


whenever & and k’ are prime to one another. 
In the formula which defines A;, viz. 


kt A, = >> (Sz, .)" ΠΣ 
h assumes all positive values less than and prime to k. Let us call this set 
of values, or any set congruent to this set to modulus k, a k-set. It is easy to 
see that if ὦ runs through a k-set, and h’ through a k’-set, then 
h =hk'+h’'k 
runs through a kk’-set. For the number of values of A 1s 
(bk) (1) = φ( 81), 


and it is obvious that all are prime to kk’ and incongruent to modulus kk’. 


Thus 
(kk’)*® Any’ = » (Si, xx’)* ea enhri/kks 


i 

is dX (Say, n)® (Siz, ee)? ones’, 
by (4.11). But ᾿ 
Suk = Σ, er rik = δ᾽ ΣΟΙ) = δια, 


ἽΞι ἽΞὶ 


since jk’ runs through a complete system of residues to modulus k; and 
similarly δα,’ = Sx’, κ΄. Thus 


(kk’)* An’ = >» (Sx, e)®( Sa", x)" ea 2nkai/kk’ 
= Σ, (5,,,})" en 2πλεὺ de ( Sn’, x’)! ο΄ enh'ai/k’ 


= (kk’)* Ay Ax’; 
which proves (4.21). 
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It follows that 


(4.22) S=A,+ 4.+4;+-°°-=14+4.+43+--- = [[χρ 
where 
(4.23) χρ» =1+4,+ 42+ Apt: 


and p runs through all prime values. 


| Calculation of A». 


4.3. Suppose first that p = 2. Then the value of A.) is given by the 
following system of rules. 


4.31. A, = 0. 
4.32. If \ 18 odd and greater than 1, 
(4.321) A»d= 0, 
unless 
(4.3221) n = 0 (mod 2.55) 
and 
(4.3222) y—s =2-°-) n — 8 = 0 (mod 4), 
in which case 
(4.3223) Ad = 5- ἀποστῇ ρτἐ τοτὲ, 


ΠᾺ = 3, (4.3221) 5 satisfied automatically. 
Let X = 2u+1(u4>0). Then 


Spor = Quel ethri = OIG, g 
by (4.122). We write 


h=8z2+h’ (z=0,1,---,2*%-—1; hk’ = 1,3,5,7). 
Then 


Agr = Q72(u+2) >. (Si, 3)! 6. 2ηλκι ΣῈ 
h 
-- 2-8(ut2) »> (Sy, 3)" prank’ niet > g-2nexi/zee—2 
τ - 


which vanishes (in virtue of the summation with respect to z) unless n = 0 
(mod 252» 2), 
ππτπρ 2%», we have 
Aor == 22-24 (ut2) >» (Sy’, 3 )2 eT hx, 
h’ 
The sum with respect to h’ is 
928 { o—t(v—8) xt Ῥ ei (8) xt + εἴ -δ)τὶ + eFC s) xt} 


18 We assume that the series and product are absolutely convergent. This is obviously the 
case ifs > 4, as Si,x = O (NK), Ax = O(kl-4#), and 1 -- 28 < —1. 
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which is 0 or 228+? e~t—*)** according as (4.3222) is not or is satisfied. This 
completes the proof of 4.32. 
4.33. If \ 5 even and greater than 1, 


(4.331) An = 0 

unless ; 

(4.3321) n = 0 (mod 2.2), 

in which case 

(4.3322) Agr = 2-4 DOD eos (4 vr — 5 sr), 


wheren = 2p. If = 2, the last formula holds in any case. 
If \ = 2n, we have 


Sr,od = 24+) cos tha ett? = 218), 4, 
by (4.123). We write 


ἢ τ 4Σ - ἢ’ (320, 1; 23+, 2%" — Fh! = 1,8). 
Then | 
Agr = 2-244) FS (Sy, 4)! 6 eneire 
h 


= 9-8 (ut!) > (3, 4)" ο΄ 2ηλ τί 22 μ DD: eg eneni/2e 
h’ Ζ 
which vanishes (in virtue of the summation with respect to z) unless n = 0 
(mod 27-7), But ifn = 27+? », we have 
Agr = 224-284) SF (Sar ,)}" ὁ νησὶ, 
and the sum here is . 
27*{ (cos + π)" et#**-¥7? + (cos 3 π)" εἰδὴ τὴ = Qi Cos (ἔ νπ — bor). 

This completes the proof of 4.33. If ἃ = 2, 2 disappears from the argument 


and ὦ and h’ are identical. 


Calculation of Ap when p is odd. 


4.4. The corresponding results when p is odd are as follows. 
4.41. If n = 0 (mod p) then 


(4.411) Α, - -- γ" (9 =O), 

(4.412) A, = (2) (s=1), 
(4.413) Ay = — (— 1)? os (s =2), 
(4.414) Ap = (— 1) τὸ (2) ri (s = 3); 


the congruences for s referring to modulus 4. But if n = 0 (mod p) then 
(4.415) Ap=(p-1)p* (s=0), 
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(4.416) A,=0 (s=1,3), 
(4.417) Ap = (— 1) τὸ (p — 1) p-*#* (s =2). 
We have 


4, = ΡῸ Σ (ὃν, p)* etminin = stent pre Σ (FY στεολτν 
h h 


If 3 is even, this is 
gte(o-l? pt > e2nhri/p : 
h 


and the sum is equal to — 1 or to p — 1 according as n is not or is a multiple 
of p. This leads at once to the results stated for even values of s. 
If on the other hand s is odd, we have 


A» == zts(p—)? pt »> (:) eg 2nhxilp | 
h \P 
which is equal to 0 if n is a multiple of p, and to 
ἐξ -ὦ «οί 5) —4(s-1) 
Ῥ P 


otherwise. We thus obtain the results stated for odd values οἵ 8. 
4.42. If 8 odd and greater than 1, then 


(4.421) A,r = 0 

if n = 0 (mod p*"*); 

(4.422) Apr = po Ge VO-D 4, (rv) 

of n = p*" py and v = 0 (mod p); and 

(4.4231) Ap = (p — 1) pi" (9 =0), 
(4.4232) A,r = 0 (s =1,3), 


(4.4233) Ayr = (— 1)? (pe- 1) pre (8 = 2), 


of n = 0 (mod p*). 
Tf X = 24 +1, > 0, we have ὅλ, ρὰ = ρ" Si, », by (4.132). We write 


h = pz +h’ (z=0,1,---,p*'—-1; A’ =1,2,---,p—1). 


Then 
—3 (+ Σ ΜΕ ΤΠ ΜΈ 


-- γγσϑίμἘ}) es ( S,’, pte πη πὶ ΡΜ die "ποτὶ pe 


If n ΞΕ 0 (mod p* ), the sum with respect to z vanishes, and we obtain (4.421). 
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If n = p™* vy, we obtain 


Apr = pas (ut) » (S,’, >)! ΟΣ 
A’ 


If ν ΞΕ 0 (mod p), this is » 5 2 A,(v), and we obtain (4.422). But if 
ν = 0 (mod p:p) we have | 


Σ᾿ (8x7, p)* = doa" pe (ZY, 
a! w \P 
and we obtain the equations (4.423). 
4.43. If X18 even and greater than 1, then 


(4.431) A, =0 

of n = 0 (mod p**); | 

(4.432) A,r = — prh 
uf n = pp and ν = 0 (mod p); and 

(4.433) A, = (p — 1) ps8 


af n = 0 (mod p*). 
If X = 2u, we have 8, >» = p", by (4.133). Hence 


A,r = pe gr anh'xi/p?* granexijpee—l | 
which is zero if n ΞΕ 0 (mod p**~!), and 
w—l—su ες πὶ 
Pe be 


if n = py; and the sum here is equal to — 1 or p — 1 according as p is 
not or is divisible by p. 


5. SUMMATION OF THE SINGULAR SERIES WHEN 8 = 8 


5. 1. The formulas of Section 4 enable us to sum the singular series what- 


ever the value of s. I take as typical the cases s = 8 ands = 5. I suppose — 


first that s = 8 and that n has no squared factor. We have to determine 
the factors xp of (4.22). 

In the first place, let p = 2. Then, as n is not divisible by 4, we have 
Ay, = Ay = -:: = 0, by (4.321) and (4.331); and also As = 0, by (4.321), 
since y = 1 and -- s is not a multiple of 4. If nis odd, A, = 0, by (4.331); 
but if n is even, “ | 

A, = 2* cos ἐνπ-Ξ — §, 


by (4.3322). Finally A, = 0 in any case, by 4.31. Thus 
(5.11) x2 = 1 (nodd), χα = | (neven). 
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Next, suppose p odd and pt+n.@ Then Ap = Ap = ++: = 0, by (4.421) 
and (4.431), and A, = — p+, by (4.411). Thus 

(5.12) Xp=1—p (ptn). 

Finally suppose p odd and p|n. Then Ap = Ap = -:: = 0, by (4.421) 


and (4.431); Ap: = p’, by (4.432); and 


A,=(p—-—1)p", 
by (4.415). Thus 


(5.13) χρ Ξ- 1- (ρ» -- 1)» -- »»  [[ --  »»)(1 -- »»᾽). 
We have therefore 
5- χ ΠῚ (1 —p*) IT {(1 + p3) (1 -- p*)} 
96 
=e Π( -- ρ ἢ WT +7%) Ξ πῖχὶ +p), 


since 


16 96 
tia p*) = τε (4) " x 
If n is odd, : 
4n3 96 
(5.14) pa(n) εὐ" τὶ ΠΑ + 9°?) = 1608(n), 


where o3(7) is the sum of the cubes of the divisors of n. If 7 is even, 


(5.15) ps(m) = 1θη5 (1 — 25) ra + p*) = 16{o3(n) — σε (n)}, 


where o3(n) and a; (n) are the sums of the cubes of the even and odd divisors 
respectively. These are Jacobi’s well-known results, proved at present, 
however, only when n is not divisible by any square. 

5.2. Proceeding to the general case, suppose that 


(5.21) n = 2 wrw’™.-- (α =0; a,a’,--- >0) 
and consider first Ae. 

If X\=1, 4..=0, by 4.31. If Δ is odd and greater than 1, A. = 0, 
by (4.321), unless ν = n/2*-* = 0 (mod 4), ie. unless n = 0 (mod 2.1), 
or unless \Sa+1. If this condition is satisfied, and n = 2. N, so that 


N is odd, we have 
-- 9—-3(A—-1) p29 FIA Nai 


by (4.3223); and so 
(5.22) Ar = 2730-1) (A<atl), Arn = - 2-80) (A=a+l1). 
On the other hand, if \ is even, 42. = 0, by (4.331), unless n = 0 (mod yaaa ἢ 


16 Following Landau, I write p|n for ‘p is a divisor of n’ and pt+n for ‘p:p is not a di- 
visor of n’. 
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i.e. unless XS a+ 2. If this condition is satisfied we have, by (4.3322), 
Aor = 2-30) eos (2511: Nr). 


The cosine islifA<a+1,—lifXtY=a+1,and0ifA =a+2. Thus 
the equations (5.22) still hold for even values of \. We have therefore 


(5.23) x = 14+04+2%4 264... +230) — Q-* 


the zero term corresponding to \ = 1. 
Next suppose that p is odd. If p is not anw, xp = 1 — γ᾿, as before. 
Ifp =wanddA <a+1,n Ξ 0 (mod o*), and 


Ayr = (w-—1l)w*', 


by (4.415), (4.4231), or (4.433). Ifk =a+1, 


A,» amas site gy 3a are oats, 
by (4.422), (4.411), and (4.4382). AndifX >a+1, 
A,r = 0, 


by (4.421) and (4.431). Thus 

(5.24) x, ΞΞῚ - (ὦ -- 1) 4+ (w—1)w 7+ --- + (ὦ — 1) 327) — wm 
=(1—-w*)\(Lto%+u%+ Ὁ.  ὡ 5), 

From (5.23) and (5.24) it follows, as at the end of 5.1, that 

p(n) = 16n3{1 + 25 4 --- 4+ Η 2 τὸ — 2-2} II (l+tw%#+---+o%), 

it being understood that the factor in curly brackets is to be replaced by 


unity when a = Ὁ; and it is easily verified that the formulas (5.14) and (5.15) 
are still correct. 


6. SUMMATION OF THE SINGULAR SERIES WHEN $ = 5 AND ἢ HAS NO 
SQUARED FACTORS 


6.1. Suppose next that s = 5 and that n is not divisible by any square, 
and first that p = 2. Then Aig = Av = --- = 0, by (4.321) and (4.331). 
And Ag = 0, by (4.321), unless n = 1 (mod 4), in which case, by (4.3223), 


Ag = 273 σπτοι-ὅ xt | 


Thus 4s = — ifn =1 (mod 8), As = } if n = 5 (mod 8), and otherwise 
Ag = 0. 
Next, 
A, = 2-3? cos(g nt — Gr), 
by (4.3322), so that A, = — } if n =1 (mod 4) and A, = } otherwise. 
Finally A, = 0 in all cases, by 4.31. 
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Collecting these results we find that 
(6.11) χα = 3(n=1), x. =i(n=2,3,6,7), x= t(n=5), 


the congruences being to modulus 8. 
If p is odd and p + n, we have 


by (4.412), (4.421), and (4.431). If pis odd and p|n, we have 
A,=0, Ap=—pt, Ap=Ap aes =0, 
by (4.416), (4.432), (4.421), and (4.431). Thus 
(6.12) xe=1t+(2)5 (wt), x= 1-5 (pln). 
If n = 1 (mod 4), we have 
nl 13? 


ps(") = Τ 652) id ae Bre i) 
ἀπέ (1-5) ΠῚ 1 - (2) } 
Also 


1 16 96 n\1 |" n\ 1 
M(1~s)easeay se Μ{᾽- (3) a} - 2 CG) αν 
where m runs through all odd values prime to n. Hence finally 


(6.18) ps(n) = ent? (2). 


If n = 1 (mod 8) the value of x2 is 3 instead of $; and if n = 5 (mod 8) it 
is. In these cases the numerical factor 160 must be replaced by 80 and by 
112 respectively. 

_ These are the results of Eisenstein, subsequently proved by Smith and 
Minkowski by means of the arithmetical theory of quadratic forms. The 
series (6.13) 15 easily summed in a finite form, by methods due to Dirichlet 
and to Cauchy. I have nothing to add to this part of the discussion. 


7. THE GENERAL CASE WHEN 8 = ὃ 


7.1. So far it has not been necessary to distinguish between one type of 
representation and another. At this stage the distinction between “ primi- 
tive’ and “ imprimitive ” representations becomes of importance. 


A representation | 
πὶ τὸ αἱ - τ - αὐ - αἱ -Ῥ x 
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is said to be imprimitive if 21, 22, 23, 24, Zs possess a common factor, and 
primitive in the contrary case. It is plain that imprimitive representations 
can exist only when n is divisible by a square. When s = 8 (and the remark 
applies equally when s is 2, 4, or 6) the distinction is, for our purposes, irrele- 
vant, even when ἢ is divisible by a square: the formulas (5.14) and (5.15) 
are valid in any case. But when s = 5 the distinction is important. It will 
be remembered in fact, by anyone familiar with the work of Minkowski and 
Smith, that the right-hand side of (6.13) represents, in general, not the total 
number of representations but the number of primitive representations. Our 
series (2.26), on the other hand, gives the total number of representations; 
and its relation to the Smith-Minkowski series must therefore generally be 
more intricate than in the simplest case treated in 6.1. 

The theorem which I shall prove is as follows: 

The sum of the series 


(7.11) = <n? Σ (2 =) = τῷ» 
where m runs through all odd numbers prime to n, and 

C = 80(n =0,1,4), C = 160(n = 2,3,6,7), C= 112(n = δ), 
the congruences being to modulus 8, is rs(n), the number of primitive repre~ 


sentations of n. 
We shall require the following 
Lemma. If!” 


(7.12) r(n) = Σ Φ(3), 
where ᾳἢ runs through all squared divisors of n, then 
(7.13) @(n) =r(n). 


To prove this, suppose first that n is divisible by p?, but by no other square. 


Then 
1G=rG)= (Ὁ) - τα) - (3) = τῶ). 


Next, if n is divisible by p?, p”, and (pp’)*, where p’ ϑέ p, but by no other 


square, we have 
n n n 
19 ~6(3)-0(%)=6(s) 


p(n) 
r(n) — -(3)- (2) εξ (2.) =7(n). 


17 In what follows I omit the suffix 5 in σε (7), etc. 
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A similar proof applies if p = p’; and it is plain that a repetition of the argu- 
ment leads to a general proof of the lemma. 

7.2. Suppose first that πὶ is congruent to 2, 3, 6, or 7, so that n is not 
divisible by 4 and χα = %, by (6.11). If we write 
(7.21) n= 2° N = 2%wrw'%--- (α =0,1), 
the value of x, requires reconsideration when p is anw anda >1. Using 
the formulas of 4.4, we obtain the’ following results. 

If a = 2b + 1 then 

A, = 0, A,: = (w — 1)ω ἢ, A,s = 0, Ay. = (w—1)w", 

vty A,wr = 0, A, = (w = Lge) 


Ayan fae 0, A 2+ τ πω ον A ,2t8 = A sos = +--+ = Q. 


If a = 2b, the values of the A’s, up to A,», are as above, but 
An = (2).»», A 22 = A 20+ Se ΟΣ ee Q, 


where vy = w?n. We thus find that 


(d=) - ot) 
= 3 


(7.22) Xw 


if a is odd, and 


(7.23) Xo = ὑπὸ ἀξ ΕἸΣ 15 (2) jars 


1—w ω 


]Ι-ω 


if a is even. 
Suppose now that n = 2%w*w’?’--» = w?d, where d has no squared 
factor. Then the odd primes p fall into four classes characterized as follows. 
(i) p=p,ptn. In this case 


(7.241) ee (= )p~. 
(ii) p = a1, ων + w,onr|d. In this case 
(7.242) Xo. = 1-7". 


(iii) p = ὡς, w2|w, ὡς + d. In this case a is even, say equal to 2b, and 


—3b 
(7.243) xu, = (1 ks μὰν es tam Ὁ 
500} 


by (7.23). 

(iv) p = w3, ws|w, w3|d. In this case a is odd, say equal to 2b+1, 
and 
(7.244) Xo, = (1 -- ὡΣ ἢ) (1 +5? ἘΠ... τὸ ὡς ἢ), 
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by (7.22). And we have 


(7.25) S=$]Ix =I x IL x., Π x., IL x.,- 


7.3. We now multiply out the product (7.25), treating the second factors 
of x,, and x,, each as a sum οὗ ὁ + 1 separate terms. We thus obtain 


(7.31) δ:έςα -» Ὁ) UD ve(m) do ΠΤ bor" TT os"), 


where 


(7.311) p(n) ={1 -(ὩΣ 


AS bh, if w = w3" is the highest power of ὠς which divides n; μ XS bs, 
if ωϑ = w3**" is the highest power of ὡς which divides n; and θ is an addi- 
tional factor which is equal to 1 unless \ = δ5, and then to 

Yor(¥) = Yo, (wr? n). 


If we denote the product which appears under the sign of summation in 
(7.31) by o,,,, we have 


4πϑ 160 
(7.32) p(n) == ni? § =a MPD y(n) Donn = Do Pies 


say. 
Suppose first that \ does not, for any w., assume its maximum value be, 
so that all the 6’s in o,,,, are equal to unity; and write 


(7.34) y(n) = i —~ nit x(2 ) = 
so that 


m2? 


y(n) ΠΝ 


the product mer over all odd primes which do not divide n. Then 


Pru = ee" (Tar “Tos *)°? Th yp (m) = ¥(5), 
¢ = [Tor™ TT ὼς" 


is a typical square divisor of n, division by which does not eliminate com- 
pletely any prime factor of n. 

This transformation would not, as it stands, be valid if \ = δὲ for some ὡς ; 
since there are then certain primes ὡς which divide n and not n/q. But 
with each of these primes w. there is associated an additional factor θ = Yo, (V) 
in g,,,, and these factors provide exactly the corrective required. We have 


where 
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therefore in any case p,,, = Y(n/q’) and 
r(n) = p(n) = Dv(4), 


the summation extending over all square divisors of n. And therefore, by 
(7.13), W(n) = 7r(n), the result required. 

Our theorem is thus proved when n is congruent to 2, 3, 6, or 7 to modu- 
lus 8. In order to prove it when n is congruent to 1 or 5, we have only to 
write § or ¢ instead of § throughout our argument. It is only when ἢ is 
divisible by 4 that further discussion 15 required. 

7. 4. We have now 

n = 2°N = wry! ++: (α ΞΞ2). 


‘The value of x,, when p is odd, is the same as before. The value of χὰ may 


be calculated by means of the results of 4.3; and we find that 


11 1 1 1 
αν ασν στ ee 1:86-| Ὁ 5.88’ 
where a is odd and equal to 2β + 1 or even and equal to 28. 
Let us denote by r*(n) the number of representations of n which are 
primitive so far as 2 1s concerned, that is to say in which 21, 2%, 23, 24, and 2s 
are not all even. It is plain that 


(7.41) 


Ga tay morta) (3) 4-4 (3), 
and that . 7 
(7.43) r*(n) = Στ( 5), 


where now the summation applies to all odd square divisors of n. Further, 
as in 7.1, we can show that if 


(7.44) r*(n) = Σ 4(5), 
where the summation applies to all odd square divisors of n, then 
(7.45) φ(η) =r(n). 


Bearing these remarks in mind, we can complete the proof of the theorem 
as follows. Since p(n), p(4n), «+: differ only in the factor x2 and the 
outside power of n, in, «++, we have, by (7.41), 


p(n) - (4) = to (3) {8 (1-4-7 we. goer tag) 


1 1 1 
i B—1 -.-- — oe 8 8 ee ------- ee 
: (1 4 4.86-ὸ Ἢ Δ 88πι Ὶ 
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But, by (7.42), we have 


r*(n) =r(n) -- (3) =p(n)—p (:) - 48.10(8) - 48. {5}; 


and therefore, by our previous results, 


re(n) = 48° (gra) - 48 Dv (ges) - ἘΣν (5. i) 


the summation applying to all square divisors of n/4°, or, what is the same 
thing, to all odd square divisors of n. Hence, by (7.45), 


W(n) = 27(n). 


This completes the proof of the theorem. It is easily verified that the 
results are in complete agreement with those of Smith.”® 


8. CONCLUDING REMARKS 


8.1. I have assumed, throughout this paper, that s S 8; and it is well 
known that the analogous results when s > 8 are false. 

The analysis of the paper breaks down, when s > 8, in one section sie. 
namely Section 3. We can still form the singular series, and sum it by methods 
differing only in detail from those of Sections 4-7. We obtain a simple 
function of the divisors of n when 9 is even, a series of the Smith-Minkowski 
type when s is odd; and this series can still be summed in terms of the quad- 
ratic residues and non-residues of n. We can still prove, moreover, that 
the sum of the singular series behaves, in respect to the fundamental trans- 
formations of the modular subgroup I, exactly like the appropriate power of 
the theta-function ὃ, and that the function corresponding to (7) is an 
invariant of the group. What we cannot prove is that ἡ (τ) is bounded; 
and the conclusion which would follow from this, namely that 7 (7) is constant, 
is in fact false. 

We have still, however, all the materials for a complete solution of the 
problem. But it is necessary to replace the analysis of Section 3 by a more 
complex discussion in which we deal not with a single invariant but with a 
linear combination of invariants, among which that represented by the sum 
of the singular series is the first and most important. And our conclusion 
will be that the number of representations of πὶ is the sum of a function of the 
types considered in this paper and of a number of other arithmetical functions 
defined in a more recondite manner. Some of these functions have already 
appeared in the work of Liouville, Glaisher, and Mordell. If I do not pursue 


18 See in particular pp. 673 et seq. of the second volume of his Collected Papers. 
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this subject further, it is because such developments seem to be a part of 
Mr. Mordell’s researches rather than of mine. 

There is another question which arises more naturally out of my own 
researches. The singular series or principal invariant yields In any case an 
asymptotic formula for r,(n), valid without restriction on 8. But, with the 
entry of asymptotic formulas, the peculiar interest of squares as such departs, 
and the problem becomes merely a somewhat trivial case of the much larger 
problem usually described as Waring’s problem, and so of the investigations 
which Mr. Littlewood and I are publishing elsewhere. 


(6) Waring’s Problem 


INTRODUCTION TO PAPERS ON WARING’S 
PROBLEM 


Hardy’s papers on Waring’s problem were all written in collaboration with J. E. 
Littlewood. In a sense, they followed naturally from his earlier papers on the repre- 
sentation of a number as a sum of squares, but the new difficulties which had to be 
overcome were severe. 

The starting-point of the method is the same. For each integer k > 3 the generating 
function is defined as 


fle) = 142 Pe 


n=0 


where r, ,(n) is the number of representations of n as the sum of 8 absolute values 
of integral kth powers. For even ὦ this is, of course, the same as the number of 
representations by kth powers. Then by Cauchy’s Theorem the number r(7) is given 
by | ] 
r(n) = 17,,(n) = 5:2 { (f(x))8x-"-1 da, 


where the integral is taken along the circle |z| = e-!". This circle, x = e~™ '+27°9, is 
divided into ‘Farey arcs’ by first marking all rational points θ = p/q with 
l<qev*, (φ,4, Ξ 1, 0. «" «4. 

Two neighbouring rationals θ = ρίᾳ, θ --- ρ΄ [ᾳφ' are separated by their mediant 
θ = (p+p’)/(q-+¢q'), so that to each rational p/q there belongs a zone of influence, 
bounded by its two neighbouring mediants. These zones are the Farey arcs ΚΓ: 
In the treatment of Waring’s Problem they fall into two classes, major arcs if g < n™, 
and minor arcs if ΜῈ <q < n1-'k, 

On each major are Hardy and Littlewood introduced an approximating function 


F,, q(t) = CT(8/k)(q7 Sp q)*{log(e?7P2a-1)} 9, 


where 7 C = {2T(14-1/k)}{T(s/k)}-, 
| Spa = Σ ata 
=o 


They were then able to show that on each major are M,, the function f*(x) can 
be approximated by F, (x) with a sufficiently good error term not to upset the final 
result. The difficulties they had to overcome were formidable and their first paper 
on the subject (1920, 2) makes impressive reading even today. In one respect they 
were perhaps fortunate. H. Weyl’s celebrated paper (Math. Annalen, 77 (1916), 313— 
52) on exponential sums had just appeared and the methods developed in it made 
the work more manageable. 
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The second difficulty arose on the minor arcs, which do not occur at all in the case 
of squares. Whereas Weyl’s inequality was a convenience on the major arcs, it was 
and to a large extent still is a necessity on the minor arcs, because the error in the 
approximation to f*(x) by F,,,(z) becomes too large; indeed it is larger than the 
principal term. 

The third difficulty was to deal with the singular series. Having replaced f*(x) by 
F(t) on all major arcs, Hardy and Littlewood obtained for s > 42*-! the asymp- 


totic formula rin) ~ Cn-14+9k 8, 
oO qd : 
where S= dq Y (Gp.)te2nvle 
q=1 p=l1 
(p,q)=1 


is the singular series. 

In their first paper (1920, 2) they did no more than prove that the series is absolutely 
convergent and greater than a positive constant for k = 4, s = 33 and all n, though 
they suggested that there would be no serious difficulties in extending this result to 
general k > 3 if s > k2*-1. This programme was carried through in (1920, 5),* the 
first of their famous papers on ‘partitio numerorum’. 

In P.N. II (1921, 1), the asymptotic formula is proved for k = 4, s = 21 and it 
is shown that the singular series is uniformly positive. Apart from a detailed study 
of the singular series the paper introduces an improvement in minor arc technique, 
namely the use of the inequality (m denoting the union of all the minor arcs) 


1 
[ Lf (re2™#9) 38 40 « max | f(re?7#9) [26-2 Ϊ I f(re2™9) 4 dd. 
Ἢ θ τα πὶ Ὁ 
For the first factor on the right Weyl’s estimate is available, and the second factor 
can easily be estimated by elementary means. 

In P.N. IV (1922, 4) the authors prove their asymptotic formula for r() for all 
8» (k—2)2*-145. But the real interest of the paper lies in the study of the singular 
series. It is now commonplace to realize that the inequality S > 0 implies, subject 
to absolute convergence, that the congruence | 

kt ...tak = n (modm) 
is soluble for every modulus m; conversely if the congruence is soluble for all m, then 
S > 0. In fact we can be more precise. If in the summation formula for S we 
restrict g to the powers of a fixed prime a, the series turns out to be finite for n + 0 
and represents τ ®—) times the number of solutions of the above congruence mod a’, 
for sufficiently large t. Moreover, S equals the product of the restricted sums extended 
over all primes τ΄. 

This idea, which is fundamental not only for Waring’s Problem, but for all applica- 
tions of the Hardy—Littlewood method, appears first in P.N. IV. It is historically 
interesting that the important relation between the singular series and the congruence 
was formulated by the authors as a lemma only (Lemma 2). 


* There was a preliminary announcement in Proc. London Math. Soc. (2), 18 (1920), vii-viii. 
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In P.N. VI (1925, 1)+ the authors break new ground. They prove first that almost 
all positive integers are the sum of fifteen fourth powers, and more generally the sum 


ot (4k—1)2k-1.13 


non-negative kth powers for k = 3 and k > 5. Secondly they prove that all large 
integers are the sum of 
ἘΠῚ (k—2)log 2—log k+-log(k—2) 
aa +k+5+| log k—log(k—1) 
non-negative kth powers. The idea of the proof is to introduce a sequence of integers 
which have a relatively large density and are representable as the sum of few kth 
powers. It was the first step in the combination of analytical with elementary 
methods, serving as a signpost to the future, and in particular to the work of 
Vinogradov. 
Finally they introduced in P.N. VI the Hypothesis K, which asserts that the 
number of solutions of k k 
N = X{-+... 4% 


is O(n‘) for each « > 0. Under the assumption of Hypothesis K they proved that 
their asymptotic formula for r(n) holds for 8 > 2k+1, in particular that each large 
integer is a sum of 2k-+1 non-negative kth powers, if k is not a power of 2. Unfortu- 
nately, K. Mahler proved (Journal London Math. Soc. 11 (1936), 136-8) that Hypo- 
thesis K does not hold for k = 3 by means of the simple identity 
(9x4)8 + (3ay3—9a4)8 + (y4— 929y)® = y™. 

Whether the hypothesis is true for k > 4 is still an unanswered question. For the 
application to Waring’s Problem it would suffice if the hypothesis held in a weaker 
‘mean square’ form. 

P.N. VIII (1928, 4) differs from the preceding papers in posing a purely arithmetical 
problem. Let I'(k) be the smallest integer s such that for all n and all primes 7, and 


all m > 0, the congruence ak+t..tak = n (mod p”) 


has a solution in which not all the x, are = 0 (mod p). 

The authors determine five distinct classes of k for which I'(k) > k and calculate 
[(k) explicitly. They also prove that ['(k) = kif 2k+-1 is a prime. For all other cases 
they prove the inequality ['(k) < k. 

As a conjecture they mention the innocent-looking relation 

a Γ() > 4, 


which has remained unproved. It would be sufficient to find for all large & a prime 7 
such that n=1(modk), π-« "8, 


Finally, a footnote should be quoted: 
‘We may add that ‘‘P.N. 7’’, which is still unpublished, contains an application 
of our methods to the problem of the order of magnitude of the difference between 
+ An akstract appeared in Proc. London Math. Soc. (2), 23 (1925), xx—xx1. 
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consecutive primes. We prove (subject to our generalized form of the Riemann 


hypothesis) that Puit—Pn © 4? 


lim < 
ἄξω logn 
The paper was never published, but R. A. Rankin (Proc. Camb. Phil. Soc. 36 (1940), 
255-66) proved that the lower limit in question does not exceed 3/5 under the 
generalized Riemann Hypothesis, whereas P. Erdés (Duke Math. J. 6 (1940), 438-41) 
proved without any assumptions that it is less than 1. Later R. A. Rankin (Journal 
London Math. Soc. 22 (1947), 226-30) proved that the lower limit is less than 57/59. 
The subsequent major improvements upon the Hardy-—Littlewood results in 
Waring’s Problem are due to I. M. Vinogradov. An account of his results is given 
in his book, The Method of Trigonometrical Sums in the Theory of Numbers, English 
translation by K. F. Roth and A. Davenport, 1954. 
He proved first (Annals of Math. 36 (1935), 395-405) that 


G(k) < 6klog k+-(4+ log 216)k, 
where G(x) is defined as the smallest 8 such that lim r, (nm) > 0. A simplified version 


was given by H. Heilbronn (Acta Arithmetica, 1 (1935), 212-21). Subsequently 
I. M. Vinogradov improved this result progressively in various papers, and in his 


book he proves G(k) < k(3logk+11). 


He also in a series of papers considered the validity of the asymptotic formula for 

r;,3(2). The best result given in his book is that the formula holds for 
s > 10k logk—1. | 

L. K. Hua had previously (Quarterly Journal, 9 (1938), 199-202) proved the 
asymptotic formula for s > 2*+-1. 

The inequality G(3) < 7 was first proved by U. V. Linnik (Recueil Math. 12 (1943), 
218-24) and subsequently a simpler proof was given by G. L. Watson (Journal London 
Math. Soc. 26 (1951), 153-6). 

H. Davenport proved that almost all numbers are sums of four positive cubes (Acta 
Math. 71 (1939), 123-43); that all large integers not = 0 or 15(mod 16) are sums of 
fourteen fourth powers (Annals of Math. 40 (1939), 731-47); and that Gt) < 23 
and G(6) < 36 (American J. of Math. 64 (1942), 199-207). 

Finally, the problem raised in P.N. VIII, that of improving the upper bound for 
[(&), has not received much attention. It was, however, proved by I. Chowla (Proc. 
Nat. Acad. Sci. India, sect. A 13 (1943), 195-220) that I'(k) < k*, for some c with 
0 <c <1, in all cases in which Hardy and Littlewood had not shown that ['(k) > k. 

In recent years there has been renewed interest in the Hardy—Littlewood method, 
which has been successfully applied to prove the existence of integral solutions of 
homogeneous algebraic equations with integral coefficients in a sufficiently large 
number of variables (subject to certain conditions if the degree is even). The proofs 
are very sophisticated, requiring a good deal of ‘old-fashioned’ algebraic geometry. 
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For some of these results, and for references, the reader may consult H. Davenport, 
Analytic methods for Diophantine equations and Diophantine inequalities, Ann Arbor, 
Michigan, 1963. H. H. 
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A NEW SOLUTION OF WARING’S PROBLEM. 
By G. H. Harpy and J. Εἰ. LITTLEWoop. 


Introduction. 


1, [᾿ was asserted by Waring™* in 1782 that every number 

is the sum of at most four squares, nine positive 

cubes, nineteen fourth powers, and, in general, g(k) positive 

k-th powers, where g(k) is a number depending upon & alone, 

Waring advanced no argument of any kind in support of his 

assertion; and there is no reason to suppose that it rested on 

any basis more substantial than the examination of a number 
of particular cases. 

If the proposition ‘every number is the sum of at 
most m positive k-th powers’ is true for any particular 
value of m, it is true a fortiori for any larger value. ‘The 
number g(k) is, by definition, the smallest value of m for 
which the proposition is true. The problem suggested by 
Waring then falls naturally into two parts. ‘Che first is the 
proof of the existence of g(k), the second the determination 
of its actual value as a function of &. It is the first of these 
two problems that has generally been described as Waring’s 
Problem. his problem was solved by Hilbert f in 1909, the 
the existence of g(k) having been proved before only when k 
18. 2, 8, 4, 5, 6, 7, 8, or 10. The second problem is still un- 
solved, except when & is 2 or 3. 

Hilbert based his proof, in the first instance, on conside- 
rations drawn from the integral calculus, ‘The proof falls into 
two parts. In the first he considers the properties of a volume 
integral in space of five dimensions{, from which he deduces 
the existence of certain algebraical identities leading to an 
induction from & to 2k. As the theorem is known to be true 
when k= 2, it follows that it is true when & is any power of 2. 
This completes the first part of the proof: the second, in which 
the conclusion is extended to an arbitrary &, is purely alge- 
braical. i 


* E, Waring, Meditationes Algebraicae, ed. 3, 1782, pp. 849—350. 

+ D. Hilbert, ‘ Beweis fiir die Darstellbarkeit der ganzen Zahlen durch eine 
feste Anzahl nter Potenzen (Waringsche. Problem)’, Géttinger Nachrichten, 1909, 
pp. 17-36, and Math, Annalen, vol. Ixvii., 1909, pp. 281-300. 

¢ Twenty-five in the first version of his memoir, 


1920, 2 (with J. E. Littlewood) Quarterly Journal of Mathematics, 
48, 272-93. 
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Hilbert’s proof was reconsidered and simplified by Haus- 
dorff*, Stridsberg t, and Remakf, who succeeded ultimately 
in eliminating all reference to the integral calculus, and indeed 
all reasoning of a transcendental character. ‘The proof, as 
left by Remak, is by no means easy; but it is purely alge- 
braical and, in the technical sense, entirely elementary ὃ. 


2. In this note we propose to give a short account of 
another solution of Waring’s Problem which we have dis- 
covered recently and which proceeds on entirely different lines. 
This solution is not, in any sense of the word, elementary. It 
is based throughout on Cauchy’s Theorem and the ordinary 
machinery of the theory of analytic functions, and has, from 
beginning to end, no point of contact with Hilbert’s solution. 
It might seem that a highly transcendental proof of a theorem 
which has already been proved, and that in an entirely 
elementary manner, is unnecessary. ‘This view, we think, would 
rest upon a misapprehension. It seems to us most desirable and 
important that Waring’s Problem, and all similar problems of 
Combinatory Analysis, should be brought into relation with 
the transcendental side of the Analytic Theory of Numbers. 
Further, the method which we follow, and which we describe 
shortly as the method of Farey dissection, is in many ways the 
most natural and, in spite of its considerable technical diffi- 
culties, the most straightforward method for the discussion of 
any problem of this character; and it isa method of great power 
and wide scope, applicable to almost any problem concerning 
the decomposition of integers into parts of a particular kind], 
and to many against which it is difficult to suggest any other 
obvious method of attack. 


* F. Hausdorff, ‘Zur Hilbertschen Loésung des Waringschen Problems’, Math. 
Annalen, vol, Ixvii., 1909, pp. 301-305. 

t+ E. Stridsberg, ‘Sur la démonstration de M. Hilbert du théoréme de Waring’, 
Math, Annalen, vol. |xxii., 1912, pp. 145-152. ‘This paper gives references to two 
earlier notes by the author in the Arkiv for Matematik, vol. vi., 1910 and 1911. 

¢t R. Remak, ‘ Bemerkung zu Herrn Stridsbergs Beweis des Waringschen 
Theorems’, Math. Annalen, vol. |xxii., 1912, pp. 153-156. 

§ That is to say, it does not depend upon arguments which involve limiting 
processes. 

[ 866 G. H. Hardy and S. Ramanujan, ‘Une formule asymptotique pour le 
nombre des partitions den’, Comptes Rendus, 2 Jan. 1917; ‘ Asymptotic formulse 
in Combinatory Analysis’, Proc. London Math. Soc., ser. 2, vol. xvii, 1918, pp. 
75-115; ‘On the coefficients in the expansions of certain modular functions’, 
Proc. Royal Soc. (A), vol. xcv., 1918, pp. 144—155: S. Ramanujan, ‘On certain 
trigonometrical sums and their applications in the analytic theory of numbers’, 
Trans. Camb. Phil. Soc., vol. xxii. 1918, pp. 259-276: 6. H. Hardy, ‘On the 
expression of a number as the sum of any number of squares, and in particular of 
five or seven’, Proc. National Acad. of Sciences (Washington), vol. iv., 1918, pp. 
189-193: G. H. Hardy and J. Εἰ. Littlewood, ‘ Note on Messrs. Shah and Wilson’s 
paper entitled An empirical formula connected with Goldbach’s Theorem’, Proc. 
Camb. Phil. Soc., vol. xix. (1919), pp. 245-254. 
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Moreover, when our method is applied to this particular 
problem, it yields a great deal more than can be obtained by 
more elementary methods. In particular it enables us to assign 
a definite upper bound, in the form of a function of k, not 
indeed for g(k) but for another number G(k) which scems in 
some ways more fundamental. ‘Tliis number G@(k) is the 
least number m of which it is true that every number from a 
certain point onwards is the sum of at most m positive k-th 
powers, It is obvious that G(k)<g(k), and it would seem 
that in general G(k)<g(k); and that @(k) is more 
fundamental than g(k) because its value is less likely to be 
determined, in any particular case, by a number of arithmetical 
coincidences. The value of G (4) is not known for any value 
of & save 2; nor has any general upper bound for G (A) yet 
been determined. Our method enables us to prove that 


(2.1 G (hk) <2°7h+1. 

Finally ovr method yields not only a proof that repre- 
sentations of n in the form required exist, but also asymptotic 
formule for the number of representations. 

We propose to give here a short account of our analysis, 
not complete in detail, but full enough to shew clearly the 
main ideas on which it is founded. ‘lhe complete investigation 
will be published later. 


The function f, (α). 


3. Suppose first that & is even, and let us denote by 
m, (7) 
the number of representations of n in the form 
| n=a,"+a,°+...+4,*, 
where the a’s are integers, positive, negative, or zero, and 
representations which differ only in the order of the a’s are 


reckoned as distinct. ‘Then r, ,(”),is the coefficient of a" in 
the expansion of the function 


GA) Δι) =, @)y'= (+ 2Zamya Sr, (nar 


We shall sometimes omit the suffix 4 to καὶ or 7, when no 
ambiguity results. | 

It is convenient to conserve the same notation when & is 
odd. The arithmetical interpretation of 1, ,(n) is then not 
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quite so simple, but the function is equally well adapted for 
our purpose. In particular, whether ὦ is odd or even, Hilbert’s 
Theorem may be stated as follows: 


HivBert’s THeoreM. 170 every k corresponds a g(h) 
such that 
r, (2) > 0 


for s>g(k) and every value of n. 


It should be observed that, as zero values of the a’s are 
admitted, 


ΟΝ (n) 7 "hs (n) 


for all values of the variables. 


The singular series. 


4, The unit cirele is (apart from the trivial case in which 
k=1) a line of essential singularities of the function f£ (5). 
There are however certain points on the circle which stand 
out as being, in a sense, both the simplest and the heaviest 
singularities. ‘These are the points 


ἃ ΞΞ e2prilg, 


where p and q are positive* coprime integers and p<q. We 
shall call these points the rational points pig or x, , of the circle. 
We write = ΧΙ «ὦ, = Xe-priia, 


so that X is positive when a lies on a radius vector to the 
point p/g. It is easily shewn that, when X—>1 through 
positive valuest 


00 1, § 1\—1k 
(4.1) f,(v7)=14+25a" ~er(1 +3) rs (tog 5) ’ 


where 


q—1 ; 
2 S = erh*prig 
(4 ) Pf A—0 


is one of the Gaussian sums associated with the theory of the 


* We admit the value 0 for p when 4: only. 

+ ‘hese asymptotic formulse are valid when x τὸ 2p q along any regular path 
which does not touch the unit circle. ‘Ihe behaviour of /z(z) when ὦ tends to an 
‘irrational’ point of the circle is far more complex: for a detailed study of the 
case k=2, in which f(z) is a ‘Theta-function, see G. H. Hardy and J. E. Little- 
wood, ‘Some problems of Diophantine Approximation’, Acta Mathematica, vol. 
xxxvii., 1914, pp. 193-238. 
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division of the circle. “It may happen that S, =0: in this 
case the equation (4.1) is to be understood as meaning 


f(t) =0 (Iog ὌΝ 


It follows that 


(4.3) f.(a)~ er (1 ἫΝ (=~) (log +) 


5. Our fundamental idea is that of approximating to 
f,,,(@), and so to its coefficients, by means of a sum of ‘simple 
elements’ each associated with a particular point p/g. ‘The 
functions indicated, as appropriate to this purpose, by the 
formula (4.3), are of the type 


A (") (εχ) 


where A is a constant. These functions are not power-series 
in iz. It is however well known that 


F,(e) = Sy" 2? = F(a) (log .) + ἃ (#), 
1 4b 


where @(x) is regular at x=1.* This suggests that we 
should adopt, as the formal basis of our analysis, the formula 


Δ.) C ("24) F(X), 
where C= pr (1 + it / 1: { + *) ἢ 
instead of (4.3). We are thus led to replace /, (2) by 
(5.1) (#21403 (2 Fyn (we-2P2), 
and 7, (2) by the coefficient of x" in @, ,(a), viz. by 
(5.2) Pays (2) = Ors! s (“t) eon : 


The summations apply to all positive values οὗ g, and all 


positive values of p less than and prime to g, p=0 being 


* See, for example, Lindelof, Le caleul des résidus et ses applications ἃ la théorie 
des fonctions, 1905, pp. 188-141. 
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associated with g=1 alone; and the constant term in (5.1) 
is added merely for the sake of formal correspondence. And 
it is of course to be understood that our whole argument, up 
to this point, is of a purely furmal character. It proves 
nothing ; it merely suggests that p, (01) may not unreasonably 
be expected to furnish some sort of approximation for (2), 
a hope which more rigorous analysis proves to be well- 
founded, 
We shall call the series 


S\' 
5.3 —2,%\ ρ--ηρπί! 
(6.8) Σ (“et) ὁ prilg 


the singular series. 


The order of magnitude of a Gaussian sum. 


6. It will evidently be essential to prove that the singular 
series (5.3) is convergent for a given & and all sufficiently 
large values of s. ‘The most obvious way of effecting this is 


to shew that 
S.o= 0 (9"), 


uniformly in p, a being a function of & only and 0 <a<1. It 
is_well known that 8) =O(Vq) when k=2; it is not 
difficult to prove, by the use of known results in the theory of 
the division of the circle, that 


8, = 0 (q***) 
when &=3 and S,,=0(9***) 


when k=4, e being any positive number; and it appears 
that we may suppose, in general, that α is any number greater 
than (ὦ -- 1). 

We shall however find it necessary to consider more general 
sums than S, |, viz. 


q—l _  Q@mbhar 
(6.1) S = d e2h*prilg cos ; 
h=0 q 


3, 4, ἴα 


where m is an arbitrary integer; and we are unable to prove, 

for these more general sums, results as accurate as those stated 

above for the special sums §, which seem to be substantially 
- Bg 

the best possible of their kind. We have not at present 

proved any result, concerning the order of 8, ,,,, which seems 

likely to embody the best that can be stated truly.* For some 


* We have proved that, if ¢ is prime, 


᾿ ὅν =0 (ἢ) 
uniformly in p and m. 
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purposes, in particular that of solving the second problem of 
§ 1, it is of the utmost importance that the best possible result 
of this kind should be discovered. But for our first purpose, 
that of proving Hilbert’s ‘Theorem, not so much is necessary. 
All that is required is some result of the form 


S, n= Ο(4ᾳ.) (0 «α«1), 


and such a result is fortunately not difficult to find. We can 
in fact prove, by the use of certain very elegant transformations 
due to Weyl,* that | 

(6.2) 5 qm 0 (φ" 1) 


P 
uniformly in p and m, e being any positive number and 


(6.3)  «=(K-1)/K, K=2"". 


Further discussion of the singular serves. 


7. It follows at once that the singular series is convergent 
for sufficiently large values of s. Further, its absolute value 
may be made, by choice of a sufficiently large value of s, as 
near to unity as we please. The first term is unity: let us 
write the series, then, in the form 


S=14+8S'. 
We have |S, 0/¢|<1 
for g>2; and | S419 | < Hq-*, 


where »=1/4H and HH depends on & only, for all values of 9. 
Choose a value of ν such that 


y> Ht 
and let 5= Max was ; 
2<q<v| Y 
Thent |S’ | <83Bg+ 3 gi 
| . 2 v+1 
| 2~$ 
ase, VOM 
« ν᾿ ὃ ee =a 


and can therefore be made as small as we please by choice of s. 


* H. Weyl, ‘ Uber die Gleichverteilung von Zahlen mod. Eins’, Math. Annalen, 
vol. Ixxvii., 1916, pp. 313-352. See in particular p. 880, equation (11). 

ft The number of values of p associated with each value of q is φΦ (4), the 
number of numbers less than and prime to g. 
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It follows from (5.2) that 
(7.1) | Pr, (%) [> 4 One 


for all sufficiently large values of s and all values of ἢ, 


The Farey dissection. 


8. We have now to tonsider whether p, ,(”) is a genuine 
approximation to 7, (72). We have 


1 (hi) 

(8.1) 1,4 (2) = Snr Sears dx, 
the contour of integration being a circle Γ' whose centre is the 
origin and whose radius & is less than 1. We take 

(8.2) Pai 

. a 2 . 

In order to study the integral (8.1), we divide the circle 
I into a large number of small pieces by what we call a Farey 
dissection. It is the use of this method of dissection which is 
the most characteristic feature of our analysis. 

The Farey’s series of order N is the aggregate of irreducible 
rational fractions p/g, where 0<p<q<WN, arranged in as- 
cending order of magnitude; it is plain that p>0O except 
when p= 0, g=1, and p <q except when p=1,g=1. ‘Thus 


911121 

1’ 5 4) 3? 8) 2 By 3; i 3, t 
is the Farey’s series of order 5. It is known that, if p/g and 
p'/q are two successive terms in a Farey’s series, then 


»4--»ᾳΞΊ. 
Further, if p/g is a term in the Farey’s series of order N, and 
p jg’ and p'/q’ are the adjacent terms on the left and the 
right, and 7, , denotes the interval 


P ΞΕ ΕΣ ΕΝ P + ΠῚ ὟΝ % 
sry 9 \ 9 

4 4(4 14) 4 4(414) 
then the intervals 7, , exactly fill up the continuum (0, 1), and 
the length of the two parts into which 7, | is divided by p/q 
is greater than 1/2¢N and less than 1/¢N.* The essential 
point is that each of the parts of 7, ΙΒ of order 1/¢N.t 

* When p/q is 0/1 or 1/1, jp,q consists of a single part only, one or other of ρ΄" 

and p’/q’ being non-existent. 


+ For proofs of all these assertions see the second paper of Hardy and Rama- 
nujan quoted on ἢ. 278, §§ 4.21, 4.22, 
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Tf now we suppose that I is defined by 
= Re (0<6<1), 
that the range of variation of @ is divided up by taking as 


points of division all points belonging to the Farey’s series of 
order N, and that the two extreme intervals, ending at @=0 


and @=1 respectively, are regarded as defining a single are 


of the circle, we obtain the dissection of the circle which we 
describe as the Farey dissection of order N. The are associated 
with p/g we call the Larey are €, .. 

We shall find it convenient to write 

1 k-1 1 ἦ -- 2 

(8.8) aT a rs =1—a, λ. baa 
so that a=b/(1+0) and b=a/(1—a). We take N=[n"“*]; 
and we shall find that, for the purposes of this problem, the 
Farey arcs fall into two classes, ares for which g<n*, which 
we call mayor ares, and ares for which n*<q <n, which we 
eall minor ares. ‘The behaviour of f(a) has to be studied by 
quite different methods, according as a lies on an are of one or 
the other of these two categories. When k=2, a=1—a, 
and the minor arcs disappear: thus one of the characteristic 
difficulties of the problem is absent in this particular case. 


- ὁ, 1 --Ὁ, 


The behaviour of f(x) on a major are. 


9. We begin by considering the major arcs. ‘The charac- 
teristic of a major are is that f(a) is to a certain extent 
dominated by the approximative function (4.3), viz. 


S 8 1\—s@ 
4 (“2) (log 3) 


We can prove in fact that, on a major arc 


(9.1) 7) ΞΞ 1 1 2 Σοῦ τα Pre τ P, 9 
where 
S 1\-¢ 
(9.2) bg = 20 (1 1 α) “ρὲ (log z) 
and 
(9.3) ®, = O (net), 


for every positive value of ε. Let us suppose, to fix our ideas, 
that gis not large and that X is real. ‘Then @, , is, in general, 
of order n*, and therefore, since «<1, of higher order than 
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®,- It is consequently a genuine approximation to f(z). 
We shall find that, on a minor are, this is in general untrue. 


The fundamental transformation. 


10. In order to study the behaviour of f(r) on a major 
arc, we employ a transformation which is in essence a general- 
isation of one of the fundamental formule of the theory of the 
linear transformation of the ‘Iheta-functions. We write 


(10.1) w= Χοϑρπὶᾳ, X=en1, Y=q*n, 


so that 
1 1 ; ine 
(10.2) n= log y= log ,—W=v—00, 
where 
1 1 
(10.3) v=— log (1-=)n- 


and @ varies over an interval extending, on each side of 0, 
a distance greater than 1/2gN and less than 1/¢N. ‘The 
transformation in question is then 


(10.4) κι) = 28, 6 (0) + a> 8, mb (W) 


= 21 (1+ a) 5, 


"4 


Y"+45 5... κΦ (17), 
1 


where 


(10.5) φ (m) = [ e-Yu* cos 2mau du. 


When &= 2, ¢(m) can be evaluated in terms of elementary 
functions, and we are led back to a familiar formula in the 
theory of the Theta-functions, The general formula (10.4) 
may be proved without difficulty by the methods of the 
calculus of residues, as expounded by Lindeléf in his work 
quoted in §5, 


The function  (m). 


11. It is now necessary to study the integral (10.5) in 
some detail; and a variety of methods are available for this 
discussion. We observe first that @ or am X rises, towards 
the ends of a major arc, to the order of magnitude 1/N¢. 
Since 4 <n? and N<n!-4, this is never of lower order than 
1/n, and in general of greater. Thus in general am Y is 
nearly equal to ~47 when 2 is at the upper end of a major 
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atc, and to ἀπ when ὦ is at the lower end, though on some 
major arcs the range of variation of am Y is somewhat more 
restricted. 


(i) Whatever method is followed, the analysis is a little 
simpler when & is even*. Let us suppose first, to fix our 
ideas, that A==4, We have . 


$(m)=¥4 | e-¥' cosAw dw =1Y4y (a), 


where X=2mmr Y~* 
co (—. 1)? Δ 1 

and 4 (Δ) = > om aes) rn”, 
0 2p " 


the powers of Y having their principal values. ‘This function 
is substantially one of the linear combinations of generalised 
hypergeometric functions studied by Barnesf. In fact we 
have, in Barnes’ notation, 


x (A) Ξ Γ (4) εἷς (8, 8; GAN} - ὁ HF 12 85 A)‘. 
Using Barnes’ results, we are led to the conclusion that, 
for the range of values of Y under consideration, we have 


(11.1) @(m)=0| mY exp (— Het#™ mi Υ ἢ]; 


where H is positive and, together with the constant implied 
by the O, independent both of Y and of m, and the ambiguous 
sign is to be interpreted in the most unfavourable manner; 
chosen, that is fo say, so that, when w is near the end ot the 
major are in question, 


+40 —-idamY 


is as nearly as possible equal to ἐπ or —47. It is clear that 
we must take the plus sign when @ is positive and am Y 
negative, and the minus sign in the opposite case™. 

It was by the analysis sketched above that we first obtained 
the formula (11.1)f, on which the most critical part of our 
proof (when 4=4) depends. It would no doubt be possible 
to treat the general case on similar lines. ‘The formal compli- 
cations of the necessary analysis would however be considerable, 


* So far as the mere proof of Hilbert’s ‘Theorem is concerned, we might without 
prejudice suppose 4 even throughout ; for if (e.g.) a number is always expressible 
ag the sum of a fixed number of sixth powers, it is a fortiori always expressible as 
the gum of ἃ fixed number of positive cubes. For other purposes it would be very 
undesirable that & should be subject to any restriction. 

ΤΉΝ. Barnes, ‘‘lhe asymptotic expansion of integral functions defined by 
hypergeometric series’, Proce. London Math. Soc., ser. 2, vol. v.. pp. 59-116. 


of Waring’s problem. 283 


since the actual functions with which we deal are very special 
cases of those studied by Barnes, which involve a large 
number of arbitrary parameters. It would moreover be 
necessary to consider in detail the validity of Barnes’ results 
In certain limiting cases which are more important for our 
purposes than for those of his memoir, A more direct method 
is therefore desirable; and such a method is available in what 
has been described as the ‘Methode der Sattelpunkte’, 
‘méthode du col’, or ‘method of steepest descents’, which 
has been applied by a number of recent writers, and notably 
by Brillouin, Debye, Perron, and Watsouf, to the solution of 
problems concerning the asymptotic expansion of functions 
defined by definite integrals. 


(it) When & is even 


φ (mn) = 4 | e~ Yult2mrut au. 
‘The path of integration may be deformed into a suitable path 
through the ‘col’ given by 


and we find without serious difficulty that 
(11.2) @(m)=O| my (τὸ p -ὸδ exp {- Hi +4(1—b)wi 145 yy 
= O| mH) yt | 
=O (ψ), 


say. ‘The interpretations of 17, and cf the ambiguous sign, 
are the same as In (11.1), to which (11.2) reduces when k=4 
and 6=4. 

When & 1s odd, 


φ (m) = 4 | Ἶ e— Yuki2marut dy +- L { e—Yul—-Qm nui dy, 
e 0 


Each of the integrals on the right may be analysed by the 
method of steepest descents, but there will be two terms in 


* When z is at the centre of the arc the sign is indifferent, since Y is real and 
cos ἀπ᾿ = cos (— ἐπ) = $. 

f It would be possible, by using the full force of Barnes’ results, to replace 
(11.1) by a far more accurate formula, but such refinements would be irrelevant to 
our purpose. 

t See, for example, G. N. Watson, ‘The harmonic functions associated with 
the parabolic cylinder’, Proc. London Math. Soc., ser. 2, vol. xvii. (1918), pp. 110 - 
148, where many references to the literature of the subject are given. 

§ There are K—1 ‘cols’: the one with which we are concerned is that which 
is real when Y is purely imagihary. 
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the final result, one arising from a ‘col’ and one from the 
fixed end of the path of integration. It will be found that 


(11.3) φ (m) =O (Lh) + O(m*" | Y)). 


The second term is trivial: there is nothing of importance in 
in our analysis which depends upon the distinction between. 
odd and even values of &. 


Behaviour of f, (a) on a mayor are (continued.) 
12. We have, from (10.4), 


Si (2) = Peet Poe} 


where 


_ ΑΝ τε 
φ,.,Ξ: 2 Γ (1 -Ὁ α) 5... Y ars (10g) 


and 


(12.1) ®,,=4 ES, G(m) =O (qt B/G (m) ). 


If & is odd, our upper bound (11.3) for | g(a) | contains two 
terms. ‘The second of these, when substituted into (12.1), will 
contribute 

O (gxt#|Y | Sm**) =O (gxt#|Y!). 
|This contribution is altogether trivial in comparison with other 
error terms which we shall be compelled to retain. We may 


therefore proceed with the argument as though & were even. 
Suppose now that @>0 and 


Y = q* (v—10) =q* pe-i¥, 


so that p=vesecy ~ 1/(n cosy). 
Then 

R {-- He" mY} = — τῶν qv  (οο5 ψ)" cos Ψ, 
where w=4(1-—b) r+ by. 
It is easy to verify that the oe ΟΝ remains between 
positive bounds ἴον 0 τ “ἐπ, Thus 


Ἐ|- Οἵεχρ ἘῸΝ τ ἢ (cosyp)'}), 


where J, like H, is independent of 2, g, or m. Finally, from 
(11.2) and (12.1), we deduce 


(12.2) ®, =O[gt|Y|/™ 


Ps 
κ Sm exp {- Img"? ?’(cosy)'*}}. 
1 
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13. In using (12.2) we must distinguish two cases. 


(i) Suppose first that ηθ «1.5 Then @/v is less than, 
and cosy greater than, a positive constant. Also 


n? gi? = (ng™*)°>1 
and Img * x? (cosy)? > Lm”, 


where Z is a constant like Hand J. Finally, {77} is greater 
than a constant multiple of g*/n. Hence 


-Ξ κε φ' ae 1 »| 
(13.1) ©, ,= 0 49" (1 2 exp (-- Lm'+?) 


=) (εὐδ gore) 
-- O (nexte), 
since g< nt 


(ii) Suppose that n9>1. Then cosy is greater than 
a constant multiple of 1/8; and 


g*n’ (cosyp)'"” 
is greater than a constant multiple of 


q 
and therefore, since θ <1/gn'*, than a constant multiple of 


-ι-ῦῷ not g, 


q—1+(l—a)(1+8) =] 1 


Also [Σ] is greater than a constant multiple of 486. Hence 
we obtain an equation of the form 


Φ, .- O (g*** (gh)-# exp (— Lmi+>)}, 


Finally, @>1/n, so that we are again led to (13.1). We 
have thus proved equations (9.1)—(9.3) of § 9. 


The behaviour of f, (x) on the minor arcs. 


14. On a minor are g¥>n; and |Y|>9*/n, 80 that Y is 
in general /arge. ‘Thus the argument of the preceding sections, 
which was based on the assumption that Y is generally small, 
fails in principle. 

* Any other positive constant might be used instead of 1. 
+ We assume here that k>2. In this case x>4}kd (the sign of equality 


occurring when k= 8, κ 4, ὅΞ δ). The argument requires modification when &= 2. 
t he argument again requires modification when ὦ = 2. 
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It is easy to see, moreover, that the formule (9.1)—(9.3), 
if true, will no longer express a genuine approximation to 


fF (e). For 
ὯΝ y--= O {gt (q* | n)—“} 


a O(n* oo) 
= 0 (n****), 


since «<1, so that the term ¢,, will be irrelevant, and 
we shall have simply 


(14.1) f (a) =O (“ἢ 


Now there is nothing to suggest any abnormal rise in the 
order of magnitude of / (x), near particular points of the circle 
of convergence, except in so far as such a rise may be accounted 
for by the influence of a term ¢, ,. It is such a term which 
dominates f(x) on a major arc: on a minor arc, where there 
is no such dominating influence, there is no reason to expect 
that 2 (α) will exceed the order of the error terms which affect 
all our analysis. In short, it is reasonable to expect (14.1) to 
hold over any minor arc; and this expectation is in fact 
fulfilled, though an entirely different proof is required. 


15. Our proof rests upon the following lemma in the 
theory of ‘ Dicphantine Approximation ’. 


If nt <gq<n* and p<n"**, then 


μ ; | 
(15.1) S,.= Σ οἰ ρπὶφ 0 ΠΩΣ 


uniformly in p. | 
A word of explanation is required as to the use of ε. ‘The 
symbol means, as usual, ‘an arbitrary (small) positive number’ ; 
and the lemma might be stated more formally as follows. J/ 
n>0, >0 and n*"<q< ni yen then Si= O(nt***), 
where ε =e (n, 6)  α positive function of ἡ and € which tends 
to zero when ἡ and € tend to zero. he proof of the lemma 
depends upon the same transformations of Weyl that were 
quoted in 86. The result is sufficient for our purpose but 
(like the result of § 6) is probably not final, and for this reason 
we reserve the details of the proof. | 

’ Our lemma leads at once to a proof of (14.1). Suppose, 
for simplicity, that X is real (so that we are considering the 

central point of a minor are). Then | 

F(e)s14+2 Σ w*+2 5m" 

1] «ν«μ μέν 


= (x) + O(1), 
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where #=n¢t* and 


g(x) =2 S X%*e%prifq, 
l<v<p 
From (15.1) it follows at once, by partial summation, that 


|g (7)| <2 Max |S,| = O (nts), 
I<v<p 


The argument which precedes applies, as it stands, only to 
the central point of a minor arc, but there is no difficulty in 
extending the conclusion to the whole of the arc.* 

Lo sum up the conclusions of §§ 9-15: we have 


(15.2) Δ) = ¢,,, + O (na+#) 
on a major arc, and 
(15.3) Fy (&) = O (naxt) 


on a minor arc ; where 
S 1\~“ 
(154) $= 20 (1 +a) “Bs (log x) . 


X=a/a, = we-prilg, a=1fk, «=(K—1)/K=1-2™, 
and € ts any positive number. 
Froof of Hilbert’s Theorem. 
16. Returning to the contour integral (8.1), we have 


1 (fA) 7,25! I, (a) 
(16.1) "νὴ τε τς | ἔπει ἄχ Ξε Σ oni Je, a dx, 
the summation extending over all arcs &,, of the Farey 
dissection of order m=([n'*]. We write this equation in the 
form 
(16.2) r(ny=S +8, 


where S, comprises the terms contributed by major arcs and 
S, those contributed by minor ares. It follows at once from 
(15.3) that 


(16.3) B= O (nate) 5 


but GS, requires considerably more discussion. 
SS ee oo 

* The value of [θ] at the end of a minor arc is less than 1 [φπ' 6 <1/n, since 
g>n*. Hence the lines from zp, to the ends of its associated arc make with the 
radius vector an angle less than ἀπ, so that the whole arc lies within a region of 
the type employed (e.g. by Stolz) in the ordinary extensions of Abel’s theorem. 
See for example Bromwich, Infinite Series, pp. 210-212. On major arcs the lines 
referred to are generally nearly parallel to the tangent at 2p ¢. 
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On a major arc, we have 


ἦξφ,, Ἐφ ΞΦΈΦ, ἤ,ξΞ (p+) 


or aot, 
where Ψ τ O {Max ([φ5Φ|, [Φ᾽}}. 
Hence 
Ι ὙΠ συ 2% 
ee πὶ [ε 2 ρα πὶ Ea αὐ dt + R,,, = ge © R,0° 
where | 
8-} 
(16.5) R,,= 0 ([ φ σι (de) +0 ([ in ae!) 
Ena 4: ἔιεὦ 
= Po, 7 o'p,9° 
say. It is plain, in the first place, that 
(16.6) Zo, = O (nsrte). 


To estimate Zp, ,, we observe that 
φ = O [gett (g* |v — θ1),5} = O [ge (ν᾽ + OY}, 
where \=1—«=1/K, and 
Φ = O (nate), 
Thus Po, - ΞΞ O |worteg-te—tne ΠΣ (ν᾽ + θη. 5: ao} 


= O {nsa—aA—l+2q—(s~1) Ate}, 


Now the series Σφ -l) te 
will be convergent if (s —1) A> 2*, ae. if 
(16.7) s>2K+1; 


a condition we shall henceforth suppose to be satisfied. And 
80 
=P x = 0 {sa—ar—1+e} 


2R,,, —_ O (2sax+e) + O (nsa—ar—1+8) 
(16.8) 2,(n)= S,+ S,= Σὲ + O (nsacts) + O (nse—ar-14), 
17. We next perform two transformations on 7, |. 


(i) We first replace φ', in ¢,, by a function of the type 
considered in §5. The functions 


ger δ) (ow) 


* It must be remembered that = implies summation with respect to p as well 
ΔΒ. 
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and 


_ {2 (1+a)} Sig : 
?,9 I (1 +as) & νι), 


where 17 is detined as in ὁ ὅ, differ by a function regular for 
X=1; and it is easy to see that, in substituting one for the 
other, we introduce only an error term trivial in comparison 
with those already present in (16.8). 


(1) We next replace the are of integration ἕ,, by the 
complete circle of which it is a part. ‘This process also is 
easily shown to introduce only an error term of less importance 
than those present in (16.8). 

We have thus replaced Σὲ 


by ᾳ 


© 3 (8) ᾽ (Fal ἃν 


πὶ 4 ΝΣ 


where C is defined as in § 5 and the path of integration is the 
circle I’; and this is equal to 


in (16.8), by 


(17.1) —  Cnse-1S (32 e~2npri/q, 


18, The summation in (17.1) extends over all values of ¢ 
which do not exceed n*, and all values of p less than and prime 
tog. The series remains convergent, when g ranges to infinity, 
if s\ > 2 or s> 2K, a condition included in (16.7). Also 


ΩΝ 
4 
ΞΟ (“ἀκ Ὲ26-1 =O (nsax+s) ᾿ 


ηϑα--ἹἸ >» ( 


) e-tepril -- O (nsa—l > gi-sh) 
g>n 


4» πὸ 


We have therefore 
(18,1) 
7 (n) = Ons-1> (“2s e—2nprijg +. O (nsaxte) +O (nsa—a@—1 +6) 
‘ q 
=p (1) + Onsen) +O (υματαλ τ), 
in the notation of § 5. 


The equation (18.1) contains the proof of Hilbert’s 
Theorem. In fact, we have seen in § 7 that the coefficient of 
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n’* is positive (and as near to unity as we please) for every x, 
if only s is large enough. Also 


sa- arx—1<sa—l, 
and sak <sa—1 
if saXN> 1 or s> ki =2*"k. 


It is to be observed that this last condition includes the con- 
dition s>2K+1, previously imposed upon 8, in all cases 
except that in which k= 2. 

It follows that r,(n)>0 for s>G (k), where Οὗ (ζ) 18 a 
number which depends only on &, and for all sufficiently large 
values of n. In other words every large number is the sum of 
at most G(k) positive k powers: and from this it obviously 
follows that every number is the sum of at most g (k) positive 
k® powers, which is Hilbert’s Theorem. 

It is plain that we have in reality proved much more than 
Hilbert’s Theorem; in particular that to every & corresponds 
a G, (k) such that | 


pe Tales [20° {1 + (1/k)}]° 
a {1 + (s/k)} 
for s>G@,(k). Here G, (4), like g (1) and G(k), is a number 


which depends only on &. 


nis/k)-1 Ὁ (72s) e-2nprilg 
q 


On the values of g (k) and G (k). 


19. The numbers of g (ζ) and G (1) are the least numbers 
such that (1) every number is the sum of at most g (k) positive 
k** powers and (2) every large number is the sum of at most 
G (k) positive k™ powers. It is obvious that 


G (hk) <g (A). 


The preceding analysis establishes the existence of these 
numbers; but does not, as it stands, lead to a definite value of 
either, though it suggests very forcibly that 

(19.1) G (k) <2°°k+1. 


The known results, for the first few values of &, are as 
follows.* 


__™ See the dissertations of A. J. Kempner, Uber das Waringsche Problem und 
einige Verallgemeinerungen, Gottingen 1912, and W. S. Baer, Beitrdge zum 
Waringschen Problem, Gottingen 1913. 
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In the first place, it is known that g (#) does not exceed 
the numbers given in the following table: 


k=2, 3, 4, 5, 6, 7, 8 
g (k) <4, 9, 37, 58, 478, 3806, 31353.* 


These numbers furnish, a fortior?, upper bounds for G@ (fk). It 
has also been proved by Landau that G (3) <8. 
The corresponding lower bounds for g (4) are 


g (k)>=4, 9, 19, 37, 73, 143, 279. 


Thus g (2)=4 and g(3)=9, while there is a wide range of 
uncertainty for all higher values of &. 

As regards (ὁ (£), there is even greater uncertainty. It is 
known that G (4)>+1 for all values of &, Thus 4 -( (3)<s, 
but the actual value of G (3) is unknown: empirical data 
point to 5 or 6. Similarly, nothing is known about G (5) 
save that it lies between 6 and 58. When & is a power of 2, 
a little more is known, viz. that 


G (k)= 4h: 
in particular Οἱ (4)> 16, so that G (4) lies between 16 and 37. 


20. If 5» 2512, the error terms in (18.1) are of lower 
order than the power of x which multiplies the singular series. 
Our analysis therefore makes it appear very probable that the 
inequality (19.1) is trae. ‘The values of the right-hand side 
of the inequality are 5, 13, 33, 81, 193, 449, 1025; so that it 
would give new values for G (4) except when & is 2, 3, or 
5. In order to prove it generally, it is necessary to study 
the singular series much more closely. 

‘The singular series may be written in the form 


S=1+A4,+4,+...4A t+... 


For particular values of ἢ and s, the values of the most important 
terms of the series may be calculated without excessive labour, 
and upper bounds assigned to the remainder. The series may 
thus be expressed as a sum of terms which oscillate according 
to simple laws, and show in a most illuminating manner the 
source of the irregular variations of 7,,(nz). Suppose, for 
example, that A=4, s=33. It is plain that the most im- 

* ‘I'he numbers towards the end of the table need not be taken too seriously, 
as they have been obtained by writers anxious only to establish some numerical 


result. But a good deal of work has been devoted to the earlier cases, and in 
particular to the cases k =3 and ἢ ΞΞ 4. 
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portant terms in the series are those for which | S, || is most 
nearly equal to unity: these correspond to g=16, g=8, g=5 
and certain associated values οὗ». When s is as large as 33, 
all other terms of the series are quite small; and we find that 


Toa (2) = On® {1 4+ 1:054 cos (Ana — με πὶ 
+°147 cos (nm — dr) + (:038)} + O (n”**), 
where (088) denotes 8 number whose modulus is less than 
°038, and 
P= Bx “P= Be 87 = Φ' 
It is easily verified that 
1 + 1:054 cos (knw — pe) +°147 cos (Ana — dar) > 102, 


so that 7,,,(n)>0 for all sufficiently large values of x. It 
follows that G'(4) < 33, or in other words that every large number 
ais the sum of at most 33 fourth powers. 

It may be shown similarly that 


G (6) <193. 


In this case it will be found that all the terms in the singular 
series, except the first, are quite small: a fact which in itself 
suggests very forcibly that the result, although a considerable 
improvement on what is known, is a long way from the 
ultimate truth. 


21. Our general proof of (19.1) does not involve any 
difficulty of principle, or novelty of idea, other than those 
which we have explained in §§ 3-17. But the completion 
of the proof demands a considerable number of simple alge- 
braical calculations of which it would be difficult to give 
a short and intelligible account. We must therefore contine 
ourselves for the moment to a few general remarks. 

We suppose that s=2*"k+1; and what we have to prove 
is that there is anumber δ, independent of n, such that 


[3 δ. 


It would no doubt be possible to prove this, for any particular 
value of &, by an argument proceeding on the lines of ὃ 19. 
The general proof, however, is very much simplified by a 
preliminary transformation of our series into an infinite 
product. 

It is easy to prove that 


Ὺ 


A= (“es)’ o-2nprilg 
2 q 
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satisfies the equation Ag’ =.4,Ay’, 


whenever g and φ' are prime to one another. From this it 
follows that 


5- Πχα 
where τ runs through the primes 2, 3, ὅ, ... and 
Xe tlt+AwtAg:+ Aws+t.... 


The problem of finding a lower bound for 8 is thus reduced 
to that of finding lower bounds for each of the factors y- 

The discussion of y,, depends upon the arithmetical relations 
between τ and k, the most troublesome factors being those 
for which τ is a divisor of & or is of the form mk+1. Suppose, 
to fix our ideas, that 4 is prime. Then the factors in question 
correspond to a=k and w=mk+1. The other factors are 
easily shown to be unimportant. 

If τ is of the form mk+1, and n is not divisible by a, 
Aw, Aw, ... are found to be zero, and x, reduces to the 
simple form 

χα ΞΞ 1+ Aw. 


All that 1s necessary, then, is to find an appropriate upper 
bound for | A4w|, and this can be done if we know such a bound 
for | δια. Now it is easy to prove, first that 


| Spy | = (k — 1) VB, 
and secondly that 


᾿ | Sp, | <a —2 (ὦ -- 1) sin’—. 
co 


Using one or other of these two inequalities, the first if a> 2° 
and the second if a<’, we obtain in either case an inequality 
for |Aw| which proves sufficient for our purpose. If 2 18 
divisible by τσ, the argument is slightly more complicated, but 
in principle the same. The factor y,, corresponding to a=h, 
may be dealt with in a similar manner. 

The consideration of composite %’s does not introduce any 
fresh difficulties of a serious nature; but it is hardly possible, in 
such a sketch as this, to give a coherent account of the various 
complications which arise; and we must pass them by until 
we are able to publish our proof in full. Our object in this 
paper has been merely to give a general account of our method, 
full enough to make clear to the reader the fundamental ideas 
on which it rests, and the nature of the difficulties which arise 
and the analysis which is necessary to overcome them. 
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CORRECTIONS 


There is a correction to (10.4) in 1920, 5 (footnote on p. 45). 

In the formula for C, above (5.1) on p. 276, the denominator 
should read I(s/k). Similarly at the top of p. 289 and in the 
asymptotic formula for 7, ,(”) on p. 290. 
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Some problems of ‘Partitio Numerorum’; 
I: A new solution of Waring’s Problem. 


Von 
6. H. Hardy in Oxford und J. E. Littlewood in Cambridge. 


Vorgelegt von E. Landau in der Sitzung vom 50. Januar 1920. 


Introduction. 


1. The present memoir is the first of a series, in which we 
propose to develop in detail the new analytic method which we 
have found for the discussion of Waring’s Problem and a number 
of allied problems in ‘additiver Zablentheorie’. The general lines 
of our method, in so far as it concerns Waring’s Problem in parti- 
cular, were explained in a recent paper‘) in the Quarterly Journal 
of Mathematics. This paper contains also full references to the 
literature connected with the problem. Our object here is to give 
full details of the proofs, up to the point at which Hilbert’s famous 
theorem, first proved in this journal?) in 1909, emerges as a corol- 
lary from our analysis. 


Notation and terminology. 


2.1. The following notation will be adhered to throughout 
the memoir: — 

k, s,”, p,q, and m are positive integers or zero, k>2, s>0Q, 
OSp<4 (9) = 1, p>0 if gl; 


᾿ 1) G. Η. Hardy and J. E. Littlewood, A new solution of Waring’s 
Problem, Quarterly Journal, Vol. 48 (1919), pp. 272—293. 

2) Ὁ. Hilbert, Beweis fiir die Darstellbarkeit der ganzen Zahlen durch 
cine feste Anzahl nier Potenzen (Waringsches Problem), Gittinger Nachrichten, 
1909, pp. 17—56. 


1920, 5 (with J. E. Littlewood) Nachrichten von der K. Gesellschaft 
der Wissenschaften zu Gottingen, Math.-phys. Klasse, 1920, 33-54. 
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1 1 1 
—- Qk-1 — at x = — _— a ἘΠΟΕΡΘΕΨ ΕΠ 
Kk ΞΞ x= 1 Kk” a kh? b k—1? 
ο-. GLA+ay. 
[(sa) ’ 


e(a) = ἐπα ἐὺ = 65) 


q—1l ᾳ---1Κ 
8,. = EDs Spam = 3 ell) cos =, 
h=0 h= qd 
2mh 
Som = ‘3, e,(h*p) sin : cae 
f(a) = 1422" * 120" Ἔ 0. ([2 < 1), 


OO 
1, (ὺ)ὺ Ξῷὸ Σὲ v2” (6>0, [z|< 1). 
y=] , 
We denote by 7,,(”) the coefficient of x" in (f(x))’, so that 


: OO 
(L+20"+4+2a"4...)§ = 1+ Σ taa(n)2", 


It is evident that 7, ,(m)=7,¢(n) if s>s’. If k is even, r, ,(n) is 


the number of representations of » in the form 
n= πε Εν. tan 


where ἢ, is an integer, positive, negative, or zero, and represen- 
tations which differ in the sign or order of the numbers πὶ 
are reckoned as distinct. If & is odd, the arithmetical inter- 
pretation of *,,(”) is not quite so simple. We have in fact, if 
n > Q, 


γι, (1) = ΙΣ ‘ Ν 2M ir, “ (n), 


where 7,,,() is the number of representations of n by exactly μ 
positive k-th powers. 
2. 2. It is plain that, if n>1, 
1 x))* 
(2. 21) rat) = ες [ΠΣ ae, 


the contour of integration being the circle I whose centre is the 


origin and whose radius is R = 1——.. 


We divide I into arcs &,,, which we call Farey arcs, as fol- 
lows. We form the Farey’s series of order N = [n'“], the first 
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1 
/ » 
4ᾳ 1, is aterm of the series, and a and Ἐ- the adjacent terms 


and last terms being ed and an We suppose that οὐ where 


on the right and left; and we denote by /j,,, the interval 
Dee, Pe 
q ata’)? 4 a@+a) 


The intervals j,, and j,, are defined to be (0, scr] and 


(1- we τ, 1) respectively. ‘The intervals ἦν. just fill up the 
interval (0,1), and the length of each - the parts into which 
ie, ai ». 1 
is divided by ; is not less than 50 Ν and less than aN ). 


7,4 
If now the intervals j,, are considered as intervals of variation 


of =) where 90 = arg, and the two extreme intervals amal- 
gamated into one, we obtain the required dissection of IP into 


arcs &, ,. 
We call ἕ,.,, a major arc if qn", a minor arc 1 wW<gqln™. 
The arc of I complementary to &,, we denote by ἡ, .. 
In considering any particular Farey arc &,, we shall write 
2ρπὶ 


a= Xa,,= Xe 4 = Xe,(p), 


so that X is positive when « lies on the radius vector to the point 


x, And on & , we have 
" ἢ 
where 
| 2x 


We shall in general use « to denote a fixed, but arbitrary, posi- 
tive number, and A to denote a positive number depending upon ἢ 
only. Different «’s or A’s will, when necessary, but not always, 
be distinguished by suffixes. The symbols O and ὁ will be used 
in the manner which is now classical. It is always to be under- 
stood, however, that the inequalities or asymptotic relations implied 


3) For formal proofs of these: well known propositions see G. H. Hardy 
and S. Ramanujan, Asymptotic formulae in combinatory analysis, Proc. London 
Math. Soc., ser. 2, vol. 17 (1918), pp. 758-116 (§§ 4. 21—4. 22). 
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in the use of these symbols are, unless the contrary is stated ex- 


plicitly, satisfied uniformly in all parameters other than & and 
(when it occurs) «. Thus, if ψ is defined for » = 2, ὃ, 4,..., 


pik O(n** τ ἢ 
means that to every positive « corresponds an H = H(k, ε) such 
that [ψ| -- Hn" Tt? for n = 2,3,4,.... 


Statement of the main theorem. 


3. Hilbert’s theorem may be stated as follows. 

Theorem A. 170 every k corresponds a g = g(k) such that 
r, (2) >0 for s=g and n=l. 

We shall prove 

Theorem B. Zo every k corresponds a G, = G,(k) such that*) 


τς ἢ 


reo σε "3 (Sat) τ np 
: rer 
for 535 σ.. 

It will be shown that this series is absolutely convergent for 
s=s, = s,(k), and that its sum — which is real, since the terms 
(p,q) and (¢—p, 4) are conjugate — is positive. 

From this theorem we shall deduce, first 

Theorem C. 70 every k corresponds a G = G(k) and an 
m, = 1,(k) such that r,,(n)>0 for s=G, nZN,; 

and then Hilbert’s theorem. | 

We shall use gy, G,, G to denote the Jeast numbers for which 
these assertions are true. 


The singular series. 
4. We call the series 


S = > (“2+) 6,(-- np) 
pas 4 
the singular series. The use of this series, which is the dominating 
idea of our work, is suggested by the following considerations. 
If we write x = Xz, ,, we have 


οο : q—l CO \k 
f(x) = --1- ὃ .Σ, Xe (v‘p) = —1+ 2 2, (Hp) Σ χα ἘΔ 


f 


4) f(n) ον g(n) means that a —>1 when n—> 00. 
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If now X->1 by positive values, so that x tends to x, , along 
a radius, then 


OO CO . οο 
Σ xa ny om+f lat Oy -- oa+— f ot a 
== 0 h | 0 


q 
~ oma FA foe 11° 
= 00+ (log x) 


and 


S LA 
f(2) v2 + a) 22 (log =) 


it being understood that, when S,, = 0, this formula means 


f(z) = o( log x): 
We have also " 
F(X) = Γ() (log =x) + F(X), 


where F(X) is regular for X = 1°). Thus 


S,4\° 
(Fey C (Het) F(X) = Fry 
k 
say. 
Our fundamental idea is that of approximating to the coeffi- 
cients of f° by a sam formed from those of the various approxi- 
mating functions F,,. We therefore replace X by xe,(—p), 


F',(X) by its expansion as a power series in X, pick out the 
k ; 


5) This well known proposition may be proved as follows. The function 


oo 
1 l 
F = ἐπ5}Ὲ|.-,.-.------ — )a 0-«σ- 


is regular for y = 0 (the integral being uniformly convergent in the neighbour- 
hood of y = 0). And if y > 0 we have | 


οο t-" dt OO OO rove) 
[ Vay 1 ΞΞΞΞ > e7ny f ennt {-? at = rc —_— 6) > da εν, 
ὃ: τ ἩΞΕΙ 0 ἡ Ξὰ 


+o dt = 
[ Εν = Γ( -- ὁ (sey. 


These equations establish the truth of the proposition for 0 « σ «1. It is 
trivial for σ == 1; and it may at once be extended to other values of σ >0 by 
differentiation. Incidentally we see (from the integral expression of δὲ η΄ 1 ἐπὴν 
— F,,(e-%)) that F(x) is regular at all points of the unit circle except ἃ = 1. 
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coefficient of 2", and sum with respect to » and g. We thus 
obtain 


8 8 


- τὶ aad 
Q,,2(”%) = Cn 


Σ( 5) «νὴ =On* 5 


as the fanction by means of which we are hoping to approximate 
to γι. ()). 


Properties of the singular series. 
5.1. Lemmal. If 8B, y,... are integers then 


ᾳ--- 1’ 
T, = See i+ BW + yh +) = Olt), 
ὺ Ξξξξ 


In accordance with our use of the symbol Ο, this equation 
holds uniformly in β, y,.... 

Our proof of this fundamental lemma is based on certain 
transformations due in substance to Weyl‘). For the sake of 
formal simplicity we consider first the case 4 = 4. We have 


[1,|} = Peele ("- If) + β( -- δ + γ(ν"--  - δ( -- ἢ). 


the summations with respect to h and/ extending over a complete 
set of residues to modulus g. Writing h = /+h, we obtain 


[7 = > e (kph, δ Β, ὅτ C, b+ D,,); 
where B, Ch ... are quadratic, cubic, ... polynomials in 2, 
with integral coefficients, whose precise form is irrelevant to the 
argument. Writing ἢ again in place of /, we have 


(LI = SA) Be (Aph, M+ B, i+ 0, ἢ 


where (1) denotes a number whose modulus does not exceed unity. 
Applying the familiar inequality of Cauchy and Schwarz, 
we obtain 


4 8 ῷ 
[Z| S131] ΣΡ} ses "lta “| 
- Δ (Ρ»}, EO) ae) ΕΟ, ὁ τῇ) 


6) H. Weyl, Uber die Gleichverteilung von Zahlen mod. Eins, Mathem. 
Annalen, vol. 77 (1916), pp. 318—352. 
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Writing h = 1+h,, and repeating the argument, 
t< 
Ls ἋΣ () Σ e,(12 ph, h,?+ By n,') 


where B,, he is a polynomial in ὦ, and ὦ, with integral coeffi- 


cients. Applying the Cauchy-Schwarz inequality again, and 
replacing / once more by h, we have 


8 « ,.ῖι͵ 73 ᾿ 4. 
11. Ξ χ᾽ .« 3, ΠΣ αββρλνλ,α +B, 4,4) 


= ,, 4 3: ὩΣ 
=q >» | Σ e,(12ph, h, (MP) Ὁ ΒΒ. , (h—D). 


Finally, writing ἢ = [+h,, we have 
[TN Sa Σ, [Σϑβέρλ,",},}). 


1) ha, 3 


It is plain that the argument used here is perfectly general ; 
and the resulting inequality in the general case is 


ΤΉ ΞΟ Σ Σ 6q(kip Hi) 1) 


Nig, Pay oo 0) ἢκολ 


where 
Η -- hdd. 
5. 2. If (k!,q) = δ, we write k! = dk,, 4 = δῷ, se that 


(k, p, Q) = 1. 
The summation with respect to h,, h,,...,h,, is defined by 
023}, - ,φ(( 37:3 1-- 1), s0 that <q". And evidently 


(ὅ. 2) [ΤΠ Ξ 4 Σ' ΣΙ ΤΑ Σ΄ ay = 717", 


where >)’ is defined by 
H=0 0S4<4, 


and >)” by 
| 0 -- He". 
The number of terms in >’ is O(g*’), and in each of them 
| =q. Thus 
l 
(5. 22) T = O(q*"). 


In 35", D is zero unless H = 0 (mod. Q), when it is g. The con- 
ἐ 


7) The index of the power of 4 may be at once verified by induction: for 
2(Qk-1 —k) +k — 1 = 2! —K—1. 
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καὶ 
gruence is satisfied for at most τ: = Ο(ᾳ ἢ values of H; and 


therefore 8) for at most οᾳ 31 sets (h,, h,,....4,,). Thus 


(5. 23) τ a0\g 18. 
From (ὅ. 21), (5. 22), and (6.23) the lemma follows immediately. 

As obvious corollaries we have 

eae = o(q"* 4), ΕΣ oat ου "ἢ, Des ΞΞ ου τ ἃ. 

5. 8. Lemma 2. For all sufficiently large values of s and for 
all values of n, the singular series S is absolutely convergent, und 
S> 4. 

The term for which p = 0, g = 1, is 1; write then S = 1+S’. 
We have 


or 
Se = oy O-9+4 = oly ἘΠ) 


q 
and therefore 
Sp, ¢ 2 
Pt) <x Ag, 
q q 
where u — -- Also 
4K 
aoe <i (q > 1). 
Choose v > A‘*, and let 
ὃ = Max Spa | 
2Sqgssvl. 1 
Thus | 
ν OO οὐ 
[5] < δ’ > q+ APG ἘΞ ν᾿ δ᾽ + > ge 
. q=2 q=rv+1 — g=v+l 
: yrs 1 - 
“-Ξ-.ἰἸξν ea ary aa 0. 
5 τε 1 8-- 


if only s is sufficiently large. 


8) See E. Landau, Uber die Anzahl der Gitterpunkie in gewissen Be- 
reichen, Géttinger Nachrichten, 1912, pp. 687—-771 (p. 717). 
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Behaviour of f(z) on 8, minor arc. 
6. 1. Lemma 3. On a minor arc 


f(z) = οὐδ 4). 
We deduce this from 
Lemma 4. If ἡ and ξ are arbitrary fixed positive numbers, and 
u an integer, and 


nen nga) ΤΊ O<pan't 


? 
then 


μ 
U, = > e,(ph') = oln***'), 
h=0 


where ε = &(n, ξ) is a function of ἡ and § which tends to zero with 
nm and ξ: 

We denote generally by ¢,, 8, ... fanctions of ἡ and ¢ which 
have the property stated. 

We begin by performing on U, a series of transformations 
apalogous to those of 8 5.1. In this case, however, we may at 
once quote the final result, as it is given explicitly by We y 1°). 
We have 

U K <A K-k 

, ε πὴ hy, mat, ἢ 
where H=h,h,...h,,, and the summation with respect to 
h,, Igy «++ ’,-, 18 defined by 


|h,J+ |r, | 5 et an =p, 


and that with respect to 7 is over an unbroken sequence of not 
more than +1 values. 


We replace this inequality by 
(6. 11) [U.S Ae S| B+ 40 ΣΊΣΙ = U'+U", 


26, (kip HY) |; 
t 


> and Σ᾽" being defined as in § 5.2. And we have, in the first 
place, 


(8.13) δ’ = Out *prtp) = OT) = OnE ** *), 
6. 2. In discussing U” we observe that 
|p )Setl (k!p H = 0 (mod. 4)), 


9) Weyl, loc. cit., p. 880. 
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ΙΣ | = cosec (4!p H #0 (mod. φ)). 


kip H τ 
4 
Suppose now that k!pH =A (mod. 4), where Ὁ ΞΞ 1 -- ῳ, and write 
U”" = Uy+U;,, where 4 = 0 in UY and A>O in Ὁ», If 4 = 0 
we must have (in the notation of § 5.2) H =0 (mod. Q); and this 


ko 


καὶ 
can happen for at most 2 = o(£—| values of H (for none 


if w'<@). To each of these correspond at most "συν, 3) 
or O(u") sets (h,, hy «++ ἅβ.). Hence 
k-1 
Um Ofte gy) mofo —H 8) 


Since w < ners q>n" 


UY = O co naa ni) — 0 (4% — nails δὴ, 
Next, suppose that 11" 0, and that 
kipH=k!pH'=21 (mod.q), 


where H’ = hih)...h,,. Then ΗΠ’ -- H=0 (mod. Q), or H’ = mQ+H, 
where m is an integer. Since |H] and |H’| are each less than 
wu, this can happen for at most 


, we have a = O(n") and so 


km 
2 Or aa | 


different values of H’, and so for at most 


k—l1+ ες 
0 (Max | Ξ 7 μ 


sets (hj, hi, ..., hj_,). Hence 


Ur = 0 (uh) +5) 4 oWX— FF % 6) 
where 


4--ὶ : β 
6= D> cosee ~~ = O(qlogq) = Ol’ τ. 
A=1 


The first term gives 
οἰι(Κ-- 4 Ἐ 


In discussing the second term we may suppose μ᾽" < Q; and 
we obtain | 
0) va coa a 1 =r) — O(n — Narr ais) 
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since q< v2" Thus U’ and U;, and therefore U”, are of 


the form O(n“&—Y4+*). go, by (6.12), is σ΄; and Lemma 4 
now follows from (6. 11). 
6. 3. In order to deduce Lemma 3, we write 


f(a) =-142 DS 242 Do =-144@+h, 
0S7=a yv>o 


ae J and 


where ὦ = ln ξ is an arbitary positive number. Then 


ph 


|” | = (14) τὸν 


and 


Hence we need only consider 


f(@)=2 Σ Xp =2 Σ᾽ α, X", 
0S 7=a 


0 ΞΞ "ι Ξ3Ξ ων 

say. Writing ας.-Ἐ α, -Ἐ τ." Ἔ μι = 8,» we have ; 
τὰ 

x)= 2 ς. (X™— Χ 29. ΧΟ 
fe) = 2 _ Stal τ 27 TT, 


= ask 
(2)| <2 x™|[1— X}+2|s_,{|X° 7’ |. 
Se _— Stall M11 — XI + |S | 
- 1 . 
Now, on a minor are, X = xen" == (1- =e where 
[0] - on ς᾽ 


q 4{η q ἶσα n 


:1-- ΧΙ τε (2 —2(1- =) cos 6+ (1 *)) 
= yh θυ bola (Ee) <4 


Hence " 
an 
τὰ = O(n A) = OWT 
by Lemma 4. 
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Behaviour of f(x) on a major arc. 
ἡ. 1. We now suppose that x lies on a major arc. We write 


x= XX X=e" Y= ¢1, 


so that 


where 


It should be observed that, on a major arc, | Y| cannot exceed a 


fixed upper bound (and is in general small); for is <=1 and 


k k\1-a 
[49] = 0...) = 0(5) = O(1). 
Lemma 5. If 
Co _ Vuk 
g(m) = [ 6 cos 2mm u dt, 
0 


CO γα. 
y(m) = f et sin Qmau du, 
0 


then 
OC . OO 
(7.11) f(2) = 25,,9O) +4 Σ 8,,,κφ() 4 Σ Sramu(m) 
n= = 
We have”) 
OO r ° CO CO : 
(7.12) > ες 1 et =2 > af ε΄ ἢ" cos 2ma(u—j) du, 
i=0 m = 0 0 


10) This formula may be proved, by classical methods, in the following way. 
The function 


οο τε 
[3 Ξ ΣΣ we ed) ᾿ 


—- 
— = 


where ¢, = 0 for x <0, has the period 1; and it may be verified at once that 
it has a derivative f’(j) bounded for 0 «7 << 1 and that /(0) = $(f(—0) + f(+ 0)). 
CO 


Hence it is expressible in a Fourier’s series >) 28, m, where 
m=O 


co 1 
nf ee) ee 2 [ cos 2m (I-+u—j) eyye LOT ay 


Co yy 
-f Yur cos 2mx (u —Jj) du =f ε ~ cos 2ma(u—J) du. 
0 
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where #(Y)>0, 1>j =O, and 
&=1 (23. 0), « =}. 
Also 


Cnt 4 Ὁ ae lg +h) 
(7.18) f(z) = 142 Σ 2" = 2 = (Ph) D aank Ὶ ) 


η---ὄἰ 
= 2 D> ¢,(ph')f,(X), 
ψ h=0 
say. But 


| | _ @ —Y(i+j ; h 
(7.14) K(X) = Beye Tt (j = 2) 
1=0 4 
Substituting from (7.12) and (7.14) into (7. 18), and changing the 
order of summation, we obtain the result of the lemma. It may 
be written 1") 


οο οο 
7.18) 7) = ὩΓ( ἘΩ 8, ὙῈ 4 Σ Sa M+4 Σ Shaman) 
ic m= 


— a log } 


when Y~“* has its principal value, viz. 6 , the imaginary 


part of log Y lying between — 42 and 47. 


Asymptotic formulae for y(m) and z(m). 
᾿ς ἢ. 2. Lemma 6. If x lies on a major arc, so that [07] is not 
large, 
4 
2m 


co 
[ exp (-- (Yui 3 δνιπὲ) ἀμ = + + O(| ¥|m*") 
0 


τοῦτ τὸ γγ δ), 
where 
E = exp(—Am'”|Y[’ cosy), wo = argT. 
It is enough to consider the integral in which the ambiguous 
sign is negative; the other assertion follows by changing Ψ into 


—w. Let 
kZ Qma\'? , 
u=gae 2= (7) τ’ 
so that 
—(Yul—2Qmariu) = — Z(v — ki). 


11) In our paper in the Quarterly Journal the term in S),,,, was omitted 
in error in the case when k is odd: Si4 == 0 when αὶ is even. The omission 
affects none of the results of the paper. 
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When Y is real (and positive) we have 
CO kZ SO 
(7. 21) [ exp (—(Yu'—2maiu))du = Sax [ exp (— Z(v'— kiv)) dv. 
0 2m 0 


The right hand side is an analytic function of Z when hi(Z) > 0; 
the equation (7.21) therefore holds for R(Y) > 0. 
Let 


bib Ν —inib ice 
Uv, = ὃ > v, = ¥—ce == €0,¢ , 


where ὁ and ξ are positive. We can choose A, so that |v,|=1 


and 0O< « <a. when ¢c< A,. We shall ultimately choose ὁ to 


be a number depending only on & and satisfying this condition. 
It may be observed, in order to avoid any possible misunder- 
standing, that a, and all geometrical elements of the figure ad- 
joined, are functions of ἢ only. 

Since |arg Z| = [--- ὃψ] -- 42), the path of integration may 
be changed in the right hand side of (7.21) from the real axis to 


(1) + (2)+ (8), when (1) is the straight line from 0 to »,, (2) the 
straight line from v, to v,, and (3) the continuation of this last 
line to infinity 1). We write then 


: | 
(7. 22) f exp (- Z(v'— hiv) dv = 141,41, 
0 


Consider first 1. We have, when v lies on (1), 


τὰ 
y= woe , ΟΞΔΧΞΕΞΙ, 


~ Z(v'—hiv) = — Ziv, (a eM — kae’*)”) 


= [Zle bE —BeO + OO) LK be _ 2, fa) 
πες πὸ πο) 


12) We have |— dy + tkba| <7. for k> 8. 
13) Since vé-? = 1. 3 
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where 
B= ὑπ --δ)- ὑψ. 
Hence 


Ἢ (-- Zv'—kiv)) = |Z] x(a" cos (ka — ΨῈ) ~k cos (a — B)) 
= |Z|x((2*" cos ka — k cos «) cos + (x*" sink -- ἢ sin α) sin Ψ). 
Now O<Baln (since k = 3), 0O<es. Hence 
R(— Z(v' —kiv)) S|Z|x((1 —kcos a) cos ¥ + (sinka — ksin a) sin YF) 
S[4|2(— A’ cos Ψ — A” sin B) = — AZ] x. 


Therefore 


Uy 
t= [ exp (-- Ζ(υ — κ4 0)) dv 
0 
1 υι 1 δι 
εἰ ΕΞ exp (— Ζω’-- kiv)) fae [ v' exp (-- Zo! -- hiv) do 
kiZ 0 tJo 


_ i 1 aglz| 1 ri 422] 
= Ext lame +o {{- 6 dz}, 


1 _ , 
(7. 28) ae ἐ +(e 4121) 4 (Zp), 


When » lies on (2), we have v = »,—ye _ 5 ae where 0 = y <c, and 


the term in y vanishing since o*' = i. This is 
— Z(vk— hiv.) — A[Z| exp (( πᾷ -- ὃ) — }. xb — by) i). y*(1 + O(Y)). 
Now 


a—-inb=1an(1—b)—fab—byS>-—1ind (k=3). 


4 == 


Hence 
(7.24 R(-— Z(v' — hiv) SRC Z(vj— hiv) -- 41Ζ|γ᾽ (1+ O(y)) 
ΞΞ ϑὲ(-- ΖΑ — kiv,)) — Al Z| y’ 


for OX y< A,. We choose ὁ = ἃ Min(A,, A,); (7. 24) then holds 
when v is on (2), and 


ey eee mee ae = eee ae  —AlZly? 
(7.26) 1, τῷ [ exp (—Z(o'—kev)) dv = Of exp (— Z(v'—kiv,))| |e dy 
V1 0 


= Ο[ Ζ᾿ ὃ exp (— Z(vt— kiv,)). 
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Aggy 


Finally, on (3) we have v = vtye ὃ ὦ where y ΞΞ 0, and 
_ χρῖ- kin) = - σὰ hin)— ὦ Σ (er Poe. 
It is easily verified that 7 
larg (ze F**k") |< 4m 
for k= 3, ϑΞ γΞ 1. Hence 


R(— Z(v'— ki) SR(— Z(ok— hiv) —A Ze 2°" okey), 
Thus 


i Υ OO 
(7.26) I, =e *°* [ exp (-- Z(v' — kiv)) dy 
0 
CO Pe 
= O(lexp (2 Z(h— hiv) [ go Alay ay) 
0 


-- οἱ Ζ᾿ ὃ exp (— Z(ei— kiv,)]), 


as before. Now 


_ Z(t εἰν) = (:-- ἢ Ziv, = --(--2Ζ]| 6 
so that 
(7. 27) R(— Z(vt—kiv,)) = -- ΑΖ] cos Ψ. 
From (7. 25), (7.26) and (7. 27) it follows that 
(7. 28) I+], = O(|2Z|~* exp (— A|Z] cos ¥)); 
and from (7.21), (7.22), (7.23) and (7.28) that 
Γ exp (-- (Yuk—2mxiu)) dw = oH UI, + J,+1;) 
0 ἢ π 


AZ (4 ρ(. ς ΑἰΖὴ oqzr Pt ee 
(kz + Cia" )+0(21 + 0()Z| exp ( A|Z\ cs #)) 


t-k {ῆὶς 
= εἰς +0 (IE) + 0( ZF exp (— 4171 0 v)) 
Substituting for Z in terms of Y, and observing that the ratio 
cos #@:cos remains superior to a positive bound for all values of 
y between —42 and 42, we obtain the result of the lemma. 

7. 8. Combining the results of Lemma 6, we see that if ὦ 
lies on a major arc then 
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(7.81) φῴιὴ) = O(m—*4— γΓ ἐν B) 4 O(n Yp), 


(7.32) 9 x(m) = + 4, (m), 


Omx 


(7. 38) y,(m) = Οὐκ #0 — 9 γ ἐδ 4b OGM YJ). 


Behaviour of f(z) on a major are (continued). 
8. 1. We have, from (7.15) and (7. 32), 


f(x) mae Po, 4 I ®, 4. 
when 


e —t S,, 1 a 
(8.11). ,, = ΖΓ ἘΩ 8,. Υ = ΞΓ( +a) “as (log) 
2 OO 
2, , ΞΞ 4 Σ Spm G(m) +4 Σ 8 ram ι 05) +o Qe τας 


a-+E = ; 2: 3 5 1] ; 
= οἰ τ" Σ dgomi+inmp)+2 Σ +s... 
m=1 % m=) MM 


By (7.31) and (7. 33), this is 


OO εἴν: 0° 
oft ter? Bat Ya) 4 0fetein1 5, καὶ 
m==1 m= 1 


2 56) ὁ ὦ ὰ 
Ἐπ gti m hae = Bat als: x 


say. Now, if g>1. 
Σ ἀϑιω = ς οὐ Σ Σ θὰ 
eg a ΞΞ e,(h — sin ———— 
»πἄειν le ταῦ Ἵ P) Stam | q 


e, (h* eee ΕΝ ΩΝ 
= 0e( gia) = 8 


\ 


if q = 1, the sum has the value 0. Hence 
ᾳ Α΄ 1 
8.12) ὦ, -- Σ Σ Τα 40m -- οὐ & row 
ie m ==) ™ 


π m= 
= oly". 
Clearly also 
(8. 18) o, = Ομ 1. 
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8. 2. There remains ®, to be considered. We have 
Y = q(v—id) = {Ὑ] ε ἢ, 


so that 
k 
ek 
[Σ] = , ᾳ βοῦν ουσς τς : 
Hence 
(8. 21) = O(exp (— Am'* gn’ (cos v)'”), 


and it follows from the definition of ®, that 


ip. eh 
®, = ofa" se [Y] ἐδ Sm ? oY exp(—Am'*’ q"'’n’(cos wo) 


m==1 
We have 0 ΞΞ 0? < Aq'?n™**", and so 
ΝΕ 2 ν' ΒΟ ee 
mae nea τ AG ne > TE Ag τη" 
J = Agn™, 


Be eS τοῦ τ τες 
ΞΞΞΞ (1 ΕῈ A) gq nia 
go n’ (cos pyr’ > Ag?’ n’(qn-*)'** _ A. 


Hence, as |Y|> Ag‘ πη", we have 
ky — 22 co 1 1 as | 
(8.22) Φ, = ofr te(2) Ὁ ᾿ = Ont gt te— th) 
From (8.12), (8.18) and (8.22) we have 


(8. 38) Φ = οι ἢ + O(n? q 4--+s—- Ἐπ ἘΣ ο( "1 


P,'] 
since αὐ ΞΞ n. 
8. 3. We may summarize our conclusions, as regards the be- 
haviour of f(z), as follows: we have 


f(z) = οὐδ" "ἢ 
on a@ minor arc, and 
f (2) = φρο οὐ" ἢ 
on ἃ major arc, y,, being defined by (8. 11). 


Proof of Theorem B. 
9. 1. Returning now to the integral (2.21), we have 


r,3(”) = .».1 f FY a, => oni J, ( (2))" ἢ 


2 xi r ght gent dx, 
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the summation extending over all arcs —,, of the Farey dissection 
of order N = [n*“]. We write this in the form 


ait) it πεν f Manus gh f Ue 
= 8,45, 


MM and m denoting typical major and minor arcs of the dissection. 
It follows at once from Lemma 3 that 


(9. 12) SSO ee). 
As regards S, we observe that, on an arc MM, 
= (φ,, + Φ, δ᾽ = (+O? = φ' Ἐ O(Max (pf | P], |]")). 


Hence 
1 ς f° 1 φῇ. 
Dai non —- re mee —_— bP ea! 
where 
@.18) J, = 0(f ert al) + O(f de = (aa!) 
mn | at 

-- Ο(ρ;, ω) +0(,,,); 
say. It is plain that 
(9. 14) Σ σ,, = ἡ ἘΠ 


Also 
= OS, AYP) = Ομ "(ἐν -- ἐθ} ἢ 
= Οἰκ" τ ω" 6} 5. 
From this equation and (8.23) we deduce 
κ - 1) (κι - we dé 
je O(n" +e (s—1)¢ ὦ rn a3) 
= O(nt*tas—a—1+e 6 -- 6. -- 1) Ὁ 


CO We ἐπι γι: 
provided s>k+1. Now the series δ) δ g wae a 
1 


convergent if (s—1)(l1—x)>2 or s>2K+1, and supposing, as 


14) This formula is not true uniformly in s, and may therefore be held to 
violate our general principle (§ 2.2) as to the use of O and o. But the formula 
falls into line with the general principle so soon as we fix our attention on any 
particular s = s(k); and this is sufficient for our argument. 
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we shall do henceforth, that this condition is satisfied, we have 


> e,., = Oy eer "Ἢ 


and so, by (9.138) and (9. 14), 


> J, = On) πο τ 
Pid 


9.15) τι (νὴ = 5,45, = Σ1, Ἐο ἢ οἰ tak 4), 


9. 2. We now perform two transformations on J, ,. 
(i) The fanctions 


) 


p _ : 5 δ 8 1 —8a 
the = ἀγα +a)" [74] (logy) 
and 
— (2 rd + a)? Bas) = δαπὶ χοὸς σί wea.) FF (Χ 


differ by a fanction regular at X = 1 and a fortiori bounded 
near X = 1. Farther, it is plaim that 


(2r(1+ a)y* (log x). -- OF ,,(X) = 064) 


uniformly in p and 4. Hence, if we replace g{,,, in I,,,, by Τὶ 
we intruduce an error 


ο(Σ (37 = ola "ὁ πη *) = om, 


provided only s(1—x)>2, s>2K, a condition which we have 
already assumed to be satisfied. This error is plainly trivial in 
comparison with the error terms already present in (9. 15). 

(ii) We next replace the arc &,,, in J,,, by the complete 
circle I. The error thus introduced is 


geo E(t) f Fear = ofa tf iF AIlae') 


Np, 4 ἤρ,η 


15) It will be useful later (though irrelevant for the purposes of this me- 
moir) to point out that this formula is still valid when s = 2K--J, since then 


nt nt 

Σ Σ «“τυσπτητες o( > its) — O(n) 
g=1p=0 q=1 

The interest of this lies in the fact that 2K +1 = 9 when k = 8. 
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Bat, if X = Re’’, we have, uniformly in p and gq, 


F(X) 


0(1-- ΧΙ) = o((a—ay+4r sint 50) 


ΠΑΝ, 


If 6, is the angular coordinate of one end of £,, η0, >A 7 > A. 
Hence our integral is the sum of two, each of which is of the form 
CO; 1 — 38a CO 
ο( [ [- + 9 iw) = 0 (= [ 
9, \” ay 
ne —8a+1 
a QO (5 (n 0.) 5} Ξε O(n (52 ) 


Hence the total error introduced is 


(1+ wt) #84 av) 


ΟΣ ΠΑ πὴ 

»,4 

ae 0 (nee OO Σ τὸ" = O(nter teem i+) 
gn" 


= Ο ΠΩ τ il 


since k>2,a<4. We have thus 


(9. 21) r,(") = sei = (4) I sel) dz + O(n es 


LOM Teale), 


9. 3. There is now no difficulty in completing the proof. In 
the first place 
F(X) 
= gt 


dz = ne (—np), 


so that the first term on the right hand side of (9. 21) is 


Cnt Σ (Fn 1) e(—np) = Cn™"8, 


The series may be regarded as limited by g =n’, or as extended 
to infinity, indifferently; for the difference is 
O(n > g(r 1+ Ἵ oe O(n (ny 8-9 +e 7 
qg>n 
ie δἰ i 1 ve) ᾿Ξ: δι τὴ 
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If s is sufficiently large, 8.5 1, by Lemma 2, so that the 
leading term in (9.21) is effectively of order τ, The third 
term is always of lower order, since ax—~a<0O, Finally, the 
second is of lower order if 


sax<sa—1, sa(l1—x)>1, 
s>kK = 185, 


10. We have thus proved Theorem B. It is plain that Theo- 
rem C is an immediate corollary. To deduce Theorem A we have 
only to take y = Max(G,%,), since any number less than 2, is 
the sum of at most ἢ, positive k-th powers. 

We have not, in this memoir, determined an explicit upper 
bound for any of the numbers 9. G,, G. The whole trend of our 
analysis is, however, to suggest that the necessary value of G(k) 
does not exceed 


or 


ka 41; 


so that, for example, every large number is the sum of at most 
33 biquadrates, 81 fifth powers, or 193 sixth powers"), It is, in 
fact, possible to prove more than this; but the proofs involve a 
detailed examination of the singular series which we must post- 
pone to our later memoirs. Our second memoir, which will be 
concerned particularly with the case ἢ = 4 (a case in some ways 
the most delicate and interesting of all), and in which (going 
beyond the results which we have indicated) we shall prove that 
every large number is the sum of at most 21 biquadrates, will, we 
hope, be published shortly in the Mathematische Zeitschrift. 


16) This result is new for k = 4 and k > 6, but not for k = 5. The best 
result we can prove for k = 5 is G(5) < 53, which is new. 


Some problems of ,,Partitio numerorum«: II. Proof that every 
large number is the sum of at most 21 biquadrates. 


By 
G. H. Hardy in Oxford and J. E. Littlewood in Cambridge. 


1. Introduction. 


1.1. This memoir is essentially a sequel to one which we published 
recently in the Géttinger Nachrichten'). It could not in any case be 
intelligible to a reader unacquainted with our earlier memoir; and we 
shall therefore quote formulae from the latter without further explanation. 

In the memoir referred to we laid the foundations of our new method 
for the solution of Waring’s Problem, carrying our analysis just so far ag 
was necessary for the proof of Hilbert’s Theorem, the fundamental exis- 
tence theorem for the numbers g(k) and G(k). Here our object is to 
find the best possible inequality for the particular: number @(4). A good 
deal of our analysis, however, is valid for a general &, and will be useful 
to us when we proceed to the corresponding general problem. It will be 
found that the special interest of the case k= 4 is quite sufficient to 
justify its consideration in a separate memoir. | 

1.2. It is known that 


19<9(4)<37, 16<G(4)<37, 


these inequalities, from left to right, being due to Waring, Wieferich, 
Kempner, and Wieferich respectively. For detailed references we may 
refer to the dissertations of Kempner?) and of Baer®). We need men- 


ἢ G.H. Hardy and J.E. Littlewood, Some problems of ‘Partitio numerorum’; 
IT: A new solution of Waring’s Problem, Géttinger Nachrichten 1920, S. 33—54. We 
shall refer to this memoir as W. P. 

*) A.J. Kempner, Uber das Waringsche Problem und einige Verallgemeine, 
rungen, Inaugural-Dissertation, Gottingen 1912. 

8) W. S. Baer, Beitrige zum Waringschen Problem, Inaugural- Dissertation, 
Gottingen 1918. 


1921, 1 (with J. E. Littlewood) Mathematische Zeitschrift, 9, 14-27. 
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tion only that the deepest result, viz. g(4) <37, was obtained in 1909 by 
Wieferich, whose analysis is a refinement upon that by which Landau, 
in 1907, had proved that g(4)< 38, Here we shall prove nothing con- 
cerning g(4); but we shall improve the upper bound for G(4) very 
notably, by proving 


Theorem A: 6Θ(4) 21. 


2. A sharpening of our earlier analysis. 
2.1. In § 9.2. of W. P. we proved that, assuming always 
s>2K+1=2"+1, 
(2. 11) ry.g(m) = Ontt-1 8 + O(neext*) + O(nsatax-a-ite) 
= oy. ,(m) + O(neext*) + O(nsatan-a-ite), 


Ὕ {Sp.q\8 
s=)> (4) e,(—n 
It will be necessary now to replace the term O(n#4*+*) by a term of 
lower order *). 


where 


2.2. It will be found, on an examination of the analysis of W. P., 
that the critical error term Ο(η 54 15) arises in two places only. All 
other errors are of lower order than that of the dominant factor n*4~}, 
either independently of the value of 8, or at any rate when's > 2K +1. 
The two critical errors arise as follows. 

In the first place we have 


) ᾿ 
8, — Sighs [Garde = ome), 


where m is a typical minor arc of the Farey dissection. 
Secondly, when we consider the corresponding sum connected with 


the major arcs, we are confronted by a sum δ᾽ Opa» where 


_ { Is- 
°”,q = [4 511 


{τ 


and St is a typical major arc of the dissection, and we write 


Δ σρις = O(ntexte), 


It will be observed that these two errors arise in exactly the same 
way. The upper bounds are obtained by substituting in the integrals the 
crude approximations, f= O(n**+*) on ἃ minor arc and = O(n**+*) 


4) The formula (2.11) would lead only to G(4)< 33, in itself a new result. 
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on 8 major arc. Here we refine on our previous argument by the use 
of a single new idea. This idea consists in an appropriate use of a known 
result, viz. that the number of positive integral solutions of the equation 
zk t+ yk=n is O(n‘) for every k>1°), or, as we may express it in 
our notation, 
Tx,2(m) = O(n*). 
2.3. We have 


2, t.2(”) =O (ff dxdy) = O(n®*). 


[ξεν » 
Hence 
DJ it(a)\* ae <fit()|*iae! <{if(Ret*)|‘a0 
m 7 ὃ 
=O CY σι, (v))?R*”) . 
ΝΟΥ 


δία, (v))” 20 >) r,2(7) < = re,2(¥)) = O(n®s+); 
υ 0 νη 


and so, since R = 1 — τ 


Σ Ji f2)\*|de| = 0 (nee), 
Hence ᾿ 


8,-- 0 (S'fif(=)\*|f(@) 144) 


= QO (nis-Haxte ΣΙ f(x) \* | dx ) —_ O(n 2-3) artter*)., 


Again, we have 
Sfiortiae|= Sf i¢—el*|az|=0( Sf iri*axl) +0(Sf ie|' ae ) 
M Me M Me 
(απ) ἘΟ(Σ [1φ|144]) 


δὴ) For a formal proof of this result see D. Cauer, Neue Anwendungen der 
Pfeifferschen Methode zur Abschétzung zahlentheoretischer Funktionen, Inaugural- 
Dissertation, Géttingen 1914, S. 38. For k=2 (when the result includes a fortiort 
the corresponding results for 4, 6, ...) see E: Landau, Uber die Anzahl der Gitter- 
punkte in gewissen Bereichen, Géttinger Nachrichten, 1912, S. 750. 
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Soa seen 
as |» — 10|-** 40) 


πα θο 
Σ [οὐδ πο YS | 
IM q=1 » ~@, 
£7 OPN mae y-4a 0, | --0 (SY q-q-te-9 +8. 94a.g-1 na-1) 

q »P q 


O (noe-1+" $11) — O(n®a-1+") — O (n+) (k> 4) 
q 
O ( nde-1_ Σ᾽ φ-ιτ) = O(n54-1++) — O(n%et+) (k =3). 
Thus Ἵ 
Σ [Φ \dx| = 0(n%+) (k> 2), 
ah 


re Σ 61: laxj 0 (S'fiei'ide') 
“ὌΝ 
Pe 
Ξε} (na-sante Σ᾿ Φ᾽' 44) — O (ne-axtBate) | 
M 


2.4. The argument of W. P. showed that 
| e.g (n) =Cn8* 18+ O(n‘), 
where ἃ. sa —1 if sax <sa—l,i.e ifs>kK=k2*". It is now 
clear that this result holds if only | 
(s—4)ax+ 2a<sa—l1, 
1. 6. if 
8: (k—2)K+4. 
For ὦ -- 4 these inequalities reduce to s > 32 and 9 > 20 respectively, 
so that the improvement is very substantial. And if only we can estab- 
lish the existence of a positive constant o such that 
1S >o 
when s > 21, we shall have proved not only Theorem A but the more 
precise theorem 
Theorem B: 14,,(n)~ Cn?*'8 (s > 21). 
The proof of this theorem is in fact reduced to a discussion of the 
singular series S. 


Hence 
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3. Factorization of the singular series. 


8.1. The discussion of the singular series is greatly simplified by 
the following fundamental lemma. 


Lemma 1. 7, 
A= Σ 5) Ὁ np), 


§=14+4,+4,+4,4+...= δ᾽ 4, 


so that 


af s>2K+1, and tf (g,q')=1, then 


Aqy = A, Ay; 
S = χεχαχε --- = WY, 
where x is prime®) and 


Ya = 1+A,+ AntAut... 


and 


We have : 
h*® pq’ *®-1 "3 *nq* oe | 
where ἢ and h’ describe complete systems of residues to ‘moduli q 


a (soa'* | wtpat—*) _ (ate) 

ae aac αὐ τ. 
where ἢ -- φ' - ἢ 4; and, since (g,q’)=1, ἢ describes a complete 
system of residues to modulus qq’. Hence | 


(3.11) S p= SO πα, S k-1 gt 


P,aq Gg PY 


Next we observe that, if p describes a complete system of residues 
prime to modulus g, and p’ a similar system for modulus q’, then 
p= pq’ + p’q describes a similar system for modulus qq’. Also 


, , rk-17k hy* k 
δ Ἐπὶ — εν οῖ -Σ (Ὁ. ) ) = (5. = 8, 4- 
h h h 
(447) Ay Ay = Σ΄ (Sp.0)"(Sy.e)" e(—2(F + 20) 
p,p' 
= Di (Spat 3,0)" Spatt.g)! (= 7) 


= >" (8p,¢9°)* ea (— mb) = (ᾳ4φ')" Aaa’ 
| 


which proves the lemma. 


6) The symbol π' is used in this sense down to the end of 5.2, after which it 
is used in the ordinary sense. 
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4, Rules for the calculation of 4... 


4.1. Lemma 1 is true for any value of k. The lemmas which follow 


are also true generally, provided only that & is not divisible by x. Thus 


when k= 4 they hold for 2 > 2. 
The sum A_, involves the argument n, and we might write 


A_,=A_,(n). When, as will sometimes happen, n is replaced by 
another argument, this argument will be shown explicitly. 
Lemma 2. If (a,k)=1, a>0, 0<u<k, then 


A okt = 0 
—— 7 (k—8) Pa 
A akty = Ay (<)>. 


according as n is not or is a multiple of x°*. 


(1) We have first 
atktp =e (- ἘΣ 


We write 
h= mekte-1z2 4 fy! (0 Kz<2,0K λ΄ << παξτμ-ι), 


and we obtain 
ph'* 4 kp pit-t, 
δ. πακὲμ τ Lies (2 ara Ἐ x 


The sum with respect to Ζ vanishes unless h’ is divisible by 7, i. 6. he= xh, 
where 0 «ἢ, « παξέμ- 3; in this case the sum is 2. Observing that this 
range of variation of h, is, to modulus qo-Dk+e, equivalent to πὲ 3 de- 
scriptions of the range 0 < ἢ, < 2'°-2*++, we obtain 


k 
ee > __ Phy -- »k-1 | 
8) nakth πον ε ee πὸ δὲ BS x@-ktp: 
hy 


It should be observed that the preceding argument is valid even when | 
u=0. We obtain in fact : 


(4. 11) S, ak = ποᾶτα (a > 0) 
and otherwise 
(4.12) S  aktpy = UES on 

(2) We have now 


-2 Sy, zoktn\ np 
παξεμ τ qekte δ παξεμ ὃ 


20 G. H. Hardy and J. E. Littlewood. 
We write 

p=nt2+ p’ (u> 0), 
where 0 << 2< παξ and p’ is less than x” and not divisible by 2. We 
have then, by (4.12), 


-- (ἢ - 1) — ‘kE-1) : 
So aktn = πε’ Sal = πο Son att) 


sade Σ᾽ p'. alt Nz np’ 
A ak+u ame ὌΝ ("22 at) (_ ak j ne’). 


The sum with respect to z ails unless 7 is divisible by 2**. If however 
n = 2% y, where ν is an integer, we have 


5 , at : 
-- πα(--ὶ δ᾽ Se eas ed - 7 a(k—8) ᾿ς Β 
A μαξεμ σ [ ait Je [ σ As mak . 
»᾽ ra τ Φ 


4.2. Lemma 3. Jf (7,k)=1,e>0, 
A_ak=0 (n= 0 (mod gor 1)),, 
A ag — εοι οι (nm =0 (mod παξ- 1), m =|: 0 (mod 22*)), 
A ak = (a — 1)a**-#-1 (n= 0 (mod a**)). 

By (4.11), we have 


— wu(k—1) es, aay . A! 
ὅ',,παῦ =a 9 Α κἀκ =a e( a): 


and 


Writing 


we obtain 


The sum with respect to z is zero unless n is a multiple of 74-1. If 
m= n%*-1y, we have 


Aap = ποά-ὴ-ι Στ ΔΝ 


The last sum is —1 or π — 1, according as » is not or is divisible by z. 
This proves the lemma. 


4.3. Lemma 4. If (x, k)=1, l<u<k, 
Α μ-0 (nZ=0 (mod a“-1)), 
Ay. = — aes} (n=0 (moda“—!), n==0 (modza")), 
A p=(a— 1) π5τ 2:1} sae ee 
(1) In the equation 
S 


k 
= phe 
pnt 2 ε ae 
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we write 
h=antz2th’ (0O<2e<a, 0Sh<ar'); 


= ‘phi* kp alll 2 
tee FE aC) 


The sum with respect to z vanishes unless ἢ = 0 (mod), or unless λ΄ =ah,, 
where 0 «ἢ, <2“~2. In this case the exponential is unity (since u < k), 
and we obtain 


and we obtain 


Se το ον 
(2) We have thus 
Ayn = a+ e(— 22) 
p = 
Writing 
p=azetp’ (0<2<at}, 0< pp’ <2) 
we obtain 


and the sum with respect to z vanishes unless n = πρτῖν, where » is an 
integer. In this case 


and the sum is —1 or 2 —1, according 88.» is not or is divisible by π. 


5. The form of y, (kK=—4,2>2). 


5.1. We now suppose k = 4, so that all the results of ὃ 4 hold for 
πὶ 2. Taking first the case «= 0, we have 


[4 καεἰ Sar), 
by Lemma ὃ. 
Next, if u=1, we have |A,|< a and so 


| A agi] < πα τὸ τι, 
by Lemma 2. 
Finally, if l1<uw<k, we have 


| An | pe Jae 
by Lemma 4, and 
[A μκιμ| << παα-ητμπα, 
by Lemma 2. | 
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Thus the terms of χ may be exhibited in the form’) 


1+ A, + [π3:2] + [πϑτ] +... 4 [k-1-8] 
Ἐπ ([1]:-Ὁ [27] + fa-*] + [ate] +... + {π|1:2]} 
+ 98-0((1} 4 [a] + [4] + [aH] tp fata) 


where [4] denotes a number whose modulus is less than x. Hence (pro- 
vided only s > k) we have 


4, ΞΞ1 - 4, Ἐ 8B, 


where 


πἘπε. .3-9 
τ--Ἰ 


n*-8 
st aa {|| πὸ 


Taking now k = 4, 8» 20, we have 
|Ba|<a7"+2a-M(1ta+a-’)<Ta-B’aa-', 
(5. 11) 1, =1+4+4,+[a-¥]. 


5.2. When we come to consider A,, it is necessary to distinguish 
different cases. 

Suppose first that 7 is of the form 4m-+ 3. Then the residues of 
h* to modulus = are the same as those of h*, and S,.. reduces to an 
ordinary Gaussian sum. Thus |S,.'< Vx and 


|A,| <a π-9, 
χ, το τ [π|9]Ὁ [a4] =14[2-8] (n= 4m + 8). 
Next, suppose π of the form 4m-+ 1. Then®) 


\Sp2|<8Va 
and 
3 ὃ 
| A. ay 
41} <a(Z-) 
li n= 17, | A,, | < 17 (8)” < ὦ; 
(5. 21) Map = 1+ [5] + [17-4] = 1 - [5]: 


»" 9 - 3 ἊΣ - i 2a 
If π 29 > 27, B= π', (=| πος Εν δ 
wt 


ἢ It should be observed that, owing to the vanishing of 4. ακ and A aktp 
when n does not satisfy certain congruence conditions, x, is in all cases a finite series; 
but this is irrelevant for our argument. 

8) See H. Weber, Lehrbuch der Algebra, Bd. 1, 5. 584. In Weber’s notation, 
Sp,x is one of the numbers 


C=4ntl=yn4+(i, n)+(—i, 7). 
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and 
(5.22)  y.~1+[a-*5]+[a-“]=14[a?] (a =4m+1229). 
From Lemma 1, (5.11), (5.21), and (5.22), it follows that 


5΄-ἰχεχιχο (1+ (4) P-+lay a+ {π.9]). 


mz=4m+1> 229 t=4M+3 


Thus in order to establish our conclusion when 8 = 21, % 18 only ne- 
cessary to show that 


lm~z|>o>0, [χερὶ Ὁ σ, |X| >9- 
5.3. We find by direct calculation that °) 


πὶ ant 


Sg 1.46, Sy yHlt4e® we τ νον, 


PE re —V 15+2V3. 


It is however (as we have to consider the case of 13 also) more convenient 
to proceed as follows. The numbers S,,, are the roots of the equation*®) 


(ξ᾽ - 15) = 20(¢ —1)’, 
from which. 


$=+V5 +1110 +2V5, 
[ΣΦ 154+ 2V5 < 19-478, 
|S,.8)=1o| < 4418, 
|. A, | < 4(8826)"} < 291, 
χε = 14 [291] + [574] -- 1 - [8], 
[χε] ἢ» Ἴξεσ. 


5.4. Similarly the various values of S, ,, are the roots of 


(¢7 4+ 39)? = 52(¢ — 8)", 


from which 
¢=+V13+11/26 + 6γ18, 
[25 3 39+ 6V13 < 60-7, 
|B, a (= 16 | «8, 
[4.4] «-:12(.6)"} « ὍΟ2, 
so that 


(is => 6. 


9) From this point onwards z is used in the ordinary sense. 
10) Weber, 1. ¢., p. 584. 


3 pie aes os eee es 
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The proof of Theorems A and B is thus reduced to a proof that 
| Ie | > G. 
6. Discussion of x,. 


6.1. The arguments of § 3 fail when 2 = 2, and it is necessary to go 
back to the definitions of A,, A,,... The first step is to calculate the 
sums S$, 4». We find by direct calculation that 


S29, S,.4=2(1+er?**), Κ,,. --4 1 Ἐ εἴπ), 8,,16= 8 (1+ eb Pat). 
If »>5, 


4 
8,0 — ἐπ) (0<h< 2”). 
Writing | 
h=2’ 2th (0<2<8, 0<Sh «- 2" Ὁ), 
we obtain 


ΡΝ, oe ne 2 ἘΞ}: 


and the sum with respect to z is zero unless h’ is even. Supposing 
λ΄ =2h,, so that 0<h, « 2“, we obtain 


S782 [25 -- 85. g7—4- 


S, gtate = 2°°S, an (a> 0, O<u<4). 


Thus 


6.2. Observing that A, = 0, we write 
te =1+ (A, + Ag + A.) + (Ags + Aias + Age) +-:> 
=14+(4,+ 4,+ A,,)+ 8. 
For a>0, 2<u<4, we have 


Assorel =| Gets) e(— gaa) 


| A,sa+2 ae + Ajsata| « 28:2 Fern, 


ἐν 94 “Ἐμ (27° )° = οκπύτωα 


|B| «88 — <27™ < 00025, 


a 


%=1+ " + A, + Aj, + [0025]. 
6.3. Of the terms A,, A,, A,, the most important is the last. We have 


ἜΣ ΧΙ = + + +, 


p=1,3,...,15 
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where θ΄, is given by p=1,15, YM, by p—3,13, and so on. And 
( cos Nr -- ( cos +27 ἀπ 665350 -Ε [8-107 Ἴ, 
W, = — (1:8307 + [107 ]} cos (22 — =) 


(cos nage - (cos 1 τ 13 0207386 + [107°], 


3 


ὃηπ 


δι, = (0415- 105.]} cos (* + 555); 


(cos el ΟΞ -- ( cos τ ee [5-107 1, 


lay" 
and so also for ( cos {πὶ . Thus 


16 
W, + 9. = [2-10°°]. 


Similarly we may write 


21 . ᾿ 
21 1 ηρπὶ ἢ 
A, = ΝῚ (cos pa) exp τς τς --- ΤΕ = δ΄, + 4, 
1, 3, 5, 7 


where a is given by p= 1,7, and so on: and 
(cos 5) = — (cos 32) = "189636 + [107°], 
, 32x nn) 


ψι = — (8798 + [107*]) eos (22 + 


(cos = -- (cos Le ae [107°], 


> 


8 8 
UW, -- [1077]. 
Finally 
a\"1 Qpri nai ~9 
A, = (οοβ 55) exp (7*8%* — 559). [2-8] =. [-0014]. 


Collecting our results, we may write 


χε = 1 — 1°3307 cos (3% = "mr +. 0415 cos (Ξ ai ona) 


— 8798 cos (27 + 55). 3[-0001] + [0017], 


and the total possible error is [:002]. 


6.4. We have now to verify that the sum of the first four terms of x, 
is in all cases greater than ‘002. It is easy to see that the least fa- 


vourable cases are those in which cos (2 -- nz) has its greatest possible 
value, viz. cos 7 This happens when n = 2,3 (mod 16). We have then 
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%_ = 1 — 18307 cos + — -0415 cos “% + “8798 cos 5. + [-002] 
= 1 — 1°3051 -- -0345 + -3504 + 3[-0001] + [-002] 
0108 + [-0023] > 0085 = o> 0. 


It will easily be verified that, when m has any other residue to 
modulus 16, the margin is much greater. 


%. Conelusion. 


7.1. We have now proved Theorem B when s = 21, and Theorem A 
is an obvious corollary. It is not immediately obvious that, if Theorem B 
is true for 8 = 21, it is also true for s> 21. All our arguments are 
valid for 8 > 21, except those of δὲ 6. 3-6. 4; but the numerical discussion 
of these two paragraphs has, strictly, to be repeated for each value of s 
in question. Our own calculations refer only to the cases 8 = 21, 31, 33, 
in which we have, at various times, been particularly interested. No 
point of principle is involved, and the calculations in other cases may 
be left to anyone who may be sufficiently interested in the matter to 
make them"). 

It is evident that we may, with the help of the singular series, study 
a8 closely as we wish the variations of r, ,(m) aS nm assumes various 
residues to modulus 16, It is clear, for example, that the numbers 
16m-+ 2 and 16m- 3 are, to put it roughly, less readily expressible 
by 21 biquadrates than any other numbers, and something like 200 times 
less readily expressible than the numbers 16m-+ 10 and 16m -+ 11. 

There is no difficulty in applying the methods of this paper to the 
proof that 
(7.11) G(k)<(k—2)2°' +5 
for any particular value of k, as for example 3, 5, 6 or 7. We find 
thus that 6 (38) “9, 6(5) -- 58, G(6)< 138, and @(7)< 325. The 
first of these inequalities is not new’), and in fact Landau has proved 
that G(3)< 8: but the numbers 53, 133, 325 compare very favourably 
with the 58, 478, 3806 at present known. The proof that (7.11) is true 
generally, however, presents certain algebraical difficulties, of complication 
rather than of principle, and we must postpone it to a later memoir. 
We have not indeed worked out this proof in detail, the analysis which 
we possess carrying us only so far as the less favourable inequality 


G(k)<ko**+1 
ndicated by our earlier researches. 


11) See however the following note of Herr Ostrowski. 
12) The accompanying asymptotic formula is of course new. 
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We conclude with one final remark. It might well be supposed that 
the proof of (7.11) for (say) ὦ - 7 or 13 would be more difficult than 
for k= 4. This is not so; the proof for k =4 is, in essentials, more 
delicate and critical than for any other value of k. The fact is that 
it is only for k= 4 that our inequality expresses something near the 
ultimate truth. It is known that Θ(4) 216, and, the difference be- 
tween 16 and 21 is comparatively small: this corresponds to the facts 
that the critical factor of §6 nearly vanishes in the least favourable case, 
and that there is a term in y, which is sometimes actually greater than 
the leading term 1. When & is larger, our value is much too high, and 
the singular series tends (for such values of 8 as are contemplated in our 
analysis) to be dominated completely by its leading term. 


(Eingegangen im Januar 1920.) 


Some problems of ‘Partitio Numerorum’: 
IV. The singular series in Waring’s Problem 
and the value of the number G (kz). 


By 
G. H. Hardy in Oxford and J. E. Littlewood in Cambridge. 


1. Introduction. 


1.1. In this memoir we continue the investigations initiated in two 
earlier memoirs bearing a similar title, and complete the proof of all the 
assertions which they contain’). We shall assume throughout that the 
reader is acquainted ‘with the notation and terminology of these memoirs. 

The fundamental theorem of Hilbert*) asserts the existence of -the 
numbers g(k) and G(k). In our first memoir we proved that, if 


7 Κι, καὶ 1, g50K41, 


α---- Ἔ" 
then 
(1.11) τι, «(π) = Cnt 8 + O(nsante), 
where S is the ‘singular series’ 
—y 1S 8 
(1. 12) S= Σ᾽ (-E4\"e,(— mp). 


*) G. H. Hardy and J. E. Littlewood, Some problems of ‘Partitio Numervrum’: 
I. A new solution of Waring’s Problem, Gdttinger Nachrichten 1920, S. 383—54; 
II. Proof that every large number is the sum of at most 21 biquadrates, Mathe- 
matische Zeitschrift 9 (1921), S. 14---27. | 

The third memoir of the series (Some problems of ‘Partitio Numerorum’: II. On 
the expression of a number as a sum of primes): will appear shortly in the Acta 
Mathematica. The problems considered in this memoir are of a somewhat different 
character. We refer to these memoirs as P. N. 1, PLN. 2, P.N. 8. 

*) Ὁ. Hilbert, Beweis fiir die Darstellbarkeit der ganzen Zahlen durch einz 
feste Anzahl n-ter Potenzen, Géttinger Nachrichten 1909, S. 17-36: reprinted with 
certain changes in Mathematische Annalen, 67 (1909), S.:281—300. 


1922, 4 (with J. E. Littlewood) Mathematische Zeitschrift, 12, 161-88. 
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The sum of the series is positive, and indeed greater than 5, if s is 
sufficiently large; and sax <sa—1ifs>kK. Thus 


(1. 13) γι, (nm) ~Cnte 1S, 


as n—»oc, for all large enough values of 8, say for s>G,(k). It is 
plain that Hilbert’s theorem follows as a corollary. 

Important simplifications of our method have been effected by 
Landau®) and Weyl‘). These improvements relate to our treatment of 
the ‘major arcs’. In particular Wey! has shown that, if we are concerned 
with an existence theorem only, so that it is not important to obtain 
the best possible upper bound for @(k), the rather difficult analysis 
which we used may be replaced by an argument of a much more elementary 
character. 

We proved nothing in this memoir about the values of G,(k) or, 
G(k), though our analysis suggested very forcibly that 


(1. 14) G(k) <G,(k) <kK +1=8. 


In order to prove this it is necessary to examine the singular series more 


closely, and to prove that 

(1. 15) S>o=o0(k,s)>0 

for s>s8,. This would be sufficient; but in fact, as Herr Ostrowsk 
has shown"), the truth of (1.15) for 8 ==, will involve 


(1. 151) S>o=o(k)>0 


(the value of o being independent of 8) for s>s8,. In our second me- 
moir, however, we effected an improvement in (1.11), showing that 


(1. 16) Ths (n) = Cn#e-18§ + O( nit -Pertzere) 


(a better result if only & > 2). If now we can prove that (1.15), and 
therefore (1. 151), is true for s > (ὦ — 2) Καὶ + 4, we shall have proved that 


(1. 17) G(k) <G,(k)<(k—2)K+5. 


This we proved before when k = 4, in some ways the most interesting 
case. It is the general proof of (1.17) that 1s our primary object now. 


8) E. Landau, Zur Hardy-Littlewoodschen Loésung des Waringschen 
Problems, Goéttinger Nachrichten 1921, 5. 8°—92. 

*) H. Weyl, Bemerkung zur Hardy-Littlewoodschen Lésung des Waring- 
schen Problems, Géttinger Nachrichten 1922. 

5, A. Ostrowski, Bemerkung zur Hardy-Littlewoodschen Liésung des 
Waringschen Problems, Mathematische Zeitschrift, 9 (1921), 5. 28—34. We return 
to this point in § 6. 3. ; 
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Our principal theorem then, will be: 


Theorem1l. Thereisa positive number σ =0(k, 8) such thatS ~ σ 
fors>(k—2)K-+5, so that 


δι, (m)~Cnse-18 


for all such values of s. In particular, r, ,(n) 1s positive for all such 
values of s and all sufficiently large values of n, so that 


G(k)<(k—2)K+5. 


1.2. We have in any event to undertake a detailed examination of 
the singular series; and we shall push our analysis a good deal further 
than is necessary for our immediate purpose. We do so primarily because 
the analysis is interesting in itself. But it must be remembered also 
that the inequality (1.17) is, in all probability, far short of the actual 
truth. It is not unlikely that the order of the error term in (1. 16), 
which is the obstacle to further progress at present, may before long be 
materially reduced. The discussion of the singular series, for values of s 
smaller than those contemplated in Theorem 1, will then become of 
immediate importance, as every improvement in (1.16) will give a 
corresponding improvement in the value of G(k). 

It may be useful if we summarise at this stage the existing state of 


knowledge as regards the values of g(k) and G(k). This is exhibited in 
the following table. 


k= | 2 | 8 | 4 | 5 6 | 7; 8 
g(ky< 4 | 9 | 37 58 . 478 | 3806 | 31353 

i | | 

Γ k | | 
g(k)2 (5) ]+2*-2- 4 9 | 19 | 87 | 73 | 148 279 

; | | | 
G(k)< 4 8 | 8 = ὅδ. 4178 8806 | 31353 
G(k)<(k—2)2*-445= | (5) | (9) | 21 ᾿ 53 133 | 325 773 
G(k)> 4 4 | 14 «ἑωΩ2ώ2 9 | 8 32 


The numbers in the first line are the upper bounds for g(k) which have 
been obtained by elementary arguments, and are due in order to 
Lagrange, Wieferich, Wieferich, Baer, Baer, Wieferich, and 
Kempner respectively*). Those in the third line are the corresponding 


Ὁ) The names are those of the authors who found the actual numbers quoted. 
The proofs of ‘Waring’s Theorem’ for the cases in question are due to Lagrange, 
Maillet, Liouville, Maillet, Fleck, Wieferich, and Hurwitz (and Maillet) 
respectively. For detailed references see A.J. Kempner, Uber das Waringsche 
Problem und einige Verallgemeinerungen. Inaugural-Dissertation, Gottingen 1912, 


and W. 5. Baer, Beitrige zum Waringschen Problem, Inaugural - Dissertation, | 
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upper bounds for G(x), and are identical with the numbers in the first 
except when k= 3. The inequality G(3) <8 is due to Landau’). 

The fourth line contains the upper bounds given by Theorem 1. It 
will be observed that the numbers for k = 2 and k= 8 are inferior to 
those already known, but that there is a very substantial improvement 
for all larger values of k. 

The second and fifth lines contain the best known lower bounds for 
g(k) and G(k) respectively. It was observed by Euler, and later by 
Bretschneider®), that the number 2°] -- 1, where 1 is determined by 


3* — 2*ltm, O<m< 2", 


requires J -}+ 25 — 2 powers; and this observation gives the numbers 
tabulated. The numbers 4, 9, 19 are mentioned by Waring, but there 
is nothing to show that he had recognised the general law’). 


The numbers in the fifth line are more interesting and require further 
explanation. It was proved by Hurwitz?°) and Maillet™) that 


G(k)>k+1 


for every k; and in some cases, e.g. for k= 3, 5 and 7, no more than 
this is known. 

In other cases it is possible to prove a good deal more by the 
consideration of simple congruence relations. The simplest case is k == 4. 
Every biquadrate is congruent to 0 or to 1 to modulus 16, so that a number 
16m-+15 requires at least 15 biquadrates. Thus (as was observed 
by Landau) G(k)>15, and Kempner, considering numbers 164. 31, 


Géttingen 1913. The numbers for k=7 and k=8 could no doubt be substantially 
reduced. 

Proofs of the existence of 9 (1), from which an upper bound for g(k) could be 
calculated, have also been given for k= 10 (I. Schur), k=12 (Kempner) and 
k=14 (Kempner). 

Ἢ E. Landau, Uber eine Anwendung der Primzahitheorie auf das Waringsche 
Problem in der elementaren Zahlentheorie, Mathematische Annalen, 66 (1909), 
S. 102—105. 

8). See Kempner, loc. oit., 5. 44—45. 

ὃ Waring asserts quite explicitly, not merely that g(k) exists, but that 
g(2)=4, 9(3) =9, (4) -- 19, ‘et sic deinceps’. Nothing is known, so far as we are 
aware, inconsistent with the view that the numbers in question are the actual values 
of g(k) for every k. 

10) A. Hurwitz, Uber die Darstellung der ganzen Zahlen als Summen von 
n-ter Potenzen ganzer Zahlen, Mathematische Annalen, 65 (1908), S. 424—427. 

11) ἘΞ, Maillet, Sur la décomposition d’un entier en une somme de puissances 
huitismes d’entiers, Bulletin de la société. mathématique de France, 36 (1908), 
p. 69-77. 
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where β is large, improved this inequality to G@(4) > 16. He also proved 
that G(k) > 4k whenever ἃ is a power of 2, and that G(6)>9. This 
is the origin of the remaining numbers in our table. Again, every ninth 
power is congruent to 0, 1, or —1, to modulus 27, so that a number 
27m+18 requires at least 13 ninth powers: thus G(9) > 13. 

Considerations of this character concerning cubes lead only to the 
Hurwitz-Maillet inequality; and when k=5 or k=7 the resulting 
inequalities are entirely trivial, for any residue to modulus 25 can be 
generated by 3 fifth powers, and any residue to modulus 49 by 4 seventh 
powers. It will be found that these simple facts have a very interesting 
bearing on the structure of our singular series. 


2. The formal theory of the singular series. 


2.1. The singular series is absolutely convergent for sufficiently 
large values of s,'*) and. is then expressible as an infinite product 


(2.11) 6=144,4+4,4...=DA,=%e%e%s --- -- Πχ,: 
where xz is ἃ prime and 
(2. 12) χ, ΞῚ +A, +4,.+-..=D/4,2-") 


The sum yz_ is a finite sum, for A_, is always zero from a certain value 
of 4 onwards"*). 

The question of the absolute convergence of the series and product will 
be discussed more precisely later. Our immediate object is to determine 
the form of the factors 7 . 

2.2. We suppose that g=2’(A>1), and we denote by ν(ξ, 4, ) 
the number of solutions of the congrence 


& 
(2. 21) >. oe (mod 4) 
r=1 
for which 
(2. 211) ῦξα.τὲὶ (r= 1,2, ..., 8). 
We write 
(2. 22) »(q,q,) = M(q, n) = M(q).”) 
Finally, we denote by 
( 2.28) N(g,n) = Ν (4) 
12) PN. 1, 8. 40. 
18) PN. 2, S. 18. 
P. N. 2, S. 22 (f. n. 7). This will also appear incidentally later (8. 374). 
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the number of solutions of (2.21) for which O< a, <g (r<s), and for 
which not every ἃ is divisible by x. Such a solution we may call a pre- 
mtive solution. 

Following Landau, we write ‘y|z’ and ‘y+ 2’ for ‘z is divisible 
by y’ and ‘z is not divisible by y’. We shall find it convenient, moreover, 
to have a special notation to express ‘y’|z, ψΓ 1} 12’, t.e. ‘y’ is the 
highest power of y that divides z’: In these circumstances we shall 
write “ψη] χ᾽. 

This being so, the value of y, 18 given, in terms of the numbers N, 
by the following theorem. 


Theorem 2. Suppose that 
(2.24) k>2, x2®|[k (020), (a*)*|[n (ΔΨ 0),1.9 
and let 
(2.25) p=04+1 (a> 2), φ-εθ- 2 (n=2). 
Then 
(2.26) κχ.-- Βπράτ-ο N (27,0) + πϑάτοτσατο N (2°, | | 
where 
(2.2611) B=0 (8 = 0), 
(2.2612) B= 1 + ak-8 πϑίῦτὸ 4 πιβ-λ-ὸ) (B > 0). 
The proof of this theorem rests on a series of lemmas. 
2.3. Lemma 1. If 
nmoik (020), g=a', A>O4+1 (a>), A>O04+2 (a =2), 


(2.31) e= E+ an 9-1, 

then 

(2.32) gk = eh Sag ht aio (mod q). 
We have 


k 
ot = Σ᾿ (Ὁ) argh ἀπά τοτῃ 
=0 


The terms r= 0,1 are those which occur in (2.32). 


Suppose then r>2. The index of the highest power of x that, 


divides r! is 
r T 


ΤΊ ἘΞ του «Ξε: 


16) (πε)δ} πὶ means, of course, 2°*)n, 2 Pt +n. Its meaning is different from 
that of x * in, which would mean PE ny, πήξει st a 
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Hence the r-th term is divisible by 2°, where 


c> t=: 
τ 


To49(4—0~-1)=44+ 2 ἔν + (r— 1)(4- 9 -- 3) -- ἢ. 


IK πΡ»2,.--ἀδβι τ --ῶ Σ -- Ἰ. 
¢e—A>r—-1—2>-—1. 


If 7 = 2, 4>0+4 3, and so 
In either case c—A>—1, or ο--λςρῦ. 


μ 

2.4. Lemma 2: Dy Ai (m) = πκατὸ M (aH, 0) 
A=0 

Writing, as usual, g --- πὶ, we have 


= q 
q-1 
=D) Σ᾽ e(plai+apt+... +at—m)=gtd ¢,(X), 
Pp %1,2%p,..., %,=0 %1,%q,..., 2, 
where X == 2+ a2F+ ...+a2*—n and c,(X) is Ramanujan’s sum’”’) 
c,(X)= Die. (pX). 
lev ° 

g=7, ¢,{(X)= 

and 


—1 (a+ X), 6,(X)=a—1 (a'X), 
(2.41) 4.--π Σ (- 1) + >) 2) =a-*(— a8 π M(a)) -- 21 M(x) — I. 


x σι χα 
If 4 > 1, 
cgi(X)= 0 (wt FX), ὁ μ(Χ)- τ- a! (|X), 
¢.4(X)=ai-'(a— 1) (π᾿ X), 


A,,=a-( SY (— at) 4 Ya!) 


qh-l (xX 


a4|X 
- πλ-λε M (x*) :-Ξ: | y (π΄, a. n). 
If now 
t= ξὶ ae α, π᾿τὶ (0 - ξ, « π΄, 0 = a. < π) 
we have 
ΣΈ ΣΕ (mod 27-1), 
and so 
ν(πὶ, né-1, n) = δ᾽ γ(πότι, n*-1, 9) = π' M(n*-*), 
@1,Qg,--., Ay 
(2.42) 


4 = 730-9 M (a*) — πάτυσ-ὸ M (x*-1), 


1”) See 5. Ramanujan, On certain trigonometrical sums and their applications 
in the theory of numbers, Transactions of the Cambridge Philosophical Society, 22 
(1918), pp. 259-276; G. H. Hardy, Note on Ramanujan’s function c,(n), Proceedings 
of the Cambridge Philosophical Society, 20 (1921), pp. 2683-271; and Ρ. Ν. 3. 
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The lemma follows from (2.41) and (2.42). As corollaries we have 

Lemma 3: y,> 0. 

Lemma 4: If n is representable in any manner as a sum of 8 
( positive, negative, or zero) k-th powers, then x > 0. 

‘Lemma 8 is an immediate consequence of Lemma 2. To prove 
Lemma 4 we have only to observe that A_,=0 from a certain value 
of 2 onwards '*), and that, under the hypothesis of the lemma, M (π᾿). 0 
for every 4. 

2.5. Lemma 5. If 7®°|k (80> 0), then 


(2.51) N (ak, m) = ae-6-) N (π᾿, ἢ), 
where ῳ 18 defined as in Theorem 2, 1 >, and m is arbitrary. 
We may suppose uw >, and write 


(2.52) w= Ean -8-l (OSE cat-Ol, Oa < ae), 
Let k= 2°%k,. Then (k,,2)=1. Also 
(2.53) αὖτε ἐξ kya, eb aw (mod x"), 
by Lemma 1. If now 
(2.54) m=m, - τι, πη (O<m, <-a"-'), 
the congruence 
(2.55) ἘΞ γι (mod 2", 0 « a2. «-- π’), 
s equivalent to the pair of congruences 
(2.551) δ =m, =m (moda"-', 0 - ἃ, < at O-1), 
and 

yE*_—m 
(2.552) D>, kee, ἐξ = ie es - (mod π, 0 <a, <29t!), 


In what follows we take into consideration only primitive solutions 
of (2.55) and (2.551). In such a solution of (2.551) some é, say é,, is 
not divisible by x. This being so, the values of «,,0,,... in (2.552) 
may be assigned arbitrarily, and then, since (k,é; ., πὴ) = 1, the value 
of «, will be determined uniquely to modulus x. There will therefore 
be πθ possible values of a, less than 2®+!, and 79 (79+1)s-1 — πίθἘ1)»-ἰ 
sets of «’s associated with every solution of (2.551). That is to say 
we have: 


(2.56) N (π", "") == πίθευετι WV, 


18) See S. 369, footnote 12). 
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where N(x",m) is the number of primitive solutions of (2.55) and N, 
the number of primitive solutions of (2.551). 
Again, N(2"—',m) is the number of primitive solutions of 
(2.57) D> tt=m (mod π’-', 0<a, -- π’- 1). 
If here we write | 
= & ++ ἐς; ε 85} (0 < δ᾽ κ΄ ret O—1, 0 < «, « m9), 
and use Lemma 1 and the hypothesis u > y, we obtain 


al τὰ (mod π’--1). 
Hence 


(2.58) N (a"-!,m) = ΔΝ, = 29 N,. 


ys Bae. oy ll 


From (2.56) and (2.58) we deduce 
(2.59) N (a",m) = 28! N(ax"-!,m) (κι φ). 


ἃ 


and the lemma follows immediately. 


Proof of Theorem 2. 
2.61. Let » be the integer such that 2#*+*|n,. so that 0 « ν < k; let 
(2.611) hy = Max(Bk-+-v+1,pk+q); 
and suppose that ἃ > 4,. 
We divide the solutions (primitive or imprimitive) of 
(2.612) — Sat=n  —— (moda’, 0< a, « πὶ), 


into classes as follows. In the first class we put the primitive solutions, 
N(z4,n) in number; in the second class the solutions in which every x 
is divisible by x but not every x by z?; in the third those in which 
every x 15 divisible by 2? but not every x by πῆ; and so on. 

The second class of solutions is correlated with the class of primitive 
solutions of 


(2.613) Syt= = (modai-#, 0< y, <a*'). 


If we write 
y,= δ, - α, πλτὲ (OSE <at*, 0Sa,< ant’), 


> yt= De (mod z4-*), 
and the number of primitive solutions of (2.613) is plainly πὸ" times 
the number of similar solutions of 


DS de (moda’-*, 0 « αὶ <a‘-*), 


γ π 


then 
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or 15 


nt-De N (πι-" n ie 
» ak 


Similarly the number of solutions of the («-+-1)-th class, where 
“SB, is 
(2.615) mak-De N (qinak, 5.) 
There are no solutions of any higher class, since (8 +1)k > 6k-+-»-+! 


and mfktvyt+it ῃ, Hence, if 4>fk-+-»-+-1, and so certainly if 4 > A). 
we have 


B 
(2.616) M(x',n) = δ᾽ πεάτονν (πιται δὴ 
a=0 


2.62. Again, if 4—«k >>, and so certainly if ἃ >4, ande<f, 
we have, by Lemma 5, 


n n 
(2. 621) N (π'τ-αα ΟΞ, Sa 4 ek=) «τῷ Ν (xe, =.) : 
Making this substitution in (2.616), and multiplying by πὴ δ, we 
obtain 
β 
(2. 622) pea (i—s) M (π᾿, n) -- δήπλατο ak—18. gh ak—9) (*-1)N (2°, _*.) 


a=0 


β 
n 
as δ Yo (k—8) +p (1-8) N (x ?, ἘῈ) ᾿ 
a=0 7 


Ifa<f and p<k, —, is divisible by 2%, and we may re- 
place it in N by 0. If π"» ὃ, p=041<2°<n9<k. If n=2, 
y=0+2<2<k unless 0=0 or O=1, in which cases ῳ - 3<k. 
Hence we may replace every N in (2.622), except that for which 
« = B, by 0. 

It follows that the right hand side of (2.622), is equal, when 4 > ἀρ" 
to the value for 7 given in Theorem 2. It is also independent of 4, 
and therefore, by Lemma 2, equal to 


(2. 623) lim πὶ -- M (π᾿, n) = 7.. 
λ-» ὦ 


This completes the proof of the theorem. We may observe that we 
have shown incidentally that 


(2. 624) A,i=0 (A >A). 
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3. Some properties of the sums S,,,. 


3.1. In this section we establish certain properties of the Gaussian 
sums 


q—1 
: i 
(3.11) 8... Sp.0.0= 2, eal Pp} 
j= 


which will be useful for the further study of the singular series’”). We 
have not attempted to make the theory complete, though we have deve- 
loped it a little further than is absolutely necessary. 
We denote by 
χ = χ, = 4M) (lox <h=(q)) 
the A Dirichlet’s ,characters‘ to modulus g.”°) , is the principal character, 


and 7, is the character conjugate to 7. We shall be concerned only with 
the case g = πὶ, where 2 > 2 and A> 1. 


It will be convenient to write 


q-1 
(3. 12) Spq= δ, tr (9) €, (7D) = 6. (7p). 
j=0 (7), 4)ΞΞῚ 
It is plain that, if 4< k, 
(3. 13) Sp, q= erp Ἐδὼ Sia+ π᾿ * 
lf 


3.2. Lemma 6. If (l,q)=1 then 
2 ἅ,{(Π) x,(m) = 0 


unless m= 1 (modq), ἐπ which case the sum is ἢ. 
The result is obvious if (m,q)>1. If (m,q)=-1, we determine m 
from the congruence mm’=1 (modq). We have then 


χ, (ἢ) χ, (Ὁ) = χ (0) χ, (σ΄) = Z(t’), 
Σ᾽ i,(im') = 0 


unless lm’ =1 or m =:l, in which case the sum is h. 


and 


1 What we do is, in effect, to develop from our own point of view certain 
portions of the theory of the division of the circle ( Kreisteilung). It is not unlikely 
that the substance of our analysis is to be found elsewhere; but it is not altogether 
easy to extract, from the classical accounts of the theory, the particular parts which 
we require. 

*0) A systematic account of the theory will be found in Landau’s Handbuch, 1 
(Zweites Buch). 
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We write 
(2. 21) ὃ = (ἃ, 8) =(9(q), b) = (x*-1(x — 1), 1). 

3.3. Lemma 7. There are just ὃ characters x which possess 
the property 


(3. 31) χὲ = Ia: 
These characters are given by 

z\. 
(3. 32) 7,(1) = e (8), 


where ἡ = 0,1, 2,:..,0 —1 and z 18 the index of I. 
We have generally 

2 oe puree ‘yz 

(3. 33) χ, (ἢ) = ε(53), 


where y is the index which specifies κ. 3) The necessary and sufficient 
condition for (8.31) is that kyz=0 (modh) for every z, or that 


(3. 34) ky =0 (mod h). 
From (3.34) we deduce | | 
(3. 35) “Y = 0 (mod 5), 
which has the single solution y = 0 to modulus μι Thus (8. 35) has the ὁ 
solutions 

ya (oe = Ocl iy 1) 


to modulus ἢ. These are all solutions of (3.34), and are plainly the 
only solutions. 


We shall call the characters χ' --- y_, which satisfy (3.31) the special 
characters. It is clear that 7, 1s a special character. 


Lemma 8. We have 
(3. 80) iD =0 (642), SH) -- ὃ (4 ] 2). 


For 
5-1 


a1, (h) = = ἋΣ ε(-- $F). 


o=0 


Lemma 9. Suppose that q= π᾿ (4 > 1), and that k π-- 1, 80 
that ὃ --- k.: Then 


(8. 37) De, (lp) = 
ἐ 


1) Landau, 5. 401—402. 
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if (p,q) =1 and the summation is extended over those residues 1 of q 
for which 6 | z. 


We denote by 
G=g+ma 


the primitive root (modq) to which the indices refer, g being a primitive 
root (mod z).**) 

Suppose first that -- ᾧ ---π -- 1. Then the indices of the J’s in 
question are 


0, π--1, 2(5π--1), ..., (a*-'—1)(a—1). 


Suppose that z, and z, are any two of these π΄ indices, z,> 2z,, 
and /, and J, the corresponding values of 7. Then 


l, — 1, = σι (6 "ἃ —1) = Qu(q*? — 1) (mod x), 
where u is an integer, and 
Ge L=g"°—-1=0 (mod z). 


Hence |, — ἰ, = 0 (modz). On the other hand, I, and J, are incon- 
gruent to modulus q, since ud = z, — 2, - 2*-1(a —1) and G@ is a pri- 
mitive root for g. It follows that the /’s in question are the numbers 
of the arithmetical progression 


1, xa+1, Qa+1, ..., (πλ-"--1)π-ΕῚ, 


2) &(— Ip) = e,(— Ὁ) >, e(— wei) = 0. 


so that 


r=0 


The lemma is therefore proved when 6=2-—1. The extension to 
the general case is immediate. The indices of the J’s in question are 


now 
0, ὃ, 26,..., m—1,..., a4-1(n —1) — ὃ 


and form re arithmetical progressions of the type 


A, At+a—l,..., A+(a*-1—1)(2 -- 1), 


where A is one of 0, ὃ, 26,..., x -1— 06. The 1’s corresponding to 
the indices contained in any one of these progressions form an arithmetical 
pregression of difference 2, and the sum of the lemma splits up into 


— sums which vanish individually. 


#) Landau, Handbuch, S. 394. 
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3.4. Lemma 10. We have 
q-1 
(3. 41) Spa = De, (Lp) > %,.()); 
: τξ0 »! 


the summation with respect to x’ extending over all special characters. 


We may plainly restrict 7 to values prime to q. If (J,¢)~1, 
(m,q)=1, we have, by Lemma 6, 
huss 7 
Dies (LP) S/H, (1) 4, (m) = Σ᾽ Σ᾽ +S) Δ᾽ = he, (mp). 
l x ἔτει 2x l==m * 


Hence, if 7 runs through values less than and prime to q, 
, ε 1 a: : 
Spa= De (7p) => D>) Dd) De, (tp) 7, (0) 2, Ὁ) 
j j ἐ Pa 
1 ene ve 
= 5 De (lp) δ᾽ (x, (7) 
ὶ * j 


The sum with respect to 7 is zero unless χ is special, when it is ἢ: 
whence the lemma. 


Lemma 11. 7, g=a’(1<i<k) and 6=(h,k), then 
(3. 42) Spa b= 5, ἀδι 
This is an immediate consequence of Lemma 10. For the right hand 


side of (3.41) involves & only in so far as the special characters are fixed 
by k, and is therefore unaltered when & is replaced by ὁ. 


Lemma 12. If g=a' (1<A<k) and atk, then 


(3. 43) δ, 4,» -- 8) 
It is plain from (3.13) that what we have to prove is 
(3. 44) Sp, 4.2 =0, 
or, by Lemma 11, 
(3. 45) S5,q0= 0. 


By Lemmas 10 and 8, we have 
Sp.0,0 =D) eq EP) d/h (1) = 9 De, (Ip), 
l x! l 


where the last summation is restricted to values of J whose indices are 
multiples of ὃ; and this sum is zero, by Lemma 9 *). 


38) This has been proved already, in a different manner, in P.N.2, S.19—21; 
but it is interesting to see how the result arises from our present point of view. 
4) Since 6|a—1 when z+ k. 
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3.5. Lemma 13. If 4=1, g=a, and 6~=1, then 


(8.51) δ... 4.5 53 

But τ 6 >1 then 

(3. 52) Soo g.b = Dy το, χ, (P)» 

where = 

(3. 58) t= Σ e,(t)7, (0); 
l 


and the summation with respect to x’ extends over the special characters 7’, 
exclusive of the principal character y,. Also 


(3. 54) IS, ¢.x} 3 (ὃ —-1)V¢@- 
We may regard (3.52) as including (3.51), since its right hand side 


disappears when ὃ -- 1. 
We have, by (3.13) and (8. 41), 


Sp.qk = Lee Sak =] + dre, (ip) Z, (4) + Die, (Lp) δ'χ, (ἢ 
l l x! 


where the principal character is now excluded from the summation with 
respect to x’, and 7 runs from 0 to g—1. The sum of the first two 
terms is 


1+¢,(p)=1+"(q)=0. 


Di te (P) Dea tP)Y (lp) 


Since 7p runs through the residues of g when / does so, the inner sum 
is t;,, whence the result of the lemma. 

Finally, to prove (3.54), we have only to observe that, q being 
prime, %, is primitive (eigentlich)*), and 


It, |= Vg. 


The third term is 


4. The behaviour of ¥ for large values of =. 


4.1. In this section we are concerned with large values of a, and 
may suppose x >k, so that θ-- 0, g=1. The O’s which occur refer 
to the passage of x to infinity; the constants which they imply depend 
upon & and 8, but: not upon n. 

We suppose that k> 8. 


Lemma 14. We have 
ee) Ama" Σ Ὁ ΠΡ) Su he ὯΝ 


25) Leaded: Handbuch, ὃ. "179. 
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where the summation with respect to x’ extends over all special characters 
other than the principal character. 


This follows at once from (3. 52). 
Lemma 15. If s>1, B=0, then 


(4.12) 4, =1+0(a*-?*). 
We suppose first that π- π᾿, so that ν -- 0. Then 


Here we replace A, by the right hand side of (4.11). Any product of 
χ᾽ 8.18 a χ and so, when we expand by the multinomial theorem and invert 
the order of summation, we obtain 


A,=a7* δ T DS) x(p)ea(— np), 
Dp 


where Τ' is a product of s τ᾽ 8, χ a product of 8 y’s, and the number of 
terms in ὩΣ, is O(1). The inner sum is O(Vx) for every x and all 
values of m in question 35), and so 

A, = Ο(π-". (Va)*- Vx) = Ο(πὲτ 5), 
which proves the lemma when a+. | 


Next suppose πίη, so that 0<»<k. In this case 4,=»-+ 1 and 
rvy+1 


(4.14) χ, ΞΕ 1 - 4,-} δ΄ Ani. 
2 
Now S,,,4=a'-! for 2SA4<7+1<k, by Lemma 12; and so 
A,i= n-* δ᾽ 6.1(-- Np) --Ξ- π᾿" C,i(n), 
Ῥ 


4." - πὶτοτι(π --1) (2 Ξλ:-», Α441|:-:-- πῖττι (Aart), 


r+ 


>) A,i==—a'-8, 
9 


χ, = 1+ (πὲ 9) — at-# = 14+ Ο(πὲτἐ"). 


This completes the proof of Lemma 15. 
If n is fixed, π- from a certain value of 2 onwards. Hence we 
obtain 


Theorem 3. The singular series S = 2A,, and the product 
P=TIIy _, are absolutely convergent for s>4, and S =P. 


Thus 


*°) It is —1 if χ is the principal character, and the product of ἃ y and ar if χ 
is non-principal (and so primitive: Landau, Handbuch, 8. 480). 
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4.2. Lemma 16. If 81 then 
(4.21) 14+O0(nt-#) <y <(14+a'%'4+.. απ δε ἀναγ ἑὴν 
This is proved already if 8 -- 0, and we may suppose 8>0. From 
Theorem 2 we have, on the one hand 
(4. 22) x,(m) ἐξ π᾿ Ν (2,0), 
and on the other 
(4.38) χη) Ξ( -Ε πεέτέιξννν τε πϑοηάτο) πλτν (π, 0) 
+4 πβα-τ-οτιπεν (π,η, 


where n’ = are Since neither 2 nor n’ is divisible by πὲ, we have 


m'-*N(2,0)=2'-*N (x, 2) = χ (πὶ), mi-*N(x,n') = χ (πη), 
and each of these is, by Lemma 15, of the form 1+ O(2?-?*). Thus 


(4.21) follows from (4.22) and (4. 23). 
As a corollary we have 


Lemma 17. If s>k+2 then x --1.-|- 0(π-ἢ). 


5. The numbers y_, "'(k). 


5.1. Given k and 2, and any positive integer m, there are two 
possibilities. Either (i) there is a number 


(5.11) ha =h(k,s8,x)>0 
such that 
(5.12) χ ahs 


for s>m and all values of n, or (ii) there is no such number. We 
define 


ye = yy (k, 7 ) 
as the least value of m for which (i) is true, and ΓΚ) by 
(5.13) I'(k) = Max y_. 


Further, we define 
γ' ἘΞΞ- y'(k, 7) ᾿ 
as the least value of m such that 
(5. 14) x, > 0 
for s > m and all values of ἢ. 
It is evident that y’< y_, 


Lemma 18. If x >0 for all sufficiently large values of n, then 
x,> 9 for all values of n. 
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In proving this Lemma we leave out of account for the moment the 
special case k= 4, π--- 2. That the result is still true in this case will 
appear incidentally later. 

It is easy to see that, apart from the exceptional case, p< k. Thus 
ifan>2,9=04+1<2° <a <k. | 

If π-- ὃ, 0>38, then p=04+2<2°<k. 

If π-- 2, 0=0, k is odd and p=2<3<k. 

If w= 2, θ-- 1, then k is oddly even and p=38<6<k. 

If x—2, θ--2, then p=4<6<k, unless k= 4. 

Thus gy < k in every case except that in which k= 4, 1= 2, when 
p=k. 

Now let 


n= πὸ mM+ nN’ (O<n’ -- πη). 
If π΄ +0 then β = 0 (since » <k) and so, by Theorem 2, 
χα) = 27I-9N (πὶ, n) = πρατὸ N (a®, n') = 4,(n’). 
But y,.(n)>0 for large values of m, and therefore y,(n’)>0. It 
follows that 7, > 0 for all values of n that are not divisible by 27. 
Again, if (m, 2)=1, we have, by Theorem 2, 
χα(πῈ ην)} = 1? 9-9) N(x”, 0), 
since @ <k. The left hand side is positive if m is large, and. so 
N(x?,0)>0. Hence, whatever be the value of m (prime to z). 
An (a? m) > πτατ ὸ Ν (πτ, 0) > 0. 
It follows that 7, > 0 also when n’ = 0, which proves the lemma. 
5.2. Lemma 19. The necessary and sufficient condition that 


(5.21) N(at,n)> 0, 
jor every n, 18 that s>=>y,. Further, 

(5. 22) Yn = Ya 
except when k= 4, n= 2, in which case 

(5. 23) ¥,=16, y,—=15. 


Leaving aside the exceptional case, so that p< k, let s>y/. Then 
Y%n(a?)>O0. But B=0 when n=xzyY (since ῳ <k), and so 
An (2?) = 209-9 Ν (περὶ, π9) = πρατὸ N (29, 0). 
Hence 
N(x”, 0)>0. 
If on the other hand n ΞΕ 0 (mod 2”), then B= 0 (since py < hk). 


Hence 
χα = 27-9 N (x, n) 
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and 
N(x”, n)> 0. 


Thus s > γέ is a sufficient condition that (5.21) should hold for every n. 

Next, suppose that (5.21) holds for s = 89). and every n. Then it 
holds, a fortiori, for 8 8, and every ἢ, and the N’s that occur in 
Theorem 2 are both positive. Hence 


An 2 nea” (823,) 


8, = Va = Vac: 
It follows, first that s > yz is both necessary and sufficient for (5.21), 
and secondly that 8 > y;, involves s> y,, ὃ. 6. that yi, = γι. 
If k= 4, π-- 2, then 2*=—16. Now 2‘ is congruent to 0 or to 1 
to modulus 16, according as z is even or odd. It follows that N (16, n) > 0 
for s >16 and every n; that 
N(16,n)>0 (16 π}, N(16,0)=0 
when s == 15; and that N (16, 15) = Ν (16, 0) =0 whens < 15. Finally 
it follows, from Theorem 2, that | 
χα > hy (8216), χε 9 (8=15), 
xo (16%, 15) = δ τ δ απ (16,15) = 27 Ft (4 -- 15), 3} 


and so 


and 
v. (16°. 15) = 0 (5 « 15). 


Since 2. ΠΡ 0), Ὁ when β- "οὐ, these results embody (5. 28). Incidentally 
we see that Lemma 18 is still true in the exceptional case. 

5.3. Theorem 4: G(k) >TI(k). 

Leaving aside for the moment the exceptional case k= 4, a= 2, 
suppose that s>G(k). Then any sufficiently large n is the sum of 
s k-th powers, so that y, > 0 for every a and all sufficiently large 
values of ἡ. Hence, by Lemma 18, χα > 0 for every a and every n, so 
that s>y,. It follows that G(k)=>y. for every a, which proves the 
theorem, apart from the exceptional case. In this case y,=-16, and the 
result is still true, since G(4)> 16 5). 


27) N(16,15)=8"” when s=15, since each x may have any one of the values 
LBs Dy se 25> Low 

5) The lower bound I’ for G is associated with the vanishing of the singular 
series S for s<I'—1, except when k=4. When k=4, [= 16, and the series is 
positive for s=15, but assumes arbitrarily small values for suitable values of ἢ. 

It should be observed that our proof (see § 5.5 below) that 


G (a9 (x -1))2>y_ =a” (2 >2) 
(Fortsetzung der FuBnote 28 auf nichster Seite ) 
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5.4. Lemma 20. Suppose that 2%|k, and that ¢ ts defined as 
in Theorem 2. Further, suppose that 


(5.41) k=n%ek,, 

where | 

(5.42) e=(2-9k, a —1), 

and 

(5. 43) ἃ --Ξ::; 

so that εἰ 1 —1 and (k,,d)=1. Then 

(5.44) Y <ce=c,=c(k, πὶ ae ar +1. 


We write 92’. We must distinguish the cases x > 2 and w=: 2. 
(i) If m>2, p=0+1. We suppose that G is a primitive root 
(mod 9). We divide the residues to modulus 9 into classes as follows. 
Consider first the residues n, prime too. If vis the index of n,, we have 


n=@’=aanrre (mod og), 
where 
r gual ἘΣ 
P(g) Φία) _ 2 (x 1) gi -te, 21) 


Το ἃ d ὦ 


m= has one or other of the d values 0,1,...,d—-1, and e one or other 
of the y, values 0,1,...,w)—1. The d values of n, with a common 
e we class together and call the numbers 


ue | (20 42.9 vy iG 


the class of numbers αὐ with a fixed e we call ΟἿ. 7 
Next, consider the residues ἡ; for which 2*|n;, where 0 <i< φ. 
We have 
n,=1'N,, 
where the N,’s are the ®(x”~*) numbers less than and prime to 2‘~*. 
As G is also a primitive root to modulus 17-*, we can write 


N,= Grit (mod 27~*), 
n,=n'N,=aiquere (mod 2”), 


is essentially the same as Kempner’s proof (see pp. 45—46 of his Inaugural-Disser- 
tation) that . 
G2?) sata 207*, 
His proof too fails when & = 4, and he has to appeal to the structure of the particular 
number 31. 
2°) We write (0) for Euler’s function usually denoted by 7 (9), a8 φ is used 
here in a different sense. 
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where 
gat y-i-1 
oe t—l¢, 
m, has again one or other of the values 091,...,d—1, and e one or 


other of the values 0,1,...,y,;—1. The ψ new classes obtained in 
this manner we denote by: 7 
Ce 4 τς ἃ. 
and a typical member of Οἱ by αἱ. 
Finally, the single number 0 is the sole member αὐ of a class Cf. 
The ‘otal number of classes into which the residues are divided is 


Wot Wyte. +t Yp- 


We may denote the whole system of classes, in the order in which 
they have been defined, by C,, C,,...,C,,...,C,, and a typical member 
of CU by «.. | 

The class οὐ consists of the residues of k-th powers of numbers 
az prime to a. For 


= Ο. 


ce? 


x—1) 


k=n%ek, = k, =) =k, yo. 


Also x ~. G’ for some ¢ (since (%, 2) = 1), and 
sk = Gittovo __ qm ἐμὲ 
so that αὖ is an «,. Moreover we can choose ¢ so that tk, has an arbi- 
trary residue m, to modulus d, since (k,, d) =1, so that every «, is an χ᾽. 
Finally, to complete the properties of the classes which are imme- 


diately relevant, (1) 1 belongs to C,, (2) a a,, where a, and «, are any 
members of Οὐ and C, respectively, belongs to C,, and (3) «,«,, where 


«, is a given member of C,, can be identified with any member of C, 


by choice of a. 
Of these prorerties (1) is obvious. To-prove (2) we observe that, if 


eae -.-. fYyMo y' —— a 1 my te 
c =n =G4 ον «, ΞΞ ἢ, ΞΞ πῖα ad ᾽ 


then 
τοι t μη, Yutm, yt é 
Cy, = πα 
IS an @,, since y;|y,. Finally 


My Yn + M, Ψ, = (atm, + M,) Y;, 
and we can choose m, so that 2‘m,-+m, shall have an arbitrary residue 
(mod d), since (π, 4) ΞΞ 1; hence «,«, can be identified with any member of C,. 
5.5. To prove Lemma 20 it is enough, by Lemma 19, to show that 


(5. 51) —  N(a?,n) > 0 
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for s=>c and every n. And the necessary and sufficient condition for 
(5.51) is that every nm should be congruent (mod 1”) to the sum of at 
most ὁ numbers ἄρ. If any «, is the sum of not more than c a,’s, then 
so, by (2) and (3) of the Mast paragraph, is every «,. In these circum- 
statces we shall say that C. is representable, and what we have to prove 
is that this is so for all the c values of r. 


Suppose that 1 «ο΄ <c. Then there are at least c’ different classes 
representable by not more than c’ «,’s8. For, in the first place, this is 
true when c’=1. Suppose that it is true for c’ = ὦ «ὁ but false for 
c’=-@-+1, and let C be a typical class representable by ὃ «,’s, and C, 
aC. Then «, belongs to a C, and therefore, since no new classes become 


‘representable when @ is changed to €+1, α, - 1 belongs to a Cc. 


Similarly «, - 1+ 1—=«,-+ 2 belongs to a C, and, repeating the argument, 
every residue (mod g) belongs to a C, which is a contradiction. 


Taking ο΄ = c we see that ὁ distinct classes, and therefore all residues 
(mod 0), are representable by ὁ «,’s, which proves the lemma, when z > 2. 

(ii) There remains the case x = 2, in which mp --θ- ὦ, e=d=1, 
c=2?%= 9. In this case there is nothing to prove, for any residue 
(mod @) is representable by at most @ 1’s. 


A particularly interesting case is that in which d=1, e=a—1. 


In this case 
k=n°(x—1)k, 


where k, is prime to a. Here 
γ, <nv = πθτὶ (x > 2), y < or soe (x = 2). 
lfa>2, y, =a. For 
ak a gt O81) by = 1 _ (mod 2°), 


so that 1 is the only «&. Hence N(2”,0)=0 if s<a‘%, and y 227, 
by Lemma 19. In particular | 


y =a=k+1 
if k=a—1. Thus y=—5 if k=4, y,=7 1 k=6. 
If 7= 2, k=2°k,. Suppose first that 9>0. Then 
29 =] (mod 2°**), 


and so «* =1 (mod 2%). Except when k = 4 our argument above applies, 
and we obtain 
yy = 2" --ῶῦτ᾽' (8 > 0). 


The result still holds when & = 4, since then y, = 16 = 2*. 
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The argument fails if 6 0 (so that & is odd). Here -- 23 --- 4; 
— lisa k-ic residue (mod 4); and 0, 1, 2, 3 are all representable by 
at most two of the numbers +1. Thus 


Ye = 2 = 2°") (0 = 0). 

5. 6. In general it is possible to go a little further than in Lemma 20. 

Lemma 21. Suppose that d,\d, where d,>1. Then 
(5. 61) y, 3 Max(d,,c — 1). 

Since d,| 2 — 1, (5. 61) gives in particular 

γι Ξ Max(z — 1,¢—1) 
in all cases and, 

γ, < Max(k —1,¢— 1) 
if O> 0. 

To prove Lemma 21, suppose that 1<c’<c, and let »(c’) be the 
number of classes, other than the class C, (containing the residue 0 only), 
that are representable by not more than c’ a,’s. Then 
(5. 62) y(ce’+1)> Min(»(c’) +1, ¢— 1). 

For, if (5. 62) is false »(c’-+1)=y(c')<c—1. Let C be a 
typical class of the »(c’) classes, and C, aC. Then, if «, belongs to C., 
«,-++1 must belong to a C or to C,, since no new classes, other than 
perhaps ΟἹ, are representable by ο΄ - 1 «,’s. If «+1220, «4,42 
belongs to C,, and therefore to a C. If a,-+ 1 belongs to a C, a, + 2 
must belong to a (Οὐ or to C,. Repeating the argument, we see that 
every residue, other than 0, belongs to a C, which is a contradiction. 

From (5. 62) it follows that 

νγίο -- ΤΣ 6 --Ἰ, 


so that all residues, 0 perhaps excepted, are representable by at most 
¢-—1 a,’s. It remains to consider the residue 0. Let d = yd, and 


αὐ ΞΞ 63" (mod ρ). 
Then a ==1, since 7y, « φ(ο) and Οἱ is a primitive root (mod 9), 
(α6)4. = G*” — GP) =] (mod 0), 
ye - y-l  1—(af)% 
L+H + (a3) +... + (αὐ). = "FEE" 0 (mod g), 


and 0 is representable by ὦ, «,’s, which completes the proof of the 
lemma. 
Suppose in particular that d, — ὦ -- 2, so that 2 >2 and 


1 
= πθ(π-- 1) ky. 
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In this case the a,’s are the two numbers + 1, and 


yy (27 — 1). 
But 
6--1 τα ἢ (xt 1) =5(27—-1), 
so that 
=z(a"—1) =e—l. 


Thus in this case also we can determine y_ exactly. 

5.7. It is convenient to sum up our results concerning the cases 
d= 1 and d = 2 in a separate lemma. 

Lemma 22. If k=2®(xa—1)k,, where n>2 and k, is prime 
to a, then 


(5. 71) y= nett, 
If k=2°k,, where 0>0 and k, is odd, then 
(5. 72) γς == 2°"? 


If k ts odd, then y, = 2. 

Ipk= 5 19 (x —1)k,, where x >2 and k, is prime to π, then 
(5. 73) y τα (m9! — 1). 

5.8. We know that G(k)>I'(k)=Maxy_. Thus, when & is 
given, every value of y_ gives a lower bound for G(k). These, when 
less than & - 2, add nothing to our knowledge of G(k), since G(k) is 


always greater than k. There is therefore a special interest in determining 
as systematically as possible all cases in which 


y,>k-+1. 
Lemma 23. We have} 
(5. 81) y,<k+1 
unless (a) k==2° (0>0), 2==2, when y= 2° = 4k, 
(B) k=2°3 (0>0), 1=2, when y,= 2°? = 2k, 
or (y) k=n%e (0>0), where n> 2 and eln—1. 
In cases («) and (B) (5. 81) 18 false; in case (y) tt may be true or false. 
We write k= 2%ek,, as in Lemma 20. If 0=0, 17> 2, then 
| y,mce=e+1Sk+1, 


by Lemma 20. If 0=0, x= 2, then y, =2 by Lemma 22. Thus we 
need only consider cases in which § > 0. 
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Suppose first π 2. If k,> 1, we have 


0:1 _@+1_ 99 | ' 
Y, Seat σ᾽, 41 <2 το set 1Sn%ek, ΕἸ τ k-+ 1. 


Thus (5. 81) is true unless k, = 1, k= πθ8, which is case (7). 
Next suppose 7=2, k=2°K,. If k, 8, we have 


yy = 2 at ch. 
0 


Thus (5. 81) is true unless ἄρ = 1 or 3, cases («) and (pf). 

The case in which & = 6 is interesting as falling under both (f) and (¥). 
Ππ--8, ὦ - 8.2 --- πίπ -- 1), ε-- π-- Ἱ, ἃ ---1, δπᾶ γ, -- 8 --, And 
Vy = 2° = 8. 

In case (y), (5.81) may be true or false. Thus it is true when 
k=3, a=3, for then y,=4. But it is false when k=6, a=3. 

5. 9. We must now collect our results and state them as theorems 
concerning 7 1). We shall say that k& is exceptional if it has one of 
the forms in (a), (8), or (y) of Lemma 23. 

Theorem 5. If k ts not exceptional, then 

V(k)<k-+-1. 

This is an immediate corollary of Lemma 23. 

Theorem 6. If 0 >1 then 1'(2°) = 2°*?. 

Theorem 7. If @>1 then I'(2°3) = 2°*?. 

Theorem 8. I'(6)=:9. 

These theorems follow from Lemma 23, when we observe that the 
numbers in question in each case exceed k-- 1. 

Theorem 9. If π. 3, 0>0, then Γ (πϑί(π —1))=229t!, This 
equality holds also when 0 = 0, provided thatk-—=2—1 is not exceptional. 

The second part follows from Theorem 5 and Lemma 22. We may 
therefore suppose 6>0. We have already seen that y_=- 29+1, which 

is greater than k+-1. If 2, is a prime other than a, γι, <k-+1 unless 
mm == 2, 29(n—1)=2", or a, = 2, πθ(π -- 1) τ 258, or a, > 2. 
πϑ(π -- 1) =: πϑιε,, where ε, [π| -- 1. 

It is easy to see that the first and third alternatives are impossible, 
and that the second can occur only when 2 = 3, § = 1, k= 6. In this 
case the result has been proved already; in all other cases we have 
Ya, 7, and P(k) = y = 79+, 

Theorem 10. If 2>2, 00, then 


Γ(ξ αρ(α --1)) = Liao — 1), 
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Here y, = 5 (29+! — 1), sinced = 2. This is greater than k + 1 except 
when x= 8, 0=1, k =8, when the two numbers are equal. Moreover 
ὁ πθίπ — 1) cannot be equal to 2%, 2%3, or 7% ¢,, where 2, +2, 0, > 0, 
€,|a, —1. Hence γπ, < γα and 7 ([) = γα. 

Theorem 11. If xa>2 and k=n%:, where θ. 0, «|x —1, then 

I'(k) < Max (y.,k + 1). 

It may be verified at once that 2% cannot be of any of the forms 
261,293, πθις,, except when 1 3,0=—1,2=2,k=6. In this case 
I"(k) = y, = 9. The result follows from Lemma 23. 

Theorem 12. In all cases 

(kk) < 4k. 
The sign of equality occurs if and only if ὦ --- 29 (@> 2). 
Theorem 13. In all cases 3 
Dik) <(k—2)2°*+5. 
This theorem, which is included in Theorem 12 except when k = 3, 


is inserted only because it is what we require for the proof of Theorem 1. 
Our actual bounds for ["(k) are much better. 

When k= 3,/'(3)=4<9=1-4+45. 

It may help to elucidate the results which we have obtained if we show 
in tabular form the actual values of {᾿ 1) for a number of values of k. 


k= 3 4 5 67 8 9 10 11 12 18 14 15 16 17 18 
r(k)= 4 16 5 9 4 82 18 12 11 16 6 14 15 64 6 27 


k= 19 20. 21 22 23 24 25 26 27 28 29 30 31 = 32 
(k)= 4 2 24 23 23 32 10 26 40 29 29 30 5 128 


The values of /'(k) for k= 3,4, 6, 8,9, 10, 12, 16, 18, 20, 21, 24, 
27 and 28 are given by the actual theorems and lemmas which we have 
proved; the determination of the remaining values demands further cal- 
culations into which we cannot enter here. 


6. The behaviour of the singular series when s > Τ' (1). 
6.1. Theorem 15. Suppose that k > 2 and 8, = Max(I'(k), 4). Then 
(6.11) : S>o 
for 8 8, and all values of n. 


By Lemma 16, we have 


1.-τἰἸςς 
χε lon * (8 = 8,). 
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Hence there is a πρ =2,(k,8) such that 


1:1 —_3 
χι > l—om 31 -- σπ ἢ (8 >5,,22%); 


and so 
(6.12) 11χ- “ (8 > 8,). 
| 1 > .t9 
But 7, σ if a <a, and 85 Γ(ΚῚ, and so 
(6.13) Tx > 9, (8 => 8,); 
τ. πο 


and (6.11) follows from (6.12) and (6.18). 
It is plain that our main purpose is now accomplished; with Theo- 
rems 13 and 15, the proof of Theorem 1 is completed. 
6.2. It is of some interest also to obtain an upper bound for S. 
Theorem 16. If s>k-+-2 then 
6.21) S<o, 
For, by Lemma 16, 
χι :-(1 +oa-2)(1+ σπ᾿ ἢ <1+ on: 
and the result follows immediately. 
Theorem 17. If s>k>8, then 


(6.22) S<n* 
for all sufficiently large values of n. 
By Lemma 16 


An (1+ on ἢ Ox» 
where 9, = 1 unless π᾿ ἢ, and then ρ, --1-[ β. It is plain that 


TT o.<][+a)=d(n), 


a|n 


where x*|n. As d(n) = O(n‘), the theorem follows. 
The interest of this theorem lies in the resulting equation 


(6.23) 0, ,(”) = O(n*). 
_ There is some reason for supposing that 
(6.24) γι, (Ὁ) = O(n‘), 


an equation from which very important consequences would follow. This 
equation would cease to be plausible if (6.23) at any rate were not true. 

6.3. In conclusion, we return for a moment the equations (1.15) 
and (1.151). As we remarked before, the equation (1.15) is sufficient for 
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our present purpose;. but it is interesting to bring the remark of Ostrowski 
into relation with our analysis. 
Suppose that 
Ν (πη, = 1 
for every ἢ and for 8 --- 8. There is then a primitive solution of 
te 2) Pins Pal ΞΞΉ (mod πη) 


for every ἢ. Consider now the similar congruence in which 80 18 replaced 
by s> a. Of the z’s, the last 8 --- 8, may then be selected arbitrarily, 
and there will be at least one primitive solution of the ensuing congruence 
in the first s,. Hence | 


N, (x9, n) > ave, 
It follows that the inequalities which we have used, of the type 
“ χα > πϑαᾶτο, 
may be replaced by inequalities of the type 


Xx = me (L—8) a 7 (@— 80) — n¥ (1-60): 


and our numbers h, =h(k,2,s) and o==0(k,s) by numbers of the type 
ha = h(k, 2,8) =h(k,2), and o=o(k,s,)=o(k). It is however unne- 
cessary to develop this remark further at the moment. 

We add, finally, that the number Γ (Κ) has a simple and interesting 
arithmetical interpretation. In fact I'(k) is: the least number m such 
that every arithmetical progression contains an infinity of numbers which 
are sums of m k-th powers. 


( Eingegangen am 31. Oktober 1921.) 


CORRECTIONS 


In the table on p. 186 the value of I'(30) should be 31; see 1928, 4 (footnote on 
p- 540). 

In various footnotes (e.g. 14 on p. 165) there are references to other pages of the 
present paper. In these, the numbers are incorrect and the correct numbers can be 
found by subtracting 204. 


On p. 172, for (2.21) read (3.21). 
On p. 175, in the formula above the heading of ὃ 4, for 7; read 7,. 
On p. 176 and later, Lemmas 15, 16, 17 need correction: see ὃ 3 of 1925, 1. 


On p. 188, the final statement needs modification when k = 4; for this, see 1925, 1 
(p. 7) and 1928, 4. 


Some problems of ‘Partitio Numerorum’ (VI): Further 
researches in Waring’s Problem’). 


By 
G. H. Hardy in Oxford and J. Εἰ. Littlewood in Cambridge. 


1. Introduction. 


1.1. In this memoir we continue the researches of the first, second 
and fourth memoirs of the series. 

The memoir falls into three parts. In the first (88 2—6) we are 
concerned with properties of ‘almost all’ positive integers n. We say 
that almost all numbers n possess the property P if the number of 
numbers less than n, for which P is false, is o(n) when n is large. Thus 
almost all numbers are composite. 

We suppose throughout that k > ὃ. We denote by 


r(n)=9,(m) =r, ,(m) 


the coefficient of x” in 


(1. 11) (f(a))*= (1+2 Sam. 
We write 
1 eka ΝΕ 1 .  (2ΓΑ - αλ))", 
(1.12) a=7, K=2" % x=1—-—=, πὰς 


(1.18) ρ(πη) -ξ ο,(η) =e, ,(n) = Cnse- 3%, (5) = n**-16(n), 


1) G. H. Hardy and J. E. Littlowood, ΒΡ problems of “Partitio Nume- 
rorum”’: (I) A new solution of Waring’s Problem (Géttinger Nachrichten, 1920, 
33—54); (II) Proof that every large number is the sum of at most 21 biquadrates 
(Mathematische Zeitschrift 9 (1921), 14—27); (IV) The singular series in Waring’s 
Problem, and the value of the number G@(k) (ibidem 12 (1922), 161-188). We 
refer to these memoirs as P. Ν. 1, P. N. 2, Ρ. Ν. 4. 

We shall also have occasion to refer to the fifth memoir (P. N. 5), viz. ‘A 
further contribution to the study of Goldbach’s Problem (Proc. London Math. Soc. 
(2) 22 (1923), 46-56). This memoir, though concerned with a different problem, 
contains, in a different setting, several of the essential ideas of our present analysis. 


1925, 1 (with J. E. Littlewood) Mathematische Zeitschrifi, 23, 1-37. 
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where 


(1. 14) a(n) = Σ βρη νος np), 


q-1 
(1.15) (4) -- εὐπία (2) =e(£), 8, = Ye, (ph), 
h=0 


p Ξε for g=1, while otherwise p runs through the numbers less than 
and prime to q; and 


(1.16) a(n) =0,(n) =o, ,(n) =r, ,(m) — οι, , (1). 


Our argument involves a number of parameters, and of letters used 
in conventional senses, so that our system of notation requires very 
careful explanation. 

Our principal variables are n,k,s,e, and ὃ. Of these, « is an arbi- 
trary positive number; ὃ is also positive, and both ε and ὃ are to be 
thought of as small. The choice of 6, which has to be made so as to 
satisfy the varying requirements of our analysis, is always subsequent to 
that of k, s, and ε. 

We use the letters A, B, C, with or without suffixes, to denote 
positive numbers whose value varies from one occurrence to another. 
When no suffix is used, A is an absolute constant (such as 2); B= B(k) 
is ἃ function of k only; and C= C(k,s) a function of k and s. 

Sometimes, however, A, B, C will depend on other parameters, in 
which case these parameters will be indicated explicitly by suffixes. Thus 


B.=B(k,©), Ο..,-- Ο(1, 8, €, 8). 


In exponents, we use c instead of C. When c¢ occurs not in an 
exponent, our conventions do not apply, and all the variables on which c 
depends are shown by suffixes. 

The symbols O, o refer to the passage of n to infinity. Thus 
f= Ο(φῚὴ, where f and are functions of n (and in general of k, 8 or 
other parameters also) means that |f|< Mg. Here M is a number of 
one of the types A, B, C; and it is to be understood, unless the con- 
trary is stated, that M involves all parameters whose occurence is possible 
in the nature of the case. If any parameter is missing, we say that the 
result holds uniformly in that parameter. 


f 


Similarly f= o(q) means that ae 0 when ἢ -- oo, or that, if ἢ 
is any positive number, then |f|< 7g for n=>n,(n, «@, B,...), where 
a, B,... are some of the parameters k, 8, ¢, 6; and again it is to be 


understood, unless the contrary is stated, that all possible parameters 
are involved. 
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1.2. We prove first 
Theorem 1. 1} 


(1.21) s>(5k-1)K+8 
then 
(1. 22) S(o(m))'= S(r(m) — 9(m))'= O(n2e-1-e), 


From this we deduce 


Theorem 2. Jf k+ 4, then almost all numbers are sums of 
($k—1) K+ 8 non-negative k-th powers; and in particular of 5 cubes, 
27 fifth powers, 67 sixth powers, 163 seventh powers, 387 etghth powers, 
899 ninth powers, and 2051 tenth powers. The number of non-represent- 
able numbers 7s tn all cases O(n1-°). 

The result for cubes is considerably in advance of anything proved 
before, the utmost that is known being that a finite proportion of num- 
bers are sums of 7 cubes®). 

The case k= 4 is abnormal, since then (34k —1)K+3—~11<15, 
while the singular series ©(n) vanishes, for all numbers of appropriately 
chosen arithmetical progressions, for any value of 8 less than 15. In this 
case we prove 


Theorem 3. Almost all numbers are sums of 15 biquadrates. 
In this theorem, 15 is the correct number, and cannot be replaced 


by any smaller number. If G,(k) is the smallest value of s for which 
almost all numbers are sums of s non-negative k-th powers, then 


(1. 23) G, (4) = 15, 


while G,(3) is either 4 or 5, and G,(5) may be any number from 6 to 
27 inclusive. 

1.3. In the second part of the memoir (§ 7) we return to 6 (1). 
The best upper bounds known for G(3), 6 (4), ..., G(k), ..., are 8, 
21, 58, 183, ..., (ὦ —2)K-+ 5, .... Our object is to improve these 
numbers (apart from 6 (3), with which we can do nothing) by combining 
the results of the first part with a simple elementary idea. We prove 


Theorem 4. Jf k > 3 then 
(1.81) Q(k)<(Fk-1)K+R4+54[6), 


*) That is to say, there is a constant A such that more than An numbers less 
than n are sums of 7 cubes. This result is due to Baer (W.S. Baer, Uber die 
Zerlegung der ganzen Zahlen in sieben Kuben, Mathematische Annalen 74 (1913), 
511—514). 
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where 


(1.32) Ἐφ Ee 08 ΣΕ 8 ke oe (= 2), 


log k — log (k — 1) 


In particular, all large numbers are sums of 19 biquadrates, 41 
fifth powers, 87 sixth powers, 193 seventh powers, 425 eighth powers, 
949 ninth powers, and 2118 tenth powers. 7 

We can still prove nothing new for cubes; but the result for bi- 
quadrates is particularly interesting. All numbers from a certain number N, 
onwards are sums of 19 biquadrates, and it would be possible to deter- 
mine ἃ numerical bound for N,. Now g(4) >19 (since 79 = 4-24+ 15-1! 
actually requires 19 biquadrates), The determination of the actual value 
of g(4), whether it be in fact 19 or some higher number, is thus theor- 
etically reducible to a problem of computation. 

1.4. The third part (8 8) stands on a different footing, since it 
depends on an unproved hypothesis, viz. | | 


Hypothesis K. The number of representations of n by k k-th 
powers 1s O(n‘) for every positive e. 

This hypothesis (a separate hypothesis for each value of k) is equi- 
valent to 


(1.41) r, ,(n) = O(n"). 


It is true when k= 25), but has not been proved for any higher value 
of k. Its consequences in Waring’s Problem are very striking, and it 
is well worth while to investigate them in anticipation of a proof. 


We prove first 

Theorem 5. If Hypothesis Κα is true, then (1.22) ts true for 
s>k-+l. 
From this follows 

Theorem 6. Jf Hypothesis K ts true, k +4, and 
(1. 42) Γ, (k) = Max (I°(k), k +1), 


where I"(k) ts the least value of s for which the singular series is always 
positive, then almost all numbers are sums of I',(k) non-negative k-th 
powers. In particular almost all numbers are (on Hypothesis K ) sums 
of 4 cubes, 6 fifth powers, 9 sixth powers, 8 seventh powers, 32 eighth 
powers, 13 ninth powers, and 12 tenth powers. The number of non-re- 
presentable numbers is in any case O(n -°). 


*) E. Landau, Uber die Anzahl der Gitterpunkte in gewissen Bereichen, 
Gottinger Nachrichten (1912), 687—771 (750). 
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It was. proved by Hurwitz‘) that 


Gi (k) =k+1, — 
and by us*) that 
G,(k) 21 (k), 
except when k= 4. Hence, except in this case, 
@, (k) 27, (1). 


Combining this inequality with Theorem 6, we obtain 
Theorem 7. If Hypothesis K is true, and k=+ 4, then 
(1. 43) G, (k) = I, (k). 
As Γ᾿ (ζ) can be calculated, with sufficient labour, for any k, the 
problem of G,(k) would be solved completely if Hypothesis K were proved. 
Finally we prove 
Theorem 8. J/ Hypothesis K is true, then 


(1. 44) τι, «(π) =, ,(n) + O(nte-1-e) 
for s>2k-+1; 

from which follows 

Theorem 9. 7} Hypothesis K is true, and 


(1. 45) I’, (k) = Max (I'(k), 2k +1), *) 


then all large numbers are sums of I, (k) non-negative k-th powers; and 
ἔπι particular of 7 cubes, 16 biquadrates, 11 fifth powers, 13 sixth powers, 
15 seventh powers, 32 eighth powers, 19 ninth powers, and 21 tenth 
powers. | 

We show also that when (as is usually the case), [(k)<k-+1, 
Theorem 9 may be deduced in an elementary manner from Theorem 6‘). 


It can hardly be doubted that the numbers of Theorem 9 are far 
closer to the realities of the problem than any given before. It is not 
too much to say that, if Hypothesis K were proved, Waring’s Problem 
would be within measurable distance of a final solution. 


*) A. Hurwitz, Uber die Darstellung der ganzen Zahlen als Summen von n-ten 
Potenzen ganzer Zahlen, Mathematische Annalen 65 (1908), 424—427. | 
ὅ) See Ρ. Ν. 4, 179 (Theorem 4). The ground of the inequality G (k) > I'(k) 
being (except for k= 4) the existence of a forbidden arithmetical progression, the 
same inequality holds for G, (k). 
*) In fact I, (k) = 2k+1 except when k is a power of 2, in which cake it is 4k. 
Ὁ, This deduction is still possible in the exceptional cases, but the proof requires 
elaboration. | 
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It may be useful that we should exhibit, in the form of a table, all 
that is known about the numbers g(k), G(k), G,(k), '(k) for 2<k<10. 
We may repeat that g(k), G(k), G,(&) are the least numbers s such 
that all, all large, almost all numbers are sums of s k-th powers; while 
I'(k) is, except for k = 4, (a) the least number s for which the singular 
series 18 positive for every ἢ, and (δ) the least number s such that every 
arithmetical progression contains an infinity of representable numbers. 
When k= 4, [°(k)= 16, while (a) and (6) are true for s>15, but for 
no lower value of 58. ὃ) 


2. Further definitions. 


2.1. We must begin by defining a number of additional symbols. 

In our earlier memoirs we used the ‘Farey dissection’ of order 
N=[n'-4], the ‘major arcs’ Jt and ‘minor arcs’ πὶ of the dissection 
being defined by g < n¢ and gq > n4 respectively. It was then shown by 
Weyl?®) and Landau’) that our argument could be simplified by using 


a different dissection, viz. that of order [n'!~*], where « = eo Here 


we use two dissections, each different from either of those used before. 
In the proof of Theorems 1—4 we use the dissection of order 


(2.11) N, = τ ἃ]; 
where 
(2. 12) a, =a,(k, δὴ) τ α -- ὃ 


and ὃ is positive and small. The choice of ὃ will be subsequent to that 
of k,s,«, so that 6 will then become a function of those variables, tend- 
ing to zero with «. The major and minor arcs will be defined by 


(2. 13) g<n%, g> n% 
and denoted by ¥t,, m,. 


In the proof of Theorems 5—9 (those which depend upon Hypo- 
thesis K) we use a quite different dissection, viz. that of ordex 


(2.14) N, = ΤΉ ἢ]. 
the major and minor arcs Jt,, m, being defined by 
(2. 15) g<n?, q>n?. 


8) See P.N. 4, 179, f. n. 2%). This point about k= 4 is overlooked on p. 188 
(last sentence). 

10”) H. Weyl, Bemerkung tiber die Hardy-Littlewoodschen Untersuchungen zum 
Waringschen Problem, Géttinger Nachrichten 1921, 189—192. | | 

1) E. Landau, Zum Waringschen Problem, Hilbert Festschrift (1922), 423—451 
[Math. Zeitechr. 12 (1921), 219 -- 247]. 
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Here ἃ is a number of the type c, which will be chosen small enough 
to fulfil the demands of our analysis. 

2.2. We use =€, ,, as hitherto, for a ‘Farey arc’ in general. 
We write 


; an $1 
(2.211) « -- [2 εἶν -- οἴ a” 
and (on the arc re 
(2. 212) z=e,(p)e”, y => +10, θ-- ΡΞ -ῳ. 
We write also 

\S¢ 1 

(2. 22) rae +a) Sa ga 
(2. 23) | g(z)= Σ᾽ Smee 2m ([2] <1), 


(2.24) F(x)= F(a, k,s)= ἘΣ Q,(m) απ = Σ ηγ55-ὶ S(m) 2™ 


(2.25) F,,=© (35) Dik th (— p))"= 6( 5.4)᾽ g (πα ε,.(-- p)). 
m=1 
Finally, we write 


(2. 26) ©, (n)= Σ᾿ YU, (n), 6, (Ξε Σ πως (n), 
so that | on : 

(2. 261) O(n) = ©, (n) + © (n); 

and 


(2.27) F, (2) = 3} m**-*G, (m) a”, F, (2) = 3} me © (m) 2™, 
so that | | 


(2. 271) F(«) = F,(2)+F,(2). 

Then 

(2. 281) διε 5S) Σ (Pet) meet(we,(— p)) | = >) | re 
Ρ,4Ξ3»ν τὶ pas 

and similarly 

(2. 282) F, τ᾿ x Pee 

We shall take ᾿ 


β will be chosen later. 
We suppose always that n > 1. 


118) This notation means that we sum for q<» and for all values of p as- 
sociated with each such q. 
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3. Lemmas concerning the singular series. 


3.1. We have frequently to appeal in what follows to the results 
and arguments of P.N. 4, and we must begin by revising slightly a por- 
tion of that memoir. An incorrect argument in the proof of Lemma 15, 
to which our attention was called by Prof. Landau, affects the results 
of Lemmas 15, 16 and 17, and the proofs, though not the results, of 
Theorems 15, 16 and 17. It happens that the correction 18 relevant to 
the present memoir. | 


Lemma 112). We have, for s>0, 


(3.111) 1M, (n)| << σρὲ τ (pn), 

(3. 112) |W, (n)| << σρ' -ἐ! (p | 2); 

(3. 121) IXp—1|<Cp?-?* (p+n), 

(3. 122) 'Χ, --1| « Cpt? (pln, p¥+n), 
(8.18) 1— Opt ##<X_< (1+ ptt... + ph@-9)(1+Cp* #) ((p*)? | mn). 28) 
Also 

(3. 14) \Xp—1]| << C pm? (s>k-+2). 


Here (3.121) and (3.122) give the corrected form of Lemma 15, 
(3.13) that of Lemma 16, and (3.14) that of Lemma 17. 


The result (3.111) is correctly proved on p. 176; and (3. 112) follows 
by the same argument, the only difference being that the ‘inner sum’ is 
the trivial O(p) instead of O(Vp).**) The subsequent argument of the 
text is a correct deduction of (3.122) from (3.112), provided we write 
O(p'-#*) for O (p?—#*) in the two places in which the latter occurs. 
The other formula (3.121) is, of course, merely a convenient restatement 
of (8.111), since Χρ -- 1 -- WM, when pjn. 

If now we substitute, in the proofs of Lemmas 16 and 17, correct 
expressions from (3.11), (3.12) in place of incorrect expressions from 
Lemma 15, and leave the arguments otherwise unchanged, we obtain 
(3.13) and (3.14). 

3.2. The remaining Lemmas and Theorems of P.N. 4 are actually 
true, but the proofs of Theorems 15, 16, and 17 have to be revised. We 
require Theorem 15 in the sequel, and restate it. 


12) Here A, p, X are the A, xz, χ of Ρ. Ν. 4. 

12a) This notation means that (p*)? is the highest power of p* which divides n: 
see P.N. 4, 166. The β here has of course no connection with that of (2. 29). 

18) Our mistake there lay in failing to distinguish the two cases. 
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Lemma 2. /f s > Max(I'(k), 4) then 
(3. 21) G(n)>C. 

The original proof, when corrected, requires the 4 to be replaced 
by 5. But the result is still valid when k = 4. 1) For if s=I'(k)= 4, 
& is odd, since otherwise y, = 2°+2> 4, Then, writing 

S= 6 JX Πχν-- ὁπ, 
we have | 
(3. 22) X>1— Cpt τ. cp F>1—p7t (p> C) 
in I1,, by (3.121). On the other hand, in IT,, Sp,» is real, Spy is po- 
sitive or zero, and (since p|n) 
Uy = Σ᾿ ὅν &p(— np) = Σ 8.y> 0. 


If now 6 = 0 we have 15) 
(8.28) Xp 1+ Ut Sys = 14 %— pred 1— ps; 
while if 6 >0 we have 16) 
(3. 24) Xy = Xp (p) 21—p-3 
by (3.23), since 8=0 for n=p. From (3.22) to (3.24) we obtain 
ὅ» Ὁ Ho ΠΙᾺ --ρ ἢ HU 9-*) > 6, 


Pinyp<e 
since X, is positive when p is fixed and s > I"(k%), and has only a finite 


number of distinct values for different values of ῃ. 
3.3. In the proof of Theorem 16 we have, by (3.13) above, 


—3 . 8 
Xp<(lt+pRe+p-*t..j(1+Cp *)<14+ Cp ™?, 
and the theorem follows. 
In the proof of Theorem 17 we have 8 1» 8. Hence 
SSCHXy ΠΧ, < Ο ΠΧ, 
since 
Xp<1+Cp? <1+ Op? (p+n). 
It p n, we have, by (3.13), 
Xy<1+ Cp’! o,, 
*) We owe this observation to Prof. Landau. 


1) PLN. 4, 176, (4.14) and the equation five lines lower. 
Ὁ P. N. 4, 177, (4. 22). 
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where 0y=1 unless p“!n, and then g,=1+ 8. Thus 


Xp < (1+¢) Oy <(1 = =) ον; 


TX < oe "9 εν 


The first factor here is less than n* for sufficiently large n, and it is 
proved in the original argument that the same is true of the second. Hence 


S<n* 


for sufficiently large n, the result desired. 
3.4. Lemma 3. We have 
|S 


(3. 41) a < Bq-*, 
and 
(3. 42) 19, (m)| < Ogh" 


for m =1, 2, 3, ... 7"). 

It is enough to prove (3.41), (3.42) being an obvious corollary ; 
and it is enough, in virtue of the multiplication theorem 15) for S, ,, to 
prove (3.41) (i) when (φ, &)=1 and (ii) when q is a product of powers 
of primes which divide k. 


(1) If p+k, we have’) 


S, ak+ty | 
(8. 481) ae = = ρτ τι (pth e) 
for 
a> 0, l<uck, 
and 
{ S, pakt1 S = ls | 
9 Pp.» ee —a Dp, Ὁ ak a | 9D, 
en P~paeee [Py [PD in 


for a >0. Write now 


(3. 44). 9= 1929, 

where Q contains all factors p* of 4 for which r is not congruent to 1 
(mod k), and q, is a product of different primes. It follows from the 
multiplication theorem and the inequalities (3.43) that 


[8 k -α 8p, ¢, | 20 
Fit) (2) τ jo) 


17) Compare P. N. 5, 49 (Lemma 5). The argument there is simpler. 
18) PLN. 2, 18. 
10) P.N. 2, 19—21. 


30) Here, and in the formulae which follow, the values of the p’s, which differ 
from formula to formula, are irrelevant. 
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so that it is enough to prove (3.41) when g = q,- But, if g=g,= I/p,, 
we have "ἢ 


| Sp, | B πα 
ere < 7 <P 
for p, > B, and so 
| Spa] ὁ v7.21 πὰ Bg -a 
o>) la | Μ P, wea eee ea τ 


This is (3.41) for g=gq,. 
(11) Suppose that p®|k, where 0 > 0, that 


A=ekt+u>k>@-+ 2, 0<u<k, 
and 
ἢ = p’*-9-1z 1 λ΄, 
Then 35) | 
ph* = ph'*+ pzPh'*"1p*-* (modp‘), 


where (P,p)=1. Hence 


pr—4 pk pA-O--1_) A: pOt1_4 Ρη"1-: 
ΡΥ ΣᾺ ΡΝ, αἱ 
h=0 p Ὁ z=0 p 


λ΄ Ξξὸ 


The inner sum vanishes unless h’= ph,, when it is p®t+1, Hence 


p4-6-2_ 4 ne p+ —k_4 k 
Sp, pts pot Py εἰ τι, )= pe-1 Bx e( 7.) -- pF-1 8, pi-k, 
ἃ 1=0 ν᾽ h,=0 p 
an 
(3. 46) πολ τ | = (pene at, 


This equation ΟΙΒΟΕ holds also when 4 < k, sic éa@=0, λἀ- μ. From 
(3.46) we deduce 


Sy, 4 


S 
q aad If aa q° Tipe ra . < Bq~*, 
since the last product has at most B factors, all less than B. This 
disposes of case (ii), and completes the proof of the lemma. 


3.5. Lemma 4. 70 p,,p,.,...,p, 78 @ set of C primes, and Q 18 
a number formed from these primes only, then 


(3. 51) ΣΟ «σὲ (δ >1). 
For Q>6é 
eee << ESO ἐς, g- Zc Σ τῶ po... pir)bee σὲ-Ξς, 
.5 


ty, ἔχ,. 


(8. 47) a 


21) P. N. 4, 175. 
#2) P.N. 4, 166, Lemma 1. 
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3.6. Lemma 5”). The series 2%, (m) ts absolutely convergent 
form>0,s>k+1. Also | 


(3. 61) Ma (m) | < Cv-¢(d(m))° (s>k+1), 
(3. 62) |S, (m)| < Cv-e(d(m))” (s>k+1), 
(3.63) | Sy (m)' < Cv?-sa (s >2k+1). 


The last result is easily proved, for, by (3.42), 
6, ()}} « Ο SM, (m)) << ΟΣ gi-#4#< Cv?-sa 
q> φν 


(since 1— sa < —1 if 81» 21). 

The proof of (8.61), of which (3.62) is an obvious corollary, is 
much more elaborate. We write 
(3. 64) q=97'Q=4,%9 


where now q’ is the product of all odd factors of g which are prime to k, 
and q, is the product of the primes which divide g’ once only 35); so that 


(3. 65). WM, = Ay, Ay, Uo. 
In each term of (3.61), one at least of g,, 9,, Q@ exceeds py? and if 
215 So) ag are the sums of the terms in which (i) ¢, > yt (ii) q.> ys 
and (111) Ο Σ ν»ν", then 

hee) 2) Mam) S++ Sy. 


9 


8.7. We write g,= JIIp,, 4, -- ΠΡ; and we make three prelimi- 
nary observations. First 


(3.71) |W - ὄφτο Ὁ 


for all g and m, by (3.12), and in particular when g is 4,, 4.. or Q. 
Next 35) 
Wa (m) = 0 


unless pg “* 1m, and a fortiori unless p,|m2?; so that Y,,(m) = 0 unless 
q,|m?. From this last remark it follows that not more than d(m?), 
and therefore not more than (d(m))’, different values of 4, can occur 
in non-zero terms of (3.61). Finally 


1M, | = | %, | < W(Cp:*") < (Cpr?) < lp: ? = σφ, 
38) Compare P. N. 5, 52, Lemma 6. 


3) Thus, if k= 15 and q=2°-3-5°-7°-11, 4, -- 11, q=77, Q=27-3-5*. 
3) PN. 2, 20; P. N. 4, 170. 
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by (3.11). Hence, if & >0, we have | %,|< σᾳ, ἢ | Wy, 4 and 
(3.72) Σ (%,|< ee * ym, |*< ce a+ |, |" 
φι»ξ 1 >90 » 


< σε Πα Ἔ cp) Πα τον ἢςσεϊ Ic Π 3 


pcc plm 
< CE“°d(m). 
In particular, taking =, we have 
(3.721) SY | U, |< Cd(m). 
u>0 


We can now write down upper bounds for 2,, 2, and 2,. Consider 
first 2,. Associated with a given q,, we have at most (d(m))" values 
of q,; and |%,,|<C, |%q|<CQ~°. Hence the sum of these terms of 
=, 1s less than 


O(a (m))*| Wp, | 2 Q~°< C (a (m))"| Ma, |, 
by (3.51); and 
(3. 73) Σ, < C(d(m))” Σ |W, < Cv-° (d(m))”, 
by (3.72). nee 


The discussion of 2, is similar, but we use the inequality 
| Wo,|< Cg,-°. We plainly obtain 


(3.74) ΟΣ, < Cv-e(d(m))" Σ Ἂς} < Cv-#(a(m)’, 
; 4) 


by (3.721). Finally, the discussion of 5, depends on the inequalities 
used for 2,. We have 
(3.75) 2,<C(d(m)) S| %,! 2 O° 
n> a>st 
<C(d(m))? Σ Q-°<Cvr-¢(d(m))’, 
ο»» | 

by (8.51). 

It is clear that (3.61) is a consequence of (3. 66) and (3. 73)—(3. 75). 


4, The behaviour of f(x) on a major are Mh. 
4.1. Our object in this section is to prove 
Lemma 6. On a major arc Mt, 


(4.11) lf — φρ,φ] < Bes q**', 
so that 
(4. 12) lf — Ppe|< Beg*t* 


tf ὃ ts chosen appropriately as a function of k and ε. 
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This lemma may be deduced from the analysis of P.N. 1, 88 8.1—8. 2. 
Every 32, is part of an Jt (since a, <a and 1—a, >1-—a), 80 that 
the formulae there given may be used. The sums there called ®, and ®, 
are of the form required, and it is a question only of the magnitude 
of @,. In this sum we have now 


cos*y > Bg? n-2%, *°) 
aes (cos we +B go ηὃ (qn7™yit? — Bnitto ~ B ηἷ 
| E | a Be-Bmiton? 
It follows at once that ®, is also of the form required, and indeed extre- 
mely small. 
If this course were adopted, Lemmas 7—11, which are required only 


for the proof of Lemma 6, would become unnecessary, and our analysis 
would be appreciably shortened. 

The objection to this procedure is that it involves the reinstatement 
of the whole of the analysis of §§ 7—8 of P.N.1, which is eliminated 
entirely in Landau’s version of the proof. If we are to preserve the 
simplifications introduced by Landau and Weyl, an independent proof 
of Lemma 6 is essential. 


4.2. Lemma 7%. IJ 


(4.21) 0O<u<q, m= 01s ὅς οἱ 

then 

(4. 22) [Un] = | SW eg (Dh*)| << Beg, 
We have 57) 


K 
ΤΡ ὦ < B. ug’ Cee ΕΞ a a quk-*) a Bow. 


which proves the lemma when m=0. And in general 


He 
|Un.miSq™ Max | Σ' & (ph*) τ 


ΟΞ Sa.5¢ ἤξξβμη 


Lemma 8. Suppose that 0<h<q, 


(4.28) z—e%, Yag'y, t= 3, Voor δ, 
(4. 24) ΐ, — Σ e7 (mg+h)Fy et Σ e-Amy. 


o 


m= m=0 

36) We use for the moment the notation of P.N. 1, except naturally that, in 
conformity with the conventions laid down in § 1.1, we write B instead of A. 

27) Landau, 1. c. 226 (Hilfssatz 2). 
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and that P(v), P,(v), P,(v), ... are polynomials in (v)=v— [υ], 
defined successively by 


(4. 251) P(v)=v+1—(v)=v+4 P(v)=c,0+ P(v), 


(4. 252) P, (v) = f P(w)dw -- αὐ + P,(»), 


(4. 253) P,(v) = f P,(w)dw = co + Py(v), inn, 


so that P(v)=1—(v), Ρ, (0) τε ὃ (9) -- ξ (υ), ¢, =1, 6, =}, and in 
general c, is a function of ν only. Then 


(4.26) f= S1(-1)"e{ eV do + (— 1" | Po(0)V de 
e=0 0 0 


= S)(-1)" qu ty. 
μΞ0 


This lemma merely embodies the definition of certain symbols, and 
the results of certain formal transformations required for the proof of 
Lemma 6. 


If we define N(x) by 


N(x)=m+1 (A A μη): 
we have 


f, = δ' e- inv = y | N(w)e“vdu. 
0 


Writing u=(vq-+h)* =q"(v-+t)*, and observing that N(u)=P(v), 
we obtain 


f, = kYf P(v)\Vdv =kY fvVdo+kY f Pi(v)Vadv 
0 0 0 
τ ΕΥ̓ [υγάυ -- Ὁ, ΕΥ̓ fuV'du—kY J P,(v) V'de. 
0 0 0 


This 1s (4.26) with ν Ξε 1, and it is plain that the general formula follows 
from a repetition of the argument. | 


Lemma 9. J} 
k 
(4.27) H=R(¥)=R(gty)=L, 
then | 
(4. 28) |\Y,< at <An-~é 
on M,. 
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For H<n@*-1 <1 and 
|¥| iat 
pine = φατε ψ) < Anes Ane, 


4.8. Lemma 10. We can choose », =»,(k, δ) 80 that 


(4.31) kYJ,|=|kY | P,Vdv| <2 
0 


for y=». 

Since |kY|< Ak < B, we may ignore the outside factor. We take 
vy =v,k, where », > 2. 

We write 


γνῶ... ge  ςΣ a γί ἢ". 
tm 
Every differentiation of the exponential factor of V introduces a factor Y, 
and a term in Y’ can be generated only by J such differentiations together 
with » —J1 which do not bear upon the exponential. Hence the term in 
Y’ is a multiple of | 
d y—C Ἀ 
(7) [{-: kY)'(v +1)" Nato) 
and is zero unless (k —1)(1+1)>»—1 or 


p> Pst Sy, —]. 


That is to say, », is the least possible value of J. Associated with a 
given ὦ we may have values of m from 0 to (k —1)(1-+1). 
It follows that 
IV) < Ben hero? Σ 13: στε τότ) 
=>, 


and so 


[5 V™ dv < B, δ' | ss aaa (1 es Jot τὸ OD) dy 
0 b=, 0 


< B, Σ Y (HS 4 Ho een) als) 


j=, 


ν» » ᾿ ὶ 
τ SY +S (Gas) 


l=», l=y, 


, B 
<B,sH τς B, gn ᾽Ὸ 


(by (4.28)), if ν, =», 9(k, δ), ie. if » =», (k, δ). 
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It should be observed that we can always replace »,(k,6) by a 
larger number of the same type. 


4.4. We understand by Q(Y,¢) ἃ polynomial in Y and ¢, whose 
degree in either variable has an upper bound of the type B; and whose 
coefficients have upper bounds of the same type. Since | 0] « 4,0 “ἐ-, 
we have always |Q(Y,t)|< Bs. And we understand by & a number 


whose absolute value is less than --. 


Lemma 11. We can choose »=%(k,6) so that, in addition to 
(4.31), we have 


(4. 41) kY1,=kY foV“dv=Q(Y,t)+R 
0 
for 1Ξ3Ξ μντεν,- and 
(4.42) kYIL=kY JoVdv='(1+a)Y¥"+Q(¥,t)4+R. 
: 0 
We have 
= k\m 
e-~Ye*® — (~¥e")" +r, 
Pie 


where 
B 
ir] <A[Y[™<A(An?)™<—, 


if m, = m,(k, 6) is sufficiently large; and so 


e-Ytk — Q(Y,t) +R. 
If u>l 


bY 1, τ ΒΥ fo dv = kYV“~" (0) =kY¥e*" Q(Y, ἢ) 
0 


—kYQ(Y,t)(Q(¥,t) + R)=Q(¥, 1) +B; 
while if u=1 
bYI, - ΕΥ̓ fov'dv=—kY f Vdv—e-¥** =Q(Y, ἢ +B. 
0 0 


Finally, if u = 0, 
kYI,= bY fo(v ug από" 
= ferretava fet awa ritayy*—fer*tdw 
~r(ita)y*— f(@u w) + R)dw 
=P(1+a)¥"+Q(Y,t)+R. 
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4.5. We can now prove Lemma 6. We have 
ᾳ--Ἰ ΓΝ 
(4.51) f=—1+ 2 Σ᾽ &(ph*) se Y= — 1+ 2 Σ᾽ ey(ph') fy. 


It follows from (4.26), (4.31), (4.41) and (4.42) that 


(4.52) fp, =T1i+a)Y¥°+Q(Y,t) +R 

when »=~»,. Combining this with (4.51), we find 

(4.53) f= 20 (1+a)S8p¢Y “+o=—%qte, 

where 

(4.541) @e=a+@+0, =, On = 3 ey (ph ) R, 
(4. 542) ος ΡΣ (ph*) Q(Y, 7). 

Now 

(4. 55) 04} <D/|R|< Bi < Bs. 

Further, ᾿ 


h ih” 
OF =X uum? (3) 
where J, m, and the coefficients have upper bounds B;. And 


(4.56) Jeol =| Σ᾽ α(ΡΆ}) S410 ¥'(5) | 


= Lore 1, m vig” STh™ eq(ph*) | < B.,3q”'’, 
i,m h 
by Lemma 7. Lemma 6 follows from (4.53) to (4.56). 


5. Further lemmas preliminary to the proef of Theorems 1—4. 
5.1. Lemma 12. Tf |z| <1 and 


—aztC< Slogz=argz<a—C 
then 


(5. 11) [9 (z)|< C|argz|~**, 
(5.12) | ‘9 (2) — I'(sa) (log ἌΝ 


These are known results. 
Lemma 13. We have 


(5. 18) SJ | Fp.q— φρ [40] <C. 
Pq 


<C. 
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This is trivial; for, if z—2e,(— p)=e-¥, we have y= log + and 


| Pog - Pa] = 6 (3: μα {9 (xe,(— p)) — (sa) y-*9}| <C, 
by Lemma 12. 
Lemma 14. We have 
(5.14) NSfld0i<An?™-' < An?” 
Ὁ 


1 


For the sum is less than 


ADD, ging An Dy i< An 


qenu Pp qenh 
Lemma 15. 1 s>k-} 1, »>1, then 
(5.15) ΣΝ sf Pp.q\ 2 dO! < Cv? 284 ηϑεα--ἰὶ 
φρν Psy 
For 
| 28 es Sa — 28a 
Jv [4901- Oe {ν 4θ|. 
and ' ᾿ 
ἘΞ 956 -- ᾿ du ake ᾿ U 9 = 
Jin μὲ «{ Tet == η 5836 ene a5 τὸ < Ante a 


Hence, by Lemma 3, 


ὌΝ Σ [[φ|" 60] «. Crt Sg « Cy? 284 7 288 
q>v pé a> 


-1 


Lemma 16. If » =n’, where B = B(k,s)>0,°") then 


(5. 16) fi F,Vdy<Cn™**~*~° 
if s=>k+1; and 

(5.17) flRVay < Cnr, 
where 

(5. 18) A, = 2B (sa — 2), 


τ 855. 31 -1. 


3 8 is ultimately chosen in three different ways to suit three different argu- 
ments.. In each case it is chosen as a function of k ‘and s only. We anticipate 
this choice and allow ourselves to treat β as a c. 
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(1) The integral is 
Qn Σ (Θ, (m))? m4? | 2 |? < Cn~° m4 *(d(m))*|x\*™ 
ΡΣ ΑΝ 
by Lemma 5 (3.62). The inequality (5.16) follows if we take e to be 


half the c which precedes it, and then replace c by 2c. 
(ii) If s=2k-+1, the integral is also less than 


4 «- ὃ 2 — 2 2 4 -- ὃ 2 -1 -g —-1- A 
Ον ΠΣ me a PM Ov ene On εἶ 


by Lemma 5 (8. 68). 

5.2. Our next lemma, which concerns the value of Fpg when x 
lies on an arc & ., requires a word of preliminary explanation. The 
function Fp.g and the arc épg are invariant if P is altered by a multiple 
of Q, and we obtain the complete set of arcs pg, for a given Q, if P 
runs through any complete set of residues prime to Q. In what follows, 


p,q, @Q being fixed, we select for our set of residues that for which 
Ὁ» ᾿ 
ο(ζ -- α) ΞΡ«ο(ξ Ὁ) 
(and of course } -- 0 if @=1). From this it follows that 
ea oe 

iq @Q Ἵ ᾿Ξ Ἔ 

Lemma 1735). Suppose that x lies on &,, and that tpqtsa Farey 
arc other than —, ,. Then 


(5. 21) | Fp.g < ON “4.0»)»ᾷΘε --φΡ' "5. 
We have 
(5. 22) x= [α΄ εἰν --- [χ᾽ 6ς(})6-- θ = |x| eg(P)e-*, 
where 
meee Pp 
(5.221) w= 2n(% e+ 8, 


so that |w|<2-+|0|< ὅπ if N, >4. Hence 
5 : ; - δα. —8a 
(5.28) | Fr|=|€(-€2)'g(|eje™™)| <0Q~**]a|-", 


by Lemma 12 (5.11) and Lemma 3 (8. 41). 
If p,q, and P,Q do not correspond to arcs adjacent in the dissection 
then 


3α( -- ΟΣ 22 an 


—- 


38) Compare P. N. 5, 52 (Lemma 10). 
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and so 


(5. 24) eed ΣΙ no earl. 
As g<N,, (5.21) follows from (5.23) and (5.24). 


This argument fails when the arcs are adjacent. In this case 
lpQ—qP|=1. As zx is not on Epa, 


A A, ; 
ΣΌΝ, ον, POOP, 


so that the conclusion still follows. 
Lemma 18”), ἢ, 
(5. 25) G= 5)| Freq, 


where the sign Σ implies summation over those pairs (P,Q), distinct 
from (p,q), for whitch Q<v=n?, and s>k-+1, then 


(5. 26) Σ [σ᾽ 4θ] Zz Ca ae 
Sad 
where 
(5. 261) A, =a(2sa—1)— 48, 
and |= I(k, 8, δὴ) tends to zero with 6; so that 
(5. 27) SJ @ 40. οι ες 
Spd 


tf d= d(k, 8, &) ts sufficiently small. 
Since G is a sum of less than »* terms, we have 


σ᾽ «ν᾽ Σ᾽ ρας Cv? Nit? Σ!ΡΟ -- φρὶ "Ὁ 
by Lemma 17. Hence 
Σ᾿ { @*\a0|< ort 1S Προ —aP | 
δ», 4 P,Q 


Da 


= ov ΝΣ SA \pQ—qP\|~***, 


P,Q ».4 
where now the inner summation is defined by q<N,, pQ—qP+0, 
and the outer summation by Q<»v. But, if Pg=A(modQ), where 
0<h<Q, we have 


S\pQ—qP\**< 3S |mQ +h) <24+2Q7 8 Ym <A, 
Pp m-—-—® m= 


39) Compare P. N. 5, 52 (Lemma 11). 
30) The dash denoting that any term for which mQ+h=0 is to be omitted. 
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and so 
(5. 28) ΣΙ Θ" 40) «- Ον᾽ Mt" Σ: < Ov* Νύ **~* log (N, + 2) 
Ἑ P,Q « 


< C n@sa-1) ( --αἡ + 48 logn ez Ὁ: mrsa—lmAgtete. 
where 1 =(2sa—1)6. This proves (5.26). To prove (5.27), we choose ὃ 
so that /<«, and then replace 2e by ε. 
5.3. Lemma 19. If s>k+1, v=n4, and B<a,, 
ther. 


(5.31) ΣΙ. - p*|*|d0| ZO ge teat @ OR ca oe 
Mey 

(5. 92) Si Fi’; a6! = Con ee Cyt ee. 
my 


Here 

(5.33) A, = Min(28(sa — 1), λ4) = Min(A,, 4,), 

A, and i, being defined by (5.18) and (5.261); 1=I1(k, 8, δ) tends to 
zero with 6; and the second inequality is in each case secured by an 
appropriate choice of ὃ. 


(i) We have = 

Fy = Faq t+ 2 Fea, 
(δ. 841) Ρ -- φ ΓΞ21Ὲ,..-- φ ᾽-Ὁ 26", 
if ῳ 3 ν, and τ 

Fy, = » Fea; 

(5. 342) \F,— p< 2|9|"*+ 26", 
if g >». Hence 
(5.35) SJ iF — φ' [160] 


«ὩΣ S\F,,—v')?|d0/ +25 fip|*id6|+25J 6" 40] 
gsr DM q>y M, Mr 
S2 SSH. oe") db +25 flo iad +25 J a 40] 


δ δ ἐς: Οη5' 5 - τ 28-2 1 On rte inated 
by Lemmas 18, 15 and 18. As 4, < 2β(8α -- 1) and A, <4, < 28a —1, 
(5.31) follows. 
(ii) The proof of (5.32) is similar, but rather simpler. Since 
B<a,, q>¥ on every m,. Hence 
(5.36) ΣΓ 1} 1401 Ξ 2 Σ Jip **|d0|/+25 [6140], 
my q>vs q>vé 


and the conclusion follows as before. 
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o.4. Lemma 20. Jf s>2 


(8.41) $= 8)(k) = (Σ ἃ -- 1Κ 5, 
and 

(5. 42) 4, = Ἢ (ὁ — 5); 

then 


(5. 43) SS irae} = ΟΠ ΕΣ Cage tare. 
my 


the meaning of | and of the double inequality being the same as before. 
It is known*) that 


| ante 
If] < Ben 
on m,. Hence 


Σ firi"*|a0) < on EI Σ rips ae 


ἘΞ = ὃν. 
(28 4) ( i) +2a+e τί 


<C.n 
But 
(28 — 4) (α -- 51) + 9α -- 2ea—1—y, 
where 
way (s—ghK+K—2)— C798 yj, 


which proves the lemma. 
5.5. Lemma 21. (i) If s>2k-+1 then 


(5. 51) sf | f? = yp? ig | ἀθ' < C5 n28a-1—tete ἘΝ Ο,π3ε6-τπλοετε 
M, 

where 

(5. 511) A, = Min (λ,, 4,) = Min(4,, 2a), 


and the second inequality is secured by choice of ὁ. 
(11) Jf s>k-+1 then 
(5. 52) ΣΙ | f* Sf yp le | d6| < C.,5n28a-1-d6+e = CO, 1284-1 Agte. 
MN, 
where 
. ’ ° 2a 
(5. 521) 4, = Min (4, 2) = Min (4,, 22), 
and the second inequality is secured by choice of ὃ. 


*t) Landau, I. ο. 230 (Hilfssatz 4). 
38) See P. N. 2, 16—17; Landau, ]. ο. 241. 
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We have 
IP? — φ᾽ |"<4,|f—e|/"+4,|f—o| ol", 
(5.58) SSP — φ᾽ ὁ140] « 4, 5S |f—/"*|d8 | 
+4, Sf |f— el" ei" 149] = 4,0 + Aes 
say. Now 
\f— Q | < B.3q*t? < Bz 3n%*+9) < B, sneete 
by Lemma 6, and so 
0, < Οἱ, a ntsaxte Σ f}do| < C,,3 n2eantia-1te 
by Lemma 14. Now ἢ 
2sax-+ 2a—1< 28a —1—A, = βακ —4ax-+ 2a 
if 4ax <1, which is true (with inequality except when k=—3). Hence 
(5. 54) 0, < C,, 5 n286—-1—-Aat¢, | 


Again, using Lemma 6 once more, we have 


28-2 
ο, «Σ [8,646 556. yl”. 0). 


Now 
| <a 
by Lemma 3, and | 
Sly |-P0-?| 40] < Anteu-n-1 
a 


(as in the proof of Lemma 15). Hence 

(5. 55) 0, < C,,3n2ee—9-1 > g?*ti—2als—)+e, 
qenh 

and so also, replacing g?*+t* by its upper bound n?%*t+°, 

(5.56) 0, < Og n2 ee d- triers Σ gq? te6@-)). 


4«Ξ 53 
In order to establish the complete lemma it is enough, after (5.54), 
to prove that 
(5.57) Og <<. Cz, 9 n244-1-2ate (3 >2k+1) 


and 

8ι4--ι- “2 +e 
(5. 58) 0, << C.3sn (s=k-+1). 
Now 2x-+1—2a(s—1)<3—4ak=-—1 if s=>2k-+1, and then 
(5.57) follows from (5.55). Finally, we may replace a, by a in (5.56); 
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ΓῚ 


observing then that 1—2a(s—1)<1—2ak=-—1 when s2=k--l, 
(5. 56) gives 
8.:- "Ὁ +e 84:- Ἐς +e 
ος < Ce sn logn < Οἱ, δΉ 


which is (5.58). 


6. Proofs of Theorems 1—3. 
6.1. Proof of Theorem 1. We have 


1- δ΄ o(m)a™ = ([(“}}" — F(a, k,3s)=f — F, 


2x 
1- δ᾽ (o(m))”| "= i flr ΕΓ dy; 
0 


and so 
. ft . οἷπ Ἐπ ᾿ 
S(o(m)e 5 «ΑΓ -- ΤΠ ἂψ 


m=] 


(6.11) Σ σι)" 


Ὁ 


«Α(Σ[ Γ᾽ -- φ᾽ [᾿[«θ] + SiR — φ, [40] 


My, 
22 
+ SSA 140{-|Σ [|} 1 40- S/F ἀφ) 


=A(J,+J,+4,+4,+4;), 


say. Upper bounds for all these sums have been found in the preceding 
lemmas. Thus, when 6 is chosen appropriately, we have 


(6. 121) συ τὸν (6 Σ 25.- ὕ1), 
(0. 129) J, < Ο,τϑϑατιτλοεε (8 > k+1), 
by Lemma 21; 

(6. 13) J, << Opn28a-t-tate (s>k+1) 
by Lemma 19 (5.31); 


(6.14) Jy < C.-n2se-t-hte (8 22) 

by Lemma 20; 

(6. 15) 7, << O.n2sa-t-iste (s=k+1), 
by Lemma 19 (5.32); and 

(6. 161) 7, < Cn®sa-1-4, (s>2k+1), 


(6. 162) J, << Onta-1-7 (s>k+1), 
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by Lemma 16, y being the particular c which occurs in that lemma. 
Hence, on the one hand, 


(6.17) Σ᾿ (o(m))" << O,n2sa-1-4+6 (s>2k+1), 
m=1 

where 

(6. 171) A = Min(A,, dg, Ay, 4g) > Min (A,, dg, 1,» dy); 

(6.172) 4, =28(sa—2), 44=a(2sa—1)—48, 1, = “2 (8 — 8); 

A, = 2a, 

and on the other 

(6. 18) Σ (o(m))? < C.ntea-t-i' te (s>k-+1), 
m=1 

where 

(6.181) 4λ΄-Ξ- Min(y, 2,, 4,, 44) = Min(y, 28 (sa — 1), 4, d,, df), 

: ate 
(6. 182) ig= Ξ. 


The inequality (6.17) is much better than (6.18) when it is valid, 
that is, when s > 2k-+1; and it is essential to the proof of Theorem 4. 
But (6.17) is not valid for s > s, when k = 8, sinces, = 4, 2k +1= 73 
and we therefore use (6.18) in proving Theorem 1. 


We note first that s,>k+1; for if k=8, s,=4, and if k>8, 
8 > 2"°-'4+2>k+1. Hence (6.18) holds for 8» 80. Also 


2B(sa—1)>2af, λ,--εα(28α --1)--4β»μμαᾳ --4β, A Ξι ας 


4=— K 
If we take 6 =a (and suppose ὃ small enough to secure that β <a,), 
the numbers on the right hand sides of these inequalities are }, ia, x 


All these numbers are c’s (indeed independent of s), and so is y. Hence 
we may write c for λ΄ in (6.18). If finally we chose « appropriately as 
a function of & and s, we obtain (1.22), and the proof of Theorem 1 
is completed. 


6.2. Proof of Theorem 2. If 


(6. 21) 8. > 8, = Max (I'(k), 4) 
then, by Lemma 2, 
(6. 22) g(m) > Cmsa-. 


Now ($k—1) K4+85>4k>T(k) except for k= 3 and k=4, while 
(1 --ἢὉ K+3=5>4=I(k) for k=38. Hence (6.22) is true in all 
cases considered in Theorem 2. 
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If r(m) = 0, then |o(m)|=o(m) > Cm*4-1, If then u(n) is the 
number of non-representable numbers between in (exclusive) and n (in- 
clusive), we have 


and so 


p(n) < C278? n?-** 3 (g(m))? < Cni~~, 


by (1.22). The total number of non-representable numbers less than ἡ 
is therefore less than 


on~(1+ 


1-τὸ 


+ aa es ) <Cn'-< 


This proves Theorem 2. 


6.3. Proof of Theorem 3. When k= 
($e—1)K+8=11<16=I(k), 
and the preceding argument fails. In this case the conclusion of 
Theorem 2 is false. 
Suppose that 
s=15, t>0, yn<m<n, 
and write | 
m =m’ (16°+ m), m =m" (16'|m). 
Further, suppose that a zero suffix attached to a number implies that it 
is not representable by 15 biquadrates, and that μ(π), u’(n), u”(n) 
are the numbers of the classes m,, mj, mg. 


We have**) 
(6.31) e(m’) > A,(m’)* 
and so 
|o(més)| > A,(més)* > An’. 

Hence 

A,n® y'(n) < Σ σαν <An* “, 8ὴ 
(6. 32) p(n) = p’ (ah Lew") cnt, n-*+ 167‘), 

. 33) P_N. 4, 179. 


ἢ We use ὦ momentarily for an indicial A (i.e. an absolute c). We may 
plainly suppose a <1. 
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If »(m) is the total number of non-representable numbers less than ἢ, 
then, by (6.32), 

I 1 | 

r(n)= n(n) + (bn) +n (tn) 4... 
are = at 
«(3 An ait 2.10 )<en, 

2, 5.1] 

by choice first of ¢ and then of "0 This proves Theorem 8. 


ἡ. Proof of Theorem 4. 
7.1. We denote by | 

N, (n) = M, ,(n) 
the number of distinct numbers not exceeding n and representable by 8 
or fewer positive k-th powers, and by 

y(n) =%, (1) =n+1—M, ,(n) 

the number not so representable; and by 
a, = α, (1) 
the largest number & such that 

N,(n) > C,n§-* 


for n=>7,(k,8,¢). It is plain that «, exists, does not exceed 1, and 
is a non-decreasing function of s. Also, as there are (n4|-+ 1 k-th 
powers which do not exceed n, we have «, >a for 8.5]. 


Lemma 22. We have 
(7.11) a, >1—(1—2a)(1—a)*™” (6 > 2). 


First, suppose s = 2. Then (7.11) is ας 2a, and is an obvious 
deduction from the formulae 


S'r,(m) ~ Bn®, r,(n)< B.n*. 
1 


We may suppose then that s > 2. 
We divide the interval (1,7) into the πὶ =([n*] parts 
(1°2*) 5 2", 3" )y cig) 

(of which the last may disappear). We denote the interval beginning at 
7" by 6,, and its length by 7, Then 1; >k j*~*, except possibly for the 
last interval. If then we consider in particular the intervals ὃ, included 
in (in, £n), it is clear that there are at least Bn* such intervals, and 
that each of them is of length greater than Bn'~¢. : 
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In (0, 2,) lie N,_, ({) numbers representable by s — 1 k-th powers; 
and so more than N,_,(Bn1-*) such numbers. Adding each of these 
to 7", we obtain more than N,_, (Bn1-*) distinct numbers, lying in δ᾽,» 
and representable by 8 k-th powers. It follows that 

N, (1) = Bn*N,_, (Bni-*), 
and therefore that 7 
(7.12) csa+(l1~a)a,_,. 
From this (7.11) follows by induction. 


7.2. For the proof of Theorem 4 we work with a new value of the 
number # of § 6, viz. 


observing that the necessary condition β < a, is satisfied if 28d <1, which 
is certainly true if 6 is sufficiently small. This value of makes 


28a —1)(sa—2) 
(7.21) 1 =1,= πε Ld 


We denote now by 4=4d,=—4,, the number defined by (6.171) and 
(6.172) when £ has its new value. 


Lemma 23. If 


(7. 22) s > Max(I'(k),2k+1,8,+1) 
then 
(7. 23) ¥(n) = Clg -4* 


The proof is similar to that of Theorem 2 (§ 6.2). If m is non- 
representable 


(o,(m))° = (r,(m) = o,(m) .“- (e,(m))° > OCm2sa-2 , 
1 .€ : 
y(n) ok (5m) < Cn? 544 δ΄ (σ, (m)) 
ὁπ 
« Cn?-284.O, n28a-i-dte — OC, ni-ste, 


1 1-πλιτε 
ν.(π) « ConrAee [Ἱ + (5) +... : <O,ni-Ate, 


Lemma 24, Suppose that s satisfies (7.22). Then tf ἢ, Σ 1 -- a, 
and therefore certainly 1} 


(7.24) 4, >(1—2a)(1—a)*™ (s’ > 2) 
we have 
(7.25). α΄ () 33 8 -Ὁ '. 
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In fact, if m is not representable by s-+-s’ powers, there are at least 
N,' (”) numbers, not exceeding n, which are not representable by s powers. 
That is, 

Vs (2) = N, (n); 1—4, 20, 

in contradiction with the hypothesis A, > 1 — αν. 

7.3. We are now in ἃ position to prove Theorem 4. The case 
k = 4 is exceptional, and we suppose first that k >4. We shall verify 
that numbers s and s’ exist which satisfy the conditions 


(7.31) ste’=(Lk—-1)K+k+54[G]; 
(7.32) s>I(k), s22k+1, 81} 80. s’>2; 
(7.33) 4, >(1—2a)(1—a)*~’. 


We shall prove that these conditions are satisfied by taking 
(7.84) s=(Sk—-1)K+k+1=84+k—-1, 8 =[G]4+4. 

In the first place, these valtied of s and s’ satisfy (7.31). Next 
(7.85) 89. τ -- 2)2 5 > 2**k> 4k > Max(I'(k), 2k + 1). 


Thus the first three inequalities (7.32) are satisfied. Also ¢, is positive, 


since its numerator is 
= 2 


log ὅτ > 0; 


and so the last inequality (7.32) is also satisfied. It remains only to 
verify (7.33). 

When we substitute the value of s from (7.34) into (7.21) and 
(6.172), we find 
(25-+k-2)(H—k-1) 


_ 2a(k—1) 
k* (8 +k—1) Κ᾿ 


ἀ, Ξξ Ἀᾳ ξξ . A, Ξε2α. 
Of these numbers, the least is 4,. For it is obvious that 4,<4,; and 
8 = 4k+1 if k=>5, so that 


9 3k 
A τη 8 α-ιλς. 


Hence 4=4,, and it is only necessary to verify the inequality 


Za(k—-1 
fo (Fo) > (1 — 2a)(1 — a)". 


(7.36) A=i1,= 
This is 

k ἰὼν (k—2) K 

(an 7 2(k—1) 
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or 

(k~—2)log 2—logk+log(k—2) 
(7. 37) [o,] +l > -— log k — log (k — 1) =o) 
which is true. Hence (7.33) is true**). 


7.4. It remains to consider the case k = 4; here [¢,] = 2 and we have 
to prove that G@(4)< 19. The difficulty is that s, + kK —1=—13<TI(k); 
and this difficulty cannot be overcome directly by another choice of s 
and s’. There are two alternatives. 


(i) We may consider each progression / (mod 16) separately as 
follows. Let », ,(n) be the number of numbers m=1, not exceeding n, 
and not representable by s fourth powers; and N,.,(n) the number of 
distinct numbers m = l’, not exceeding n, and representable by s’ fourth 
powers. | 

It may be shown, on the one hand that 


(7.41) \S(m)i >A (8=8+3=—13, m==0, 14, 15) 
and so 

(7.42) ov, (nm) < Aenimt+ ({ΞΕ0, 14, 15); 
and on the other that 

(7.43) Ny,u(n) > Aen’, 


where «a, satisfies (7.11). Suppose now that arbitrarily large numbers 
n = 1 are non-representable by 19 fourth powers. We take s = 13, s’= 6, 
choosing 1’ so that 

1 —l’==0, 14, 15. 


Then the argument of Lemma 24 shows that there exist at least Nyy (u) 
numbers m, less than n, not congruent to 0, 14 or 15, and not repre- 
sentable by s’ fourth powers. Thus 
Ny,1' (n) < 1(n), 
and so 
1—A, = cy. 


But this is false, since calculation gives 


18 431 1 (8γ: 
1 -4=%<5=1-4() Sa. 
The proof of (7.41), however, reopens the question of the arithmetic 
of the singular series, which we do not wish to discuss here. We there- 
fore adopt a second alternative. 


85) It may be shown that no other choice of 8 and s’ leads to a better value 
of s-+.8’. 
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(11) We take the pair of numbers s= 15, s’=4; it happens that 
we can, by a special device, suggested to us by Mr. A. E. Ingham, prove that 
y(n) < A,ni~*te 
for s = 15, and this proves to -be sufficient for our purpose. 


Let τι(ξ) be the number of numbers m for which (i) 16°|m, 
(1) O<m<é, (iii) m is not representable ag a sum of 15 fourth 
powers. If now $5n<m<n and 16+ γι, we have*®) 


11 11 
o(m)> Am* > Ant = An#*-1; 
and, if also m is non-representable, 
|o(m)| > Ante-1, 


Hence by (6.17) 35) 


(*, (n) — το (in) nets? ες A» (o(m))* <A, n28a-1-2+e | 


το (n) 555 τὸ (4 n) << A, ni-ate, 
whence 


(7.44) τ (n)< Ἀν. Δ τες 


Now a number m= 16΄ γι' is representable as a sum of 15 fourth 
powers if and only if m’ is so representable. Hence 


t,(&) = τοίξ 16. ἢ 


and so 
¥4,15 (2) = Σ ταῦ a Στ, (π.1672) << 4,η1-τε, 
by (7.44). Now = 
4 = Min (=) — 8) 15 — 10 " ὅ 


8-15 "16 * O16? 
and 
5. 9 173\? . s'—2 
l=2>e=—y (4) =(1—20)(1—a) 
if s’ = 4. Our former argument therefore applies to show that 
G(k)<15+4=19; 


and the proof of Theorem 4 is completed. 


864) This is the special case of (6.31) in which ¢=0. 
86) Valid since 15 >8 =2k. 
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8. Proof of Theorems 5—9. 


8.1. In this section we use the Farey dissection of order N, = iatr set, 
the major and minor arcs being defined by g<n* and q>n*, and α 
being a number of type c, which will be chosen small enough for our 
purposes. It is plain that, if « is small enough, every major arc J, 18 
part of an St, and a fortior’ of an We. 

We return to the analysis of 6.1. We take (6.11), replacing Dt,, m, 
by M,, m,, and we have to show that each of the terms J,, Jy, ds, J,,d; 
is less than Cn2#¢-1-¢, An examination of the argument shows that, 
except in respect of J,, it requires very little alteration. 

(i) The term J, is disposed of by Lemma 16, and no further dis- 
cussion 18 necessary. 

(ii) J, and J, are disposed of by (6.13) and (6.15), each of which 
depends on Lemma 19 (and so on Lemmas 17 and 18). The result of 
Lemma 17 stands with N, in place of N,; and (5.28) is replaced by 


Nf @|d0. < Cv Ny" "" log(N, + 2) 
g 


1-8 βα--ἰ 4 
< Cn' αὐ (28a—1) + * logn. 


This is plainly of the form required if β is chosen sufficiently small. 


The other sums which appear in (5.35) and (5. 80) 5) present no 
difficulty. The first sum on the right hand side of (5.35) is disposed of 
by the trivial Lemma 13; and the second, and likewise the corresponding 
sum in (5.36), by Lemma 15, which is still available. We require only 
that g >» on every m,, and this will certainly be so if B<a. 

(iii) J, is disposed of by (6.121) or (6.122). Here we use the 
latter inequality and observe that it is true a forteort for arcs Nt. 

Thus each of the terms J,, J,, J,, J, is of the form required. This 
could naturally have been proved more simply, had we been working from 
the beginning in terms of the dissection we are using now. 


8.2. It remains to prove that 
(8. 21) Je SS irl dajaan en’. 
Mt, 


It is here only that we use Hypothesis K. 


If 6 <a, as we have supposed, and xz is on an m,, then either (i) it 
is on an m, or (ii) it is on an Jt, for which 4». In case (1) 


(8. 22 ) if| << Benet? « Cn? 


8) With M,, m, for M,, m,. 
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on fixing ¢; and in case (11) 
(8. 23) PQ en | ΞΞ pl <A 554 
| «Β΄. Pee ee es Cne-<, 


| * +. B, nc 


on fixing « and f. Hence 


(8.24) ὦ, <On®e Perel Fi dy < Ene’ "(1+ S(r,(m))" 455) 
< Cen ΝΕ [«. ἢ) ξ < σ. ἢ 55. e+e a Oy. 


on fixing € once more. 

This completes the proof of Theorem 56. Theorems 6 and 7 require 
no further proof, the first following from 5 as 2 followed from 1, and 7 
being merely a restatement. 

8.3. In proving Theorem 8, we revert to the method of P.N. 1. 
We have 


(8.31) r,(n)=-t.] “az 


ont htt 


f* 
= Dini, wadet+ Dan, nei ἐκ = Sy + Ses 


(8.32) S,= raf re τάν ἘΣ} Poet da 
| Me 


ρος dz = 8,+8, +8, 


— ght 
Pi, 


say. We prove first that 
(8. 33 ) |S; |< Cnte-i-e (7 = 2, 3, 4). 
Taking S, first, we have 


18,,< AS fifi |db|< on* 7 » fi ri *| do 


by (8.22) and (8.23). Arguing as in § 8.2, we find 
[Sy « Ο,πλατιτοῖε Cte te, 


This disposes of S,. That S, is of the form required is obvious; 
it is in fact less than C (as in Lemma 13). As regards S,, we have 


if —o¢|<A,|/f—e+4,|f-—¢eliel*? 


Ὁ Calin’ ἘΞ σι ly Gave 
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since every It. is part of an W.). The first term here contributes less than 
Υ Jt, 15} 1 


C.nsante S| 10 τ C.ntexte. A δ' exer 


M, “«Ξπ P 
oo CO, niaxtia-ite = Cyte-t=e, 
when ε and « are chosen appropriately. And the second term contributes 


less than 
Ο, δ Dae) Lyte) dd Ont nee. yy 
Me 


qan®* P 


ga—1l-—a(i-x)+2a+eF —_ gsa—i-e 
< C.n <Cn 


This completes the proof of (8.33). 
8.4. The proof of Theorem 8 is thus reduced to a proof that 


1 
(8. 41) 5, δ εἰς {2546 -- e,(n) + O(n BOE). 
Ms 


We write 


(8.42) 8. -- δ' vi), ae “1 da =: 8, +S8;, 
U 


ῃ being, as " P.N.1, the arc of I’ complementary to & (or Wt,). 
On 7, |0! > na and so 


Foal <Clg( wie") «Ο1θ1", 
by Lemma 12. Hence 
[1 }ρ4{140] « Ο Jo "46 < Ο(φΝ,)."“", 
η A 
gN, 


(8. 43) |S), << AD IS | Fae dO} < ΟΝ Σ᾽ Sq’? 


qan% P 
—1 1 ~—1~2 -2 οἰ 
< ΟΝ ΕΠ )α < ση" a(sa be Cn** - 


since sa 2 and α is ac. 


Finally 
5, = Cnee-1 Σ ( 5.4) e,(—np) = nt#-!(G(n) — G, (n)) 


»,αΞ πῇ 


(the ν of G,(n) being now n*). Hence, by Lemma 3 (3.313), (8. 42), 


and (8.43), 
S, = nia-l@ (n) Zale. () (555-ξ.--οἹ ΕΟ (ἢ, 5 1-- (sa—2)) =, (n) +O (n#a-1-c); 


which completes the proof. 


Some problems of ‘Partitio Numerorum’ (VI). od 


8.5. Theorem 9 is an obvious corollary of Theorem 8. We conclude 
the memoir by showing that when, as is usually the case**), "(k) << k+1, 
Theorem 9 may be deduced in an elementary manner from Theorem 6. 

We know that 


n 
2%, (mn) ~ Br. 


Hence, if Hypothesis K is true, there are more than B,n'!-* numbers 
less than n and representable by & k-th powers**). If πὶ is such a number 
less than n, and n is not representable by 24-+-1 powers, then none of 
the numbers ἢ — n, is representable by &k-+1. That this should happen 
for an infinity of values of nm would plainly contradict Theorem 6. 


ἢ) See P.N.4, 184, for an analysis of the exceptional cases. 
ὅ9) In fact, in the notation of 8 7, c,=1 (s=k). 


(Eingegangen am 18. Juni 1924.) 


CORRECTIONS 


In the last displayed formula but two on p. 32, read vs 1_7'(n) on the right. 
p. 10. In the second line of the proof of Lemma 2, read 8 = 4 in place of k = 4. 
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SOME PROBLEMS OF ‘“PARTITIO NUMERORUM”’ (1: 
THE NUMBER Γ( IN WARING’S PROBLEM 


By G. H. Harpy and J. EK. LirTLEwoop. 


(Received 28 April, 1927.—Read 10 February, 1927.) 


1, Introduction. 


1.1. In this memoir we continue our researches concerning the 
number I'(k), some of whose properties were developed in the fourth and 
sixth memoirs of the seriest. 

In § 2 we give a formal proof of what we have stated before; concern- 
ing the arithmetical interpretation of '(k), viz. that ['(k) is (except when 
k = 4) the least number s such that every arithmetical progression con- 
tains an infinity of numbers which are sums of at most s positive k-th 
powers. 

In §§ 3-5 we are concerned with upper bounds for ['(k). Since each 
of k+1 and I'(k) is a lower bound for G(k), it is of interest to determine 
completely all cases in which ['(k)>k-+1. Our earlier researches left 
little doubt which these cases are, but an exact proof that [(k) < k+1 


ee nee SP IY —_— 


+ G. H. Hardy and J. E. Littlewood, ‘‘Some problems of ‘ Partitio Numerorum’: (IV): 
The singular series in Waring’s Problem and the value of the number G(k)’’, Math. Zeit- 
schrift, 12 (1922), 161-188: and (VJ): ‘tFurther researches in Waring’s Problem’’, zdid., 
93 (1925), 1-37. We refer to these memoirs as P.N. 4, P.N.6. Some errors in P.N. 4 are 
corrected in P.N. 6, but the main results of P.N. 6 will not be required here. 

We assume that the reader is acquainted with the ideas and notation of P.N. 4, but, for 
the sake of clearness, we summarise the principal results, so far as they are relevant to our 
present purpose, in δὲ 1. 2---Ἰ. 8, 

We may add that ‘‘P.N.7’’, which is still unpublished, contains an application of our 
methods to the problem of the order of magnitude of the difference between successive primes. 
We prove (subject to our generalized form of the Riemann hypothesis) that 


lim ΤΣ < 2, 
A logn ~~ & 
+ PN, 4, 188; P.N. 6, 7. 


1928, 4 (with J. E. Littlewood) Proceedings of the London Mathe- 
matical Society, (2) 28, 518—42. 
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in all others was lacking ; and this we now supply, the key to the proof 
being contained in our present Theorem 3 (§ 4). 

In the cases which were formerly the main obstacle, however, we 
now find that we can prove I'(k)<k as easily as '(k) <k+1. We 
are naturally led to attempt to determine all cases in which I'(k) >k, 
and this, we find, involves the solution of a further problem, to which 
the key is Theorem 2 (§ 3). This theorem, like Theorem 8, is difficult ; 
but the trouble involved in proving it is not wasted, partly because the 
theorem has a certain intrinsic interest, and partly because the lemmas 
on which it depends are important in the actual calculation of Γ(Κ) for 
particular values of k. 

In ὃ 5 we prove Theorem 4, which shows that ['(k) < Καὶ except in five 
standard cases, in each of which ['(k) is determined explicitly. To these 
five cases we add a sixth, in which we can prove that ['(k) = k. 

Finally, § 6 is concerned with questions of numerical calculation. 


1.2. It is convenient to insert here a brief summary of the notations 
and conclusions of P.N. 4, so far as these are directly relevant. It is 
assumed there that k > 2, and we shall suppose this here also, except 
where the contrary is explicitly indicated. 

The singular series is 


S= S(k,s,n)= Σ Aw 
g=1 


where AS 1. A, Asn) SS es) e~*prila (g > 1), 
P 


S,,, being a generalized Gaussian sum and p running through values less 
than 4 and prime to 4. Here Aw = 4,4. if (ᾳ, g’) =1, 80 that 
S = X2X3sXs-°- = {χαὶ, 


where @ is 8 prime and 
Xe = 1ltdAgtAget... = TAX. 
A 


The series and product are absolutely convergent for s > 4{ (except for 
k = 2). Given k and aw, we define 6 and ¢ by 


a |k§, ¢=0+1 @w>2), ¢= 042 (w— 2), 


t In P.N. 4 necessities of printing compelled us to write τ as π. 

t P.N. 4, 176 (Theorem 3). 

ἢ 2|y means ‘‘ 7 is a divisor of y’’; x*|y means ‘‘«* is the highest power of 2 which 
divides y’’. 
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and we sometimes write p for τ΄ We have ¢<k, exceptt when 
k= 4, τὸ = 2. 
We denote by 
Ναὶ, v) = N(o@’, ν, 5) 


the number of primitive solutions of 
k+okh+...f2%=y (mod ταν), 


i.e. the number of solutions for which 0 < 2, < πὶ (r < 5) and not every 
az, is divisible by w. 1 (w*)*| nt then§ 


χω = Bos*-9 N(p, 0)- τλ τϑτφατο Ν(ρ, 5), 
where B=O0if B=Oand B>Oif B>0. Thus in all cases χὰ > 0. 
We denote by γῷ = yw(k) the least number m such that 
Xe > 0 
for 8 > mand all n, and by yo = yw(k) the least number m such that 
χα > he = hk, s,a) > 0 


for 8 >> mand alln. Then yi, = ye except when k= 4, τ =2 (when 
y2 = 15 and y,= 16)||. Our number [(k) is defined by 


Γ() = Max γα. 
w 
In order that ye > Re > 0 for all n, i.e. that s > γα, it is sufficient 


that χω Aw >O for all sufficiently large mn. The necessary and 
sufficient condition for this is that 


N(p, n) > 0 
for all πῇ, in which case N(zw*, n) > O for A 5 tt. 


1.3. Much of our analysis depends on a particular division into 
classes of the residues to modulus p. We suppose that a> 2, so that 


nn ee a rr ee metre resale mm 


+ P.N. 4, 178. 

t Not w jn. 

ς P.N. 4, 166, Theorem 2. We do not need here the actual value of B when 8 > 0. 
| P.N. 4, 178 (Lemma 19). 

“Ἴ P.N. 4, 178 (Lemma 19). 

t+ This is a particular consequence of P.N. 4, Lemma 5. 
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@=6+1. We writet 
k= τοῦ k* = ow ek, 
where e = (k*¥, τὸ ---Ἠ1) = (a? k,a—1); 


™a—l 


and i= 


ε 


so that (ko, d)=1{. Finally we write 


| > 
C= ὁῳ = σῳ(ὴ = ΞΞ = : 


1 

aA e+] = a +1, 

and we divide the residues into c classes Co, Ci, ..., C-_; as follows$. 
If G is a primitive root of p, and m is prime to p, we have 


ny = G™Y*e (mod p), 
where Vo = am? le, 


mo has one of the values 0, 1, ..., d—1, and e one of the values 0, 1, ..., 
YWo—1. The d values of πο which have a common 6 we class together in 
the class 
Οὐ ¢=0,1,.... Ψο-- 1), 

and we denote a typical member of the class by αὖ These Yo classes 
contain all residues prime to p. 

Next, if n; is a residue for which w‘*|n;, where 0 «1 -« φ, we can 
write 

ῃ; = τοῖνι = w'G"*it* (mod p), 


where Wi, = whe, 


m, runs from 0 to d—1, and e from 0 to ~,—1. We thus define Ψ 
new classes 
Οἱ ¢=0,1,... ψι--1) 


of members a‘. Finally, the residue 0 is the sole member of a class 


€ 


Οὐ, The total number of classes is c, and we may denote them, in the 
ie τς ree 0 ee eed RTC oR oe τας» ες -------- 


+ We did not use the symbol k* in P.N. 4. 

+ To fix ideas, we give the examples : 

k=34, w=8, θ--0, g=1, p=83, k* = 34, e=2, d=1, Κο-Ξ 17; 

k=34, w=17, 9θ-1, @=2, p=289, A*=2, €=2, d=8, y= bs 

k=34, w=108, @=0, p=1, p=108, κ᾿ = 34, € = 34, ἃ -- 8, k=1; 
84 = 830,2. 17 -- 171). 2.1 --ξὄ 1089.84.1. 

§ A misprint, C. for C--1, runs through §§ 5.4—5.6 of P.N. 4. 
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order in which they have been defined, by Co, Ci, ..., C,-;, and typical 
members by ao, a, ..., ἃς... 

The class Co, which is particularly important, consists of the residues 
of k-th powers prime to τ. In particular, 1 is an a. Any two a's are 
incongruent (mod p), and therefore incongruent (mod w). The product 
of an ao and an a, is an α;, and aga;, where a, is given, may be identified 
with any a, by choice of aot. 

One additional remark will be useful. Throughout P.N.4 we sup- 
posed that k>2. But our analysis of the classes does not depend on 
this assumption, and is equally valid when k = 1 or k = 2. Thus when 
k=1 we have 6=0, g=1, e=1, d=aw—1, c=2. There are two 
classes, Co consisting of all residues save 0, and C; consisting of 0 alone. 
It is, in fact, obvious that all residues save 0 are representable by a single 
first power prime to w, and 0 by two. 


1.4. We shall require, besides the ideas summarized in §§ 1.2—1.3, 
a number of propositions which we state here as lemmas. These lemmas 
are either contained substantially in P.N.4, or are easy developments 
of propositions proved there. 


Lemma 1. If d>1 we have 
ΣαρΞΞῸ (mod p), 


the summation extending over every residue of Co. 


d—1 Gao} στ (ar —1) 
—— Mo Wo — -Ξ-Ξ. OO 
For Σ ao =e 228 Grh—] Gh—] = 0, 


since GY is an αὐ different from 1 and therefore} incongruent to 1 
(mod zw). 


t For all this see P.N. 4, 180-181. The point of the incongruence of the ao’s is not made 
explicitly. To establish it we observe that if G is a primitive root (mod p) it is a primitive 
root (mod w). Hence from 

qmvo = "Yo (mod w) 
we deduce successively 
(My—M5) Ho = Ὁ (mod w—1), (ηρ--- 510} « = 0 (mod w—1), 
mM,—m, =O (mod d), 
Qmye = Goro (mod w?). 
t See §1.3. 
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Lemma 2. If d>1 and a is an ay other than 1, then 


ltat+a’?+...¢a*'=0 (mod p). 
For a= 2 #1, and 


d-1 gtk] 
Sa =, ea er eH 1. 
r=0 ὔ-- 1 


Lemma 3. Every residue (mod ρ), except 0, is representable (mod p) 


as the sum of at most c—1 ay’s, and every residue by c. This ts true 
fork>2. 


When k > 2 this is contained in P.N. 4, Lemma 21, and the result 
is valid for k = 2 (see the end of § 1. 3). 


Lemma 4. If 1< c!<c and p(c') is the number of classes repre- 
sentable by at most c' ao’s, then 


(1.41) u(e' +1) > min {u(c’)+1, c}.t 
If (1 . 41) is false for c’, then 
μίο' +1) = wc’) <e. 
Suppose that C* is a typical class of the p(c’) classes, and that C, is a 


ΟΕ, Ifa, is any member of C,, a,+1 must belong to a C*, since no new 
classes are representable by c/+-1 ay’s. | 


Similarly (a,-+1)+1 = a,+2, a,+3, ..., and so all residues, belong to 
some ΟἿ, which contradicts p(c’) « c. 


Lemma 5. If d,|d and d,>1, then the residue 0 is representable 
(mod p) by di ao's. 
This is proved in P.N. 4, in the course of the proof of Lemma 21. 
Lemma 6. If w>2 and k= k/ko, then 
yak) <8 (k < 2), 
Yolk) = yolk) (k> 2). 


(i) Suppose, first, that k= am’e>2. Then ¢g, ε, ὦ, and Wo are the 
same for k and k, and the classes Cy for k and k, are identical since 
each consists of the residues 

Go (m, =0,1,...,d—1); 


which proves the second result. (The proof is valid for all k.) 


+ Compare P.N. 4, 183, where we prove that 
ν (ο' +1) > min {ν (6 + 1,c—-1}, 
v(c') being the number of representable classes exclusive of C,-1 (the class consisting of 0 only). 
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(1) Next suppose that k <2. Then plainly 6=0, ¢=1, and we 
have to prove that any residue (mod @) is representable by at most three 
k-th powers. We have pointed out already (in §1.4) that, when 
k = 1, two are sufficient. When k=2 we must have 6=0, ¢= 1, 
e = 2, and c = 8, so that our conclusion follows from Lemma 3. 


Lemma 7. If 
(i) w=2, @=0, then Yq = 2; 
ji) w@=2, @>0, then γὰ = 2°*?; 
iii) τ 2, e=aw-—l1, then yz Ξ-ὸ τοῦ; 
(iv) τ" 2, e=#(w—1), then γω = 3(@*t'—1), except in the 
case τ = 8, 0= 0 (when γα = 2). 


See P.N. 4, Lemma 22. The exceptional case in (iv) is there omitted 
by inadvertence. It arises from the failure of 2<c—1, implicitly 


assumed, and true in general. 
Lemma 8. 1} 
Gi) k=2°, @>1, then I(k) = 2912, 
(ii) ἀπ 258, @>1, then Τ( = 2°*?: 
iii) k= ow’ (@—1) w>2, O>0, then (kK) = ow"; 
(iv) k= ξα(α --1), τ», O>0, then I'(k) = ζ( 1} --- 1). 
See P.N. 4, Theorems 6, 7, 9, 10. 


GemMa 9. If 6= (@a—l1, k) and 
w—l ---ὶ 
5, = Spar Σ IS = Σ 6n (ph), 
h=0 a=0 


then |Sp,0|< 6-1) γα. 


See P.N.4, Lemma 13. If ὃ =1 the sum vanishes. 


Lemma 10+. If x,(p) is a character (moda), x’ a x for which y* is 
identical with the principal character y,, and 


w~l 
z= 2 x. (Dew(l), 
i=0 


—— πι κατ, 


---...-.- νὕὌ0ρ.....-..Ψ»ὃ 


-- πων ὦπα σ-ν.....ϑ........... --..-.-«ὕ.. mee thls hover pint us 


t The x, will not be confused with the xq, of §1, which do not occur again. 


1927. | THE NUMBER [(k) IN WARING’S PROBLEM. 525 


then (1) no τ exceeds μας in absolute valuc, and (2) 
δ, = Σ τα χα (2) 
when 8>1. | 


These propositions also are included in the statement or proof of 
P.N. 4, Lemma 13. The number of the κ' is e—1 (P.N. TV, Lemma 7). 


2. Arithmetical progressions. 
2.1. In this section we prove 
THEOREM 1. The necessary and sufficient condition that every arith. 


metical progression should contain an infinity of numbers which are sums 
of s positive k-th powers 1s 


sp Ih), 
except when k = 4, in which case it 15 s > 15. 


The materials for the proof are contained in P.N.4. We suppose, 
first, that k + 4. 


(i) Suppose that 5 >T(k). Since 8 Σ5 γα, the congruence 
Tat=n 
1 


is soluble to any modulus w* (for A > ¢ and therefore for all A), and 
thérefore to any modulus 4. If 21, 2, ..., £, is a solution, then 


Σ (mq+z2,)’ =n (mod 4) 
1 


for every m, so that the progression Nq-+n contains an infinity of 
numbers of the form required. 


(ii) Suppose that every arithmetical progression contains numbers 
representable by 8 k-th powers (and that k 4). Then for any aw, n there 
are numbers w*m-+n representable by s k-th powers, and the congruence 


n=Z2t (mod τοῦ 


is soluble. Kor each of the values ἢ Ξε 1, 2, ..., τοῦ the solution is 
necessarily a primitive one, since otherwise n would be divisible by 
πὶ, and so by τοῦ]. A fortiori there is a primitive solution of the 
congruence 


n=Za2* (mod τοῦ) 


for each of these values of n, and since now n ranges through all residues 
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of the modulus we have N(p, n)>0, and sos >yy=yqe- Since this 
is true for all τσ, we have 8 > I(k). 

The argument in (i) fails for k= 4 because y, and γα differ when 
a =2. We have, in fact, y2= 16, yg= 15, while 

γα = Ya <15 

for every other το. It is γὰ which is relevant in the argument (i) here, 
and every progression is permissible when s >15. On the other hand, 
consider the progression 16m+15. No number of this is representable 
by fewer than 15 fourth powers, and s > 15 is necessary. 


3. A theorem concerning the case 6= 0. 
3.1. Our main theorem in this section is 
THEOREM ὦ. If k>2, 6=0, d>1, then 


Yo < hk. 
The principal difficulty lies in the representation of the residue 0 
(mod zs), and the essential lemma is 


Lemma 11. If πὸ >2, 6=0, then the residue 0 has a representation 

by at most s a's whenever 
Ὁ.» 2, ἘΞ > (ε--- 1)26-Dis—2), 

If e=1, d=a-—1, c=2, and 0 is representable by 2 a’s. If 
« = 2,d=}(s—1), ὁ = 3, and it is representable by 3. These cases (in 
which the main inequality is nugatory) are therefore trivial, and we may 
suppose that «> 2. 

Let N+1 be the number of solutions of 


X= Σ 2e#=0 (mods) (0 « 2, « σ). 
r=1 
One solution is given by z, = 0 for all 7, and so what we have to prove is 


that N>0O. Now Σ (Ὁ  Χ) has the value a—1 if X =O and the value 
—1l if X #0. Hence 


Pp 


x,=0 


ia ls dati = ΣΟ 3 ΤΣ ew PX) 


zy Pp 
= (N+1)(e—1)—(@’* —N—~-1) = "ον, ΜΗ : 
(8.11) (Ν- 1) τὸ > τ'-- —21 Sp, 0 |’ 
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Now ὃ = (w—1l, k) = «, 
and so, by Lemma 9, 
(8. 12) Ι 5,,«.ἰ|ἰ.-« (-- 1 γα. 
w—l 
Also ΣΙ 5, ἤΞ Σ Σ eel p(e'—y'); 
Ὁ p «x, y=0 


= ( 2+ 2 ) Zee {plet—y))} 


ak = yk ak sé γὰ 


Σ» (w—l1)+ Σ (—1). 
ak = yk rk ot yk 


Given z = 0, there are just ες y’s for which y*=2*. Hence 
(8.18) ZS, |? = {1+e(s—1)} (Ὁ --- 1)--- [τῇ ---.Ιὖ -- εἰ --1)} 
= (e—l) τίσ --- 1). 

From ( 8. 12) and (8. 13) we deduce 
(8.14) Σ᾽ 5;,.« [" < [{{ε--- 1) ,,πΦ}"-2 2|S, «|? = (ε -- 1)" - αὐ (σ --- 1). 
It then follows from (8. 11) that N >0O whenever 

τ΄ -- > (e—1) αὐ ---1), 

and a fortior: when πο ἢ > (ε--- 1)" 1 a", the inequality of the lemma. 

3.2. There is a companion result for residues other than 0. This is 
not required in the proof of any of our main theorems, but it is essential 


in the calculation of special values of ['(k), and has a certain independent 
interest. 


LEMMA 12. Suppose that 0=0 and n30 (mod aw). Then n has a 
representation by at most s ays whenever 


s>1, w> (ε--1) 6 τ) 


As in Lemma 11, we may suppose «>2. We nave to prove that 
N>0, N being now the number of solutions of. 


X=n (mods) 0Ocue,<a. 
Now 


--ἱ 
Pp Ir= 
= Σ Lew {p(X—n)}+ 2 Len{p(X—n)} 
X=n p Xzin Pp 
= N(w—1)—(o'—N) = No—o’. 


515 


516 


528 G. H. Harpy and J. E. Lirrtewoop | [Feb. 10, . 


But, by Lemma 10, 


S io Σ τα’ al ). 
Hence ὲ τὸς 


No—o’ = ΣΣῈ TX(p) eg (—np). = ΣΈΤ ΣΧ(ρ) ee (—np), 
Pp Pp 


where T is the product of 5 7’s, X(p)-the product of s x’s (and s0 a 
character), and the number of terms in ΣῈ is (e—1)*. The inner sum 
is —1 if X(p) is the principal character, since n £0, and it is the product 
of a x and a 7 otherwise; so that, by Lemma 10, its absolute value does 
not exceed ,/axr. Hence 


| Nas --- τοῦ] < (e— 1)" w+, 
No > w'—(e—1)' wt, 


and N> 0 if το > (ε---1} αὐ τὺ, the inequality of the lemma. 
Since (s—1)? > s(s—2), we have as a corollary 


LEMMA 13. The result of Lemma 11 is true also for residues other 
than 0. 


We shall also require the trivial 


Lemma 14. If x is integral and not less than 4, then 


(.--- 1% @-DIG-2) << 7 (22 —1). 


3.3. Proof of Theorem 2. Since τ >d+1>2, we have ¢=1, 
c=e+1. We begin by showing that we can make certain simplifying 
assumptions. : 3 | 

First, we may suppose e>2. For k= ek), k=k/ky=6c. Hence, 
if « < 2, we have, by Lemma 6, 


yolk) «8 «1. 


Next, we may suppose ky = 1, so that k = ς. For suppose the theorem 
proved in this case. Then, since k = « > 2, we have, by Lemma 6, 


yak) = γα ὦ Ck =e Sh. 


Next, it follows from Lemma 8 that every residue (mod a), except 
perhaps 0, is representable by at most c—l=e= k αρ᾽'8, and we have 
only to show that 0 is so representable. 7 

Finally, it follows from Lemma 5 that 0 is so representable when- 
ever d is even, and, in particular, whenever e is odd; since we may then 
take d, = 2. We may therefore suppose that ε is even and d is odd. 
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To sum up, if the theorem is false for some k and w, then a k and w 


(not necessarily the same) exist for which 
(A) τ, 2, θξξῦ, ki = 1, k=, c=e+1; 
(B) εὖ even, e > 4, d is odd; 
(ὦ the residue 0 ts not representable (mod a) by fewer than e+1 ag’s. 


From these assumptions we deduce successively (D), (E), (F), (6) 
below. Since (G) contradicts (D), the theorem is then proved. 


3.41. (Ὁ) τ -«-- ε(0ε---1), d< %—1t. 


Take s=e in Lemma 11. The result contradicts (C) unless 
τὸ <(e—1)%-DIe-), Since e«>4, by (B), Lemma 14 gives 
w <e(2e—1); and then 


d = (w—1)/e < 2e—1. 


3.42. (E) There 1s an ao, say ax, such that ag+1 is also an ay. 

First, the number of classes representable by two or fewer a’s is 
two at most; for otherwise we should have, by Lemma 4, 

μίε--- 1) > min {u(2)+c—3, οἱ =, 

and all residues would be representable by c—1 = ες ay’s, contrary to (C). 

Next, if no a¥ exists, no αν0- 1 is an a, and, in particular, 1+1 = 2 
is not an ao, so that every a9+1 belongs to the same class as 2. It follows 
that ao+1 = 2a) for every ag and some aj. Incongruent a's correspond 
to incongruent ag’s and ag runs through the whole of Cy with ay. Hence, 
by Lemma 1, 

Zath=A22%aq, d= Σῳωξξθ; 


and this is impossible because d| τὸ --- 1. 


3.43. (F) af #1 (mod aw). 

If a* = 1, 2 is an a, by (E); and so 1, 2, 25, 23, ... are all a's. Now 
any number up to 2*t!—2 can be represented in the binary scale by at 
most e non-zero digits; and, after (D), 
᾿ τ <e(2e—1) < 21)--ὦὁ 
(since ε ἢ 4. Hence 

w= BOM Ἐν (0 «(η, «»,.. <<... Cy, γ« ε), 


and a = 0 is representable by at most ε a's, contrary to (0). 


t To avoid any misunderstanding, we repeat that (D)-(G) are not true theorems, but 


deductions from hypotheses which prove untenable. 
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3.438. (4) d>22%—1. 
Take a = αὖ in Lemma 2. Then a and 1-+a are ay’s, 80 that a”(1+a) 
18 aN a for every m. Since ὦ is odd, Lemma 2 gives 


0=1+a+a?+...a? = (ita)+(+a)a?+...+ (+a) at -Ἐ απ. 


This is a representation of Ὁ by 4(d—3)+2—=4(d+1) a's. Hence, 
by (C), 
4(at+l>e, d> 2-1. 


Finally, (G) contradicts (Ὁ). Hence (A), (B), (C) are not 
simultaneously possible; and this proves the theorem. 


4. A theorem concerning the case 6> 0. 
4.1. TuHeorem 3. If 0>0, d>2, then 


Yo «1. 


The main difficulties here arise with residues (mod p) other-than 0. 

We denote by N[m], where m> 0, any number that is a sum of 
m k-th powers (positive or zero). The symbol is not a one-valued function 
of m; m (together with k) determines a certain class of integers, and the 
symbol denotes an undetermined member of this class. An equation in 
N’s implies that any number that is of the form on the left of the equa- 
tion is also of the form on the right. 


4.2. Lemma 15. N[m|N[n] = N[ mn]. 
For N[m]N[n] = Σ “ἢ Σ yk = XT (ay,)*. 
= I= τ, 


ΤΕΜΜΑ 16. For any n 
n=Nle] (mod a). 


This is trivial if n= 0 (moda), since 0 is the sum of e 0s. If 
n 30 (mod ow), let k’ =e, and let ο΄, a) denote the number ὁ and a 
typical do for the index k’. Then, by Lemma 3, n can be expressed as a 
sum of at most c/—1 =e aj’s. Now an ao taken (mod 55) is plainly an 
aj; moreover, since the ao’s are incongruent (mod zw) (ὃ 1.3), and since 
the number d is the same for k and e (for the prime aw), it follows that 
the set of aj, is identical with the set of ay considered to mod τσ. Hence 
n is representable (mod w) by not more than ¢€ ay’s. 


4.8. We come now to the lemma containing the crucial] step in the 
proof. 
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Lemma 17+. If d>2 then there is a τι, not a multiple of το, such 
that 
uw = Ν[το--1] (mod τοῦ. 


Since d > 3, there exist three k-th powers, 1", αὐ, B* prime to τσ and 
incongruent (mod zw). We define two positive integers a, ὃ by 


a=a* (mod τ (0 <a< oa, 
b= βΨ (moda, (Ὁ «ὁ < οἷ. 


Since neither a nor b is congruent to 0 or to 1 (πιοᾶ τῷ, there exist 
integers μ, v such that 


(u—l)a+2<a 
< 


<swa-—-l O<ugsa), 
b<va-1l (0 «ν « 


(v—l)w+2 7). 
Then po = atm=a'+m (mods), 
where liom<co—2. 


Thus ua is representable (mod w*) as a sum of 1+m < w—1 k-th powers, 
and similarly for vax. The result of the lemma therefore holds (with 
u=p or u =v) unless μξξνξξσ. Now in this case, since a and ὃ 
cannot both be w?—1, one at least, say a, must satisfy 


( --1 τ- 2 «, α «᾿ ow’ —2, 


so that τοῦ ξε σι ηι, where 2 Ξ ηἰς τ--ὦ. Then, h denoting any 
positive integer, 


--δωὔ = —hmt+(hm—p) = ha! +(hm—ow) (mod ow’). 


In this we take h = h,, the least integer not less than w/m. Then —o 
is expressible (mod a”) as a sum of 


Sm = Amt(hnm—t) 


k-th powers, and the result of the lemma (with w= —1) will certainly 
hold if it is true that s, < @m—1 for every min 2<im<a-—2. Now 


----.-..-........--.--.--....-.- --- i Ne ee ...  . 


¢ In our original version the form of this lemma was slightly different. The present 
form, which leads rather more simply to Theorem 3, was suggested to us by Mr. Ingham. 
We are indebted to him also for the proof given here of the lemma; this represents a great 
gain in simplicity over the original. We have finally to thank Mr. Ingham also for detecting 
a number of minor errors in the paper as a whole, 
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m(hn—-1) << w—1. Hence 


w—l 
ae 


8. < (m+1) (1+=—) —o = m+ 


If now (τ --1) << m<a—2, then s, <o—2+2 =a. If on the other 
hand 2<m<}(s—1), then sn << F(w—)N+4}(@o—) Ξξξ τα -- 1. In 
either case Sm « am—1, and the proof of the lemma, is completed. 


LEMMA 18. For any integer n 
na = Ν[ε(τὸ --- 1}}] (mod το. 
We choose v so that wv =n (mod w), uw being the τὸ of Lemma 17. 
Then 
nw =v.ua=Nlel.uw (mod a’) (Lemma 16) 


= Nle]N[(w—1]=N[e—1)] (mod τοῦ 
| (Lemmas 17, 15) 


4.4. Pnoof of Theorem 3. For any n we have 
n= Nle]+n,a (Lemma 16) 
= Nle]+N[e(s—1)]+n,07 (Lemma 18) 
= Nle]+N[ee—1)|+aN [e(o—1)]+n 3a (Lemma 18) 
= Nlel+Nle(o—D|+aN [e(w—1)J]+... +a! N[e(o—1)]+79,10°*' 
= Nlet+e(o—1)+e(a’?—ow) +... - e(o®—w*!)] (mod p) 
= N[ew,] (mod p). 


If 2 ΞΕ 0 (mod p) the ew® k-th powers by which n is thus represented 
(mod p) cannot all be divisible by w, since 6 << k. Hence any n #0 
is representable (mod p) as a sum of at most ea® a,’s. The same thing 
is true of the residue 0, by Lemma 5 (since 1 < d<%e). Hence 


ΥὟ «σε « ἢ. 
5. Determination of all cases in which Τ([) > ἃ 


ὅ.1. We use z, like τ, to denote an odd prime; there is no danger 
of confusion with the common notationt. We distinguish six special 


t x, & are given by k; @ is a prime which may assume any value when & is given, and 9 
is determined by & and τ. ὔ 
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classes of values οἵ k, viz. : 
I k=2* @>1). 
1. &=2°.8 Q>1). 
111. ἀπ π'(π---- 1 QO >O). 
IV. k=43r°(r—1) (0). 
V. k=-a2-—1, k not belonging to any preceding class. 
VI. k =4(7r—1), k not belonging to any preceding class. 


It is easily verified that these classes are mutually exclusive. 


THEOREM 4. The values of Γ(Κ) when k belongs to a special class 
are given by the formulae : 


I Te =y= 2? =4k>k+1. 
Π. Γ( = γε = 294? = ἐκ R41. 
I Τ) ξξ γε Ξξξ π᾿ τ Χ:Ὲ1. 


IV. V(k) = ye = 4 (2° **—1) > A+1, except tn the particular 
case k=3=}3.3 (8—1), when P(k) = k+1. 


VY. TW =y=r7=k+l. 
VI Γ(ὼ = yr = Hr—1) =k. 
When k does not belong to a spectal class, then 
(kh) « 1. 


The values οἵ Γ(Κ) in cases I-IV are given in Lemma 8. We suppose 
then that k-does not belong to any of these classes. ; 

Let τ be any prime. We shall prove that γα < k, except when k 
belongs to class V and w=7. There are four cases to consider : 


(i) w=2,0=0. Herey,=y2 =2<k, by Lemma 7. 


(ii) τ τοῦ, 0>0. Here «=1, and ko is odd and greater than 3. 
since otherwise k would belong to class I, class II, or class IIT. Hence, 
by Lemma 7, 

γα = Yq = 2915 = 4k/ ky < k. 


iii) w@>2,0=0. If ky>1, then 
Ye Ξ σΞξ ε-Ἐ1 « εἰ =k, 


by Lemma 3. If Κοξξὶ, d>1, then y,< k by Theorem 2. If k =1, 
i=1, then e=aw—1, k = w—1; and this is case V, with π τεσ. 
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(iv) © >2,6>0. If kj >1, then, by Lemma 8, 


aot l 


YwQe= SA etl < θα Ἐ1 < πλεῖ, ἘΠ = 5: 1, 


and 8580 ye<k. If ko =1, then d>2, since d=1 or 2 makes k belong 
to class III or class IV. Hence yy< k, by Theorem 8. 

It remains only to observe that y,—=2—=k+1 in case V, and 
Yr = ἐίπ--1) =k in case VI, by Lemma 7. With this the proof is 
completed. 


6. The numerical calculation of T'(k). 


6.1. Table I gives the values of ['(k) for k < 36, the special class, if 
any, to which k belongs, and (under the heading w) the least τῷ (in 
case more than one exists) for which y,, = I'(k). 

The value of Γ(Κ) may be found for any k by a finite process of cal- 
culation. A routine method may be set out as follows. 

We observe first that I(k) >8. Since (kk!) >T(k) and 
T'(2°) = 25+? > 8 when ὃ > 2, it is necessary to prove this only when 
k is an odd prime z. In this case there are r—1 z-th powers (mod π2), 
at most (π---1)"-π--} <7? numbers are representable by one or two of 
them, and so y,(z) > 3. 

We cannot prove that ['(k) > 4, though no case of '(k) = 3 is known. 

Lemmas 11 and 13 show that y~< 3 provided that 

w > (k—1)°8-W/6-) — (k-~-1) +, 

The number y2 is given for any k by Lemma 7, and, in particular, 
we know that for an even k > 3 we have yo 2 8, (kK) >8. If now no 
(odd) τὸ exists for which γα» Max (γ., 3), then I'(k) = Max (yo, 8). 
If, however, such @’s exist, they must satisfy τὸ < (Κ-- 1)", they can 
be found by a finite search, and I'(k) is equal to the greatest of the 
Ye corresponding. 

A prime τ giving in this way [(k) = γω Σ» Max (ye, 3) must further 
satisfy either (i) w|k, or (ii) τ =1 (mod), where 8|k and 8 is not 
unity or a positive power of 2. For if such a τ satisfies neither (i) nor 
(11) we must have 6 = 0 and ε = 9%, where a > 0, in which case 


Ya QOH BW+l « 2“ < yo. 
In case (ii) τσ belongs to the progression md+1; it is fairly certain in 
practice that it will be the least prime in its progression. 
An examination of the prime divisors of k and of the least primes in 
the progressions mi-+1 generally suggests sal strongly some numerical 


+ So that the condition 9 = 0 for the applicability of Lemmas 11 and 18 is satisfied. 
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value s for '(k). We have then to prove, first, that γῳ ΞΞ 8. for the 
selected τσ, and then that γα Ξ 8 both for every prime divisor of k and 
for every a, in each of the progressions, for which 
ws < (--- 1) 6 τ] τὸ, 
If k is odd, however, we need consider only, in the progressions, primes 
satisfying the more favourable inequality 
a < (e—1)*/G-), 
For in this case the a’s are equal and opposite in pairs, and 0 is repre- 


sentable by two of them, so that we may use Lemma 12 instead of 
Lemma 13. 


It is easy to compute ['(k) with practical certainty for values of k 
considerably larger than 36; but the necessity of examining primes of the 


order k* makes a complete proof impracticable for those k whose I'(k) 
happens to be small. 


6.2. An example: k= 34. We illustrate the process by proving 
that ['(34)=10. Here y,=8, by Lemma 7. It is improbable that 
l'(k) is so small as this, and the most likely values for the critical τὸ 
are 17 and 103, the smallest prime in the progression 17m+1, the only 
progression that has to be considered. Since 103 < 17? = 289, we begin 
by examining τὸ ΞΞ 103. 

We denote by », a typical number, other than 0, representable 
(mod 103) by just 7 aos; νι 18 an ap. Since ὦ = 8, 0 is representable by 
three a's. Calculation gives” 

V} 1, 46, 50. 
να 2, 9, 47, 57, 92, 102. 
να 8, 10, 35, 45, 48, 55, 58, 65, 93. 
ν, 4, 8, 11, 18, 86, 49, 59, 66, 81, 91, 94, 101. 
vz 5, 12,19, 24, 84, 87, 44, 50, 54, 60, 64, 67, 74, 82, 90, 95. 
vg 6,7, 18, 17, 20, 25, 27, 88, 51, 61, 68, 70, 75, 80, 83 96 100. 
νη 14, 21, 28, 26, 28, 88, 39, 48, 52, 58, 62, 68, 69, ΤΊ, 78, 76, 84, 97. 
v, 15, 16, 22, 29, 40, 72, 77, 79, 85, 89, 98, 99. 
vo 80, 82, 41, 42, 78, 86. 
vo 381, 87, 88. 
These numbers exhaust the residues : hence γιος = 10. 
It remains to verify that y,,< 10 for the remaining primes 34m-+1, 


and that γη Ξ 10. Taking τὸ = 34m+1, and s=10 in Lemmas 1] 
and 12, we have to verify that any residue (mod zw), other than 0, is 
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representable by ten a's when 

(6. 21) τ < (84—1)? 1/00). «« 9380, 

and that 0 is similarly representable in the further range 
(6. 22) 2381 «τὸ < (84—1)?0-N/00-2) & 9614, 


The values of τ satisfying (6 . 22) are 2381, 2551. For these d is 70 
and 75, both divisible by d; = 5. Hence in these cases, by Lemma 5, 
0 is representable by five a’s. . 

The w’s of the range (6.21) are 187, 239, 307, 409, 443, 613, 647, 
919, 953, 1021, 1123, 1259, 1827, 13861, 1429, 1531, 1667, 1871, 1973, 
2143, 2347. | 

We have to show that any residue to any of these moduli is repre- 
sentable by at most ten 34-th powers, and calculation shows that this 
is possible with a good deal to spare. With the higher moduli it is not 
necessary to calculate more than about ten αρ᾽ Β. 

Finally, to prove that γι -Ξ- 10, we have to show that all residues 
(mod 289) are similarly representable; and here again there is some- 
thing to spare. 


6.3. It is natural to expect that ['(k) tends to infinity with k. But 
so far are we from being able to prove this that (as we stated in § 6.1) 
we cannot prove even 

lim I'(k) > 4; 

and these problems seem to be extremely difficult. Thus to prove 
['(k) 24 for all, or all large, k, or, what is the same thing, to prove 
I(r) > 4 for all, or all large, π, it is necessary to prove, for each z, that 
either y,(7) > 4 or y,(r) >4 for some prime w= 2mn+1. The first 
alternative is improbable for a given m (since the number of ap’s is 
d=2—1). The second would be established if we could show that, for 
any large z, a prime τῷ = 2mz+1 exists with d = 2m <a@t—1}, which 
is roughly the same as 2m< πὸ, Such a theorem, if true, must be very 
deep, and it is not easy to find other ways of attacking the problem. 


6.4. This being so, it 1s worth while to carry our numerical com- 
putations beyond the limits of Table 1, contenting ourselves with lower 
bounds for ΓΚ) when the exact calculation becomes impracticable. In 
what follows we suppose that τὸ Σ» 2, and we use the following con- 
siderations to assign a lower bound for y,, (where we cannot appeal to 
any more precise result). | 


a a a πο“ AERA A i 8 τ ..»ϑΚὁΑ(ὡ6 Ὁ Π6Ὸ 08.000. 
t For if d+d?+d*° < w there must exist some residue not representable by one, two, or 
three a,’s. . | 
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We use N,(d) to denote either the number of distinct residues (mod p), 
other than 0, which are representable by s or fewer ao’s, or any upper 
bound of this number. Here d has its usual meaning. If N,(d) were 
the exact number of residues, the notation would be inappropriate, 
since it would depend on k otherwise than through d; but it will appear 
that, by taking an appropriate upper bound, we can make it depend on 
d ands only. Similarly we use v,(d) to denote an upper bound for the 
number of residues representable by s ao’s and not by lesst. We may 
plainly take 


(6.41) Ns@ = Σ vd) 


Let P,(s) be the number of partitions of s into just r of 1, 2, 3, .. , 
repetitions being allowed and order counting. Then 


(8. 42) P.) = ($3) σ «Ὁ, Pils) =0 > ot. 
Let | 
(8. 48) QW) = Σ P= BPH = (8). 
t=1 t=r r 


Finally, when d>1, let D,(d) be an upper bound for the number of 
combinations of d ao’s just r at a time, order not counting, repetitions 
not being allowed, and any combination which contains a set of ao’s 
whose sum is congruent to 0 (modp) being rejected§. Evidently 
D,(d) = 0 when r > k; and this is true also for r = ἡ, since La = 0, by 
Lemma 1. And | 


(6. 44) DAad<(%) ὁ «ὦ. 
_A little consideration shows that the number of residues which are 


representable by just s ao’s, and in. which just 7 different ao’s appear, is 
at most P,(s) D,(d). Hence we may take | | 


d-1 
v,(d) < Σ Ρ,(8) 1),(ᾧ, 


6.45 min Ξ ρώνως Σ()ρω 50) ἢ 


It is evident that, if N,(d@) « π᾿ --Γ, then y,~2s-+1. Hence (6. 45) 


may be used to find a lower bound for Yor If d is even, however, we 


+ Thus if —1 is an ap, ag + 1+(—1) represents a, by three a,’s, but this representation is 
to be rejected. 7 | 
+ P,(s) is the coefficient of x* in (x tz*+2>+...)’. 


§ Without this provision the number of combinations would of course be ( 4) 
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can do better than (6.45). For, if ἃ = 2d), the ao’s are of the type 
+ αι, + Ag, ore t+ aa; 


and, in estimating D (d), we can reject any combination in which a, and 
—a, both occur. This leads to the inequalities 
d(d—2)...(d—2r +2) O<r< 


γ 


(6. 47) Νιῷ « Σ()ΞΞ 2)... (ἃ --- 2γ-Ὁ 2) 


(6.46) Γ,(ῷ « <d,), D,(@ =0(r> ἀρ. 


rl 
We use (6.45) when d= 3, and (6.46) when ὦ is even and greater 
than 3. It so happens that we de not find it necessary to consider odd 
values of d greater than 3. 

The values of N,(d), given by (6.45) and (6.46), are set out in 
Table 2. If one of them is less than p, then yz 2 8:1. 


6.5. Table 3 gives (1) the values of I'(k) when k belongs to a special — 
class, (2) lower bounds for I'(k) in other cases, for 86 « Καὶ < 200. The 
special values are starred; in all other cases we know, of course, that 
(kh) <k. 

The lower bounds are found in four ways. 


(i) In the first place 
T'(k) > Max Γ(ὃδ. 
8\k 


When the lower bound is found in this way, we write k > (e.g. 45 > 9) 
in the k-column, ὃ being the relevant divisor of k. 


(ii) If a is the least prime 3k+1 or dk+1 = 2d,k+1, we can obtain 
ἃ lower bound for yg, and so for '(k), by the use of Table 2 and the 
argument of §6.4. In this case the relevant value of d is entered in 
the second column. Jt so happens that this d is, in fact, the least ὦ, 
odd or even, for which dk+1 is prime, except in the single case k = 62, 
when d = 5 and d = 6 both give primes, and d = 6 gives the better lower 
bound. In a larger table, of course, it might be necessary to consider 
odd d greater than 3. 

(iii) In one case, k=197, when d= 18, τὸ = 3547, we have, in 
order to show that ['(197) > 4. gone beyond the principles of §6.4 and 
resorted to calculationt. The tables then show that, for k < 200. 
['(k) > 8, and that, except for 2, 3, 7, and 19, Th) > 4. 


a ee A - -τοο-οΠ--- a I SS EE | A IF 


a ume ineineicc wumaooa ee 


+ For which we are indebted to Mr. F. G. Maunsell. The ap’s occur in equal and 
opposite pairs, half of them being 


1, 291, 447, 1162, 1168, 1177, 1468, 1548, 1552. 
The residue 7 requires five of these. 
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(iv) In two cases, k = 38 and k = 62, the best result is derived from 
the fact that ys = 8 (Lemma 7). Here we have written 38 = 2.19 and 
62 = 2.31 in the k-column. 


When the actual lower bound is given by (i) or (iv), we have still 
entered in the second column the appropriate d, or ‘‘> b’’, where ὃ is 
a lower bound of it, so that it can be verified that (ii) does not give a 
better result Further refinements of the principles employed in 
(1) appear to be practically ineffective. 


6.6. We have explored the possibilities ['(k) = 3, [(k) = 4 in the 
range 2<(k < 3000. Our results are that ['(k)>3 im all cases; and 
D(k) > 4, except for k = 2, 3, 7, 19, for which it is 4, and possibly (but 
very improbably) k = 1163, 1637, 1861, 1997, 2053. 

We need only consider odd k, since yz > 8 for even k. In the second 
it is easy to see that we can confine ourselves to proving that only these 
exceptions occur among prime k < 3000. For this result, together with 
the mequality P(kk’) >V(k), shows that '(k)=>>3 for odd composite 
k = 3000 (indeed, k < 2003), and I'(k) > 4, unless k is divisible by two 
of 3,7, 19. Now all products of two of these numbers, except 19? = 361, 
occur in Table 3 with a ['(k)>4. In the case k = 361 we consider 
yi9 (3861), when τοῦ = 19°, ὦ = 18, and the argument of § 6.4 shows that 
yio > 4. It follows that we need consider only prime values of k. 

Considering now only primes below 3000, we calculate for each k the 
least d (necessarily even) for which dk+1 is prime. We find 


d < 12 for 200< k < 227; 


d< 16 for 227 < k < 540, except for k = 227 (d = 24) and k = 457 
(d = 30); 


d < 22 for 540< k < 1000; 
d < 26 for 1000 «καὶ < 1302, except for k = 1163 (ἃ = 32); 


ἃ < 30 for 1302 < k < 2000, except for k = 1637 (ὦ = 38), k = 1861 
(d = 40), and k = 1997 (d = 44); 


ἡ < 34 for 2000 < k < 2500, except for k = 2053 (d = 46); 
ἃ < 36 for 2500 < Καὶ < 3000. 
The sufficient condition for Γ(Κ) > 3 is 
ες N,(d) « τ--1 = dk, 
which 18 | 
(δ. 61) d94+3d+8 < 6k; 
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and that for '(k) > 4 is 
(6. 62) 43-.ἅ(43- 206-82 < 24k. 


The inequality (6.61) is satisfied in all cases with a good deal to 
spare, and the limit 3000 could be extended considerably without exces- 
sive labour. The inequality (6. 62) is satisfied by the upper bounds of 
d set out for the various ranges of k above. Thus I'(k) > 4, except in 
the exceptional cases, which require detailed calculation. Mr. Maunsell 
has carried this out for k = 227 and k = 457+, but beyond ‘this point the 
work becomes very heavy. 


TABLE 1. 


e118 4 5 6 7 8 9 10 11 12 18 14 15 16 17-18 19 
r(kK)|4 16 5 9 4 82 18 12 11 16 6 14 15 64 6 QT 4 
Class |IV I VI ΠῚ — I Iv IV VI 1 — VI VWI I — ΠΙ — 

7 {8 2 1 3 7 2 8 5 2 2 58 29 81 2 108 8 229 


20 21 22 28 25 26 27 28 29 30 81 32 88 34 85 86 


--....ὕ..ὕ...--. 


25 24 28 28 10 26 40 29 29 31 5 128 33 10 85 86 


Clas|III 1V V VI 1 — VI IV V WI V — 1 VI 
23. 47 #2 101 58 8. 29 59 81 811 2 67 108 ΤΙ 


TABLE 2: N,(d). 


8 4 #65 6 7 8 9 10 Wo ia.id 14 15 16 17 18 19 20 21 


3 80 45 G62 84108 135 165 198 284 273 315 360 408 459 513 570 680 693 
4 40 60 82 112 144 180 220 264 812 364 420 480 544 612 684 760 840 

6 | 120 210 3886 504 740 990 1320 2052 
8 


320 680 1288 
10 | 680 1682 
12 | 1288 


+ For k = 227, w = 3449, the ay’s are 
1, 78, 489, 548, 608, 621, 635, 1238, 1474, 1475, 1518, 2007, 


and the same numbers with negative sign. The residue 21 requires 5. 
For & = 457, w = 18711, the a's are et , 


1, 702, 792, 1060, 1894, 2186, 2425, 3127, 3148, 3149, 3442, 3726, 5107, 6167, 6543, 
and the same numbers with negative sign. The residue 52 requires 5. 


+ There is a misprint, 80 for 81, in the value of f (30) given in the table of P.N. 4. 
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88 -- 2.19 
499 = 79-1 
540 = 41-1 
441 = 3(83—1) 
#42 = 7(1 -- 1) 
448 = 1 (81 -- 1) 
#44 -- ἀ(89 -- 1) 
45». 9 
#46 = 41-- Ἰ 

47 
#48 = 24.3 

49 
#50 = 1(101 -- 1) 
451 = 1(108-- 1) 
#52 = 58 -- 1 
#53 -- (107 - 1) 
#54 = 8538 -- 1) 
#55 = 211(11—1) 
#56 = 1(113—1) 
57 
#58 = 1(111 -- 1) 
350 =  2Ξ(119 -- 1) 
*60 --61--1 

61 

62 -- 2.81 
468 = 3(127—1) 
#64 = 2° 

*65 = 1(181—1) 
66 > 11 

67 


468 -- 2(187—1) 


469 = (189 -- 1) 

“70 = 1(141-- 1) 
71 

*72 =73-1 
18 

474 = 1(149 -- 1) 

475 = 3(151—1) 
76 
77 > 11 

*78 = 113(13—1) 
79 

#80 = :(161-- 1) 


Η 
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TABLE 


581 = 134(3--1) 
#82 = 88 -- 1 
*83 = 1(167-1) 
84 > 42 
85 > 17 
*86 = ξ (118 -- 1) 
87 > 29 
*88 = 89-1 
*89 = 3(179—1) 
500 = 2Σ(4(8] -- 1) 
91» 18 


92» 28 

93 

94 
#95 = ἀ (191 -- 1 
*96 = 8.2" 

97 
508 = 4(197—1) 
*99 = λ(190 -- 1) 


5100 = δ(8--- 1) 
101 

5102 = 108 --1 
108 

#104 = 1(209—1) 

#105 = Σ(211 -- 1) 


8106 = 107 ---Ἰ 
107 
108 > 54 
109 


#110 = 11(11—1) 
#111 = Σ (228 -- 1) 
#112 = 1138—1 
#113 = 3 (227 -- 1) 
#114 = 3(229—1) 
115 > 23 
5116 = 3(2338—1) 
117 >9 
118 > 59 
#119 = ξ(289 -- 1) 
#120 = (241 -- 1) 
121 11 
122 
123 > 41 
124» 4 
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TABLE 3—(continued). 


eu 

ar | 
[ 
& 
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#125 = Σ(251 -- 1) 2 125 168 4 > 18 
#126 = 127-1 1 127 164 > 41 >3 | 4] 
127 4 216] *165 = 4(331—1) 2 165 
#128 = 27 — | 512 | *166 = 167-1 1 167 
129 > 43 >4 | 343] 167 14 25 
#130 = 131—1 1 131 | #168 = 4(337—1) 2 168 
#131 = 3(263 -- 1) 2 131 169 4 > 18 
182 > 33 3 588 | 170> 10 6 >12 
188 19 25 171 > 9 ΣῈ] 213 
#134 = 5(269 -- 1) 2 134 | #172=173-1 1 173 
#135 = 3(271—-1) 2 135 | "118 =3(347-1) ῷ 173 
“186 = 217(17-1) | — 144 | *174 = 3 (349-1) ῷ 174 
137 6 >9 175 > 35 24 | 335 
#138 = 139—1 1 139 | *176=177-1 1 177 
139 4 >17 177 > 59 4 > 59 
#140 = Σ(281 -- 1) 2 140 | *178 =179-1 1 179 
#141 = Σ(9288 -- 1) 2 141 | #179 = 3 (889 -- 1) 2 179 
142 4 >17 | *180 = 181-1 1 181 
143 > 11 6 >11] 181 6 > 10 
144 > 72 >3 | 2734 182. 3 >19 
145 > 29 >4 | 329] *183 = 4(367—1) 9 188 
#146 = (298 -- 1) 2 146 184 > 46 >4 | 347 
#147 = 372(7—1) = 171 185 > 37 >8 | 29 
#148 = 149-1 1 149 | #186 == (318 -- 1) 2 186 
149 8 26 187 > 11 26 | pil 
#150 = 151-1 i 151 188 > 4 >5 | 216 
151 6 >9 | *189 = (879 -- ἡ ῶ 189 
152» 8 >3 | p32] 1190 -- 191--1 1 191 
#153 = (801 --1) 2 153 | *191 = 888 --1 2 191 
154 | 3 >18 | *192 = 8.2" τὸ 256 
#155 = 1(811-- 1) 2 155 198 4 > 20 
#156 = 13(13—1) See 169 | #194 = 3(389—1) Q 194 
157 6 >9 195 > 39 24 | 239 
#158 = 1(317—1) 2 158 196 > 28 23 | 22 
#159 = (819 -- 1) 2 159 197 18 25 
160 > 32 >3 148} *198=199-1 1 199 
161 6 59 199 4 > 20 
#162 = 168-- 1 1 163 | #200 = ξ(401 -- 1) 2 200 
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(c) Goldbach’s Problem 


INTRODUCTION TO PAPERS ON GOLDBACH’S 
PROBLEM 


The main papers in this section are P.N. III (1922, 3) and P.N. V (1924, 6). The 
other three papers are historical reviews and a preliminary announcement. 

In P.N. III and P.N. V Hardy and Littlewood deal with Goldbach’s Problem on 
the assumption that the following hypothesis is true. 

Hypothesis R. There exists a real number © < 3/4 such that all zeros of all L-series 
Ls, x) formed with Dirichlet characters lie in the half-plane o < 0. 

Hypothesis R is weaker than the original Riemann hypothesis, but is asserted for 
a larger class of functions. It remains unproved today. Throughout P.N. III and 
P.N. V Hypothesis R is taken for granted. 

Let N,(7) be the number of representations of the odd positive integer n as a sum 


of three primes. Let C= Π (1+ (a—1)-3), 


where τ runs through all odd primes. The authors prove that 


N,(n) ~ C,n2(log n)-3 I] ae 


where p runs through all odd prime ἀἰνίϑοτα of n. In peseuler’ it follows that 
N,(n) > 0 for large n. 

The proof runs on lines similar to those of the preceding sections, though new 
difficulties cropped up and had to be overcome. The generating function is the third 


power fle) = Σ log a)", 


where τ runs through all odd primes. 
The introduction of the factor log is a familiar device to make the use of the 


prime number theorem for arithmetical progressions easier. The Farey dissection 
works as before; there are no minor arcs. If 
t= e~¥ +2rtp/q, 


it follows from Mellin’s formula that, on a Farey arc around p/q, 
2+10 
xe — ertipula — { Y-*T'(s)w~* ds, 
271 
2-10 
and apart from negligible terms, f(x) can be expressed as a linear combination of 
integrals 24-100 


1 --8 —L'(s, x) 
oa { Vv EO) τις ἡ ‘ia 


2—i0 


where x runs through all characters (primitive or not) modq. The integrand is regular 
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for o > Θ, except for a pole at s = 1 when y is the principal character, and is mero- 
morphic for all 8. 

Hence Cauchy’s theorem can be applied so as to shift the path of integration to 
the line σ = —}. The residue at s = 1 gives the principal terms in the approxima- 
tion for f(x); the contributions resulting from the zeros of L(s, χ) give simple poles 
in the strip 0 <o <@. A careful estimate of their contribution to the value of the 
integral gives an approximation for f(x) on the Farey arc. Then the older techniques 
can be applied; the singular series, though troublesome, does not present serious 
difficulties. And the asymptotic formula is proved. 

In the rest of the paper, the authors apply their method heuristically to a large — 
number of problems which are exceedingly difficult. Of their large number of con- 
jectures only one has so far been proved, namely by Linnik, who showed in his book 
The dispersion method for binary additive problems (Leningrad, 1961) that every large 
integer is a sum of two squares and a prime. The same result had been proved earlier 
by C. Hooley (Acta Math. 97 (1957), 189-210) under the assumption of the generalized 
Riemann hypothesis. 

In P.N. V (1924, 6)} the authors assume that Hypothesis R holds with © = 3, 
and deduce that there are at most O(n!+*) even positive integers not exceeding n 
which are not the sum of 2 odd primes. The paper stands to P.N. III in the same 
relation as P.N. VI to the preceding papers on Waring’s problem. 

Since the time of Hardy and Littlewood much progress has been made in Gold- 
bach’s problem. 

L. Schnirelmann (Iswestija Donskowo Polytechn. Inst. (Novotscherkask) 14 (1930), 
3-28) proved the existence of a constant y such that every integer > 1 is the sum 
of at most y primes. I. M. Vinogradov (Rec. Math. Moscou, (2) 2 (1937), 179-95) 
proved that every large odd number is the sum of three odd primes, that is, he proved 
the Hardy—Littlewood theorem without the use of Hypothesis R. His proof is based 
on a clever introduction of an exponential sum, essentially transferring the sieve 
method to exponential level. U. V. Linnik (Rec. Math. [ Math. Sbornik], n.s. 19 (61) 
(1946), 3-8) proved the result again. His proof reverts to the original Hardy—Little 
wood pattern, but instead of using Hypothesis R he obtains an estimate for the total 
number of zeros, in a particular region, of all the L-functions to a given modulus. 

For expositions of modern work on Goldbach’s problem, the reader is referred to: 


T. Estermann, Introduction to modern prime number theory (Cambridge Tract No. 41), 
Cambridge, 1952. 

L. K. Hua, Additive Primzahltheorie, Leipzig, 1959. 

K. Prachar, Primzahlverteilung, Berlin-Gottingen—Heidelberg, 1957. 

I. M. Vinogradov, The method of trigonometrical sums in the theory of numbers (trans. 


K. F. Roth and A. Davenport), London, 1954. 
H. H. 


1 An abstract appeared in Proc. London Math. Soc. (2) 22 (1924), xi. 
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Note on Messrs Shah and Wilson's paper entitled: ‘On an 
empirical formula connected with Goldbach’s Theorem’. By G. H. 
Harpy, M.A., Trinity College, and J. E. LItTLEwoop, M.A., 
Trinity College. 


[Received 22 January 1919: read 3 February 1919.] 


1. The formulae discussed by Messrs Shah and Wilson were 
obtained in the course of a series of researches which have occupied 
us at various times during the last two years. A full account of 
our method will appear in due course elsewhere*; but it seems 
worth while to give here some indication of the genesis of these 
particular formulae, and others of the same character. We have 
added a few words about various questions which are suggested by 
Shah and Wilson’s discussion. 


The genesis of the formulae. 


7 Ξ 2A (n) a® = ZA (n)e-™ = F(y) 
and Fae (@) = Fe (Cy) = Σχκ (1) A (η) ον, 
where A (n) is equal to log p when ἢ is a prime p, or a power of p, 


and to zero otherwise, and yx, (7m) 1s one of Dirichlet’s ‘characters to 
modulus g’+. Also let 


Let 


x = xorg, 
where p is positive, less than g, and prime to g; and suppose that 


x tends to unity by positive values. 
It is known that 


n 

Σχ. (2) A») = 0(n), 

‘unless χα is the ‘ principal’ character y,, in which case 
LX. (v) A (v)~ 2A (v) “ἢ. 

1 


It follows that 


(21) λωστς 
and ; 
(22) κα ξο (; = =) (« >1). 


* An outline of one of its most important applications is contained in a paper 


entitled ‘A new solution of Waring’s Problem’, which will be published shortly in 


the Quarlerly J0arnal of Mathematics. 
+ See Landau, Handbuch, pp. 391 et seq. 


1919, 1 (with J. E. Littlewood) Proceedings of the Cambridge Philo- 
sophical Society, 19, 245-54. 
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Now 
(2:3) f(x) =ZA(n)x" emer = Σ eoorin SM (n) x 


If j is prime to g, we have* 
(2.4) EAM@e=55 Σ Sx.) f.(®), 


where x, is the character conjugate to y,, and φ (4) is the number 
of numbers less than and prime tog. It follows from (2°1) and 
(2:2) that 
1 1 1 
25 S A(n)xrw OO) 1d 
OP) a AOP* b@I1-x F@1-® 
If on the other hand j is not prime to gq, the formula (2°4) 15 

untrue, as its right-hand side is zero. But in this case A(n)=0 
unless n is a power of q, so that 


1 
(2°6) Σ A(nyx=0(7—). 
From (2°3), (9:5), and (2°6) it follows that 
A 
(2:7) I (2)~ = , 
where 
2°71 = Ῥπὶᾳ ---  - Sewn 
Ὅτ) Ape GGA FGI 


the summation extending over all values of 7 less than and prime 
to g. The sum which appears in (2°71) has been evaluated by 
Jensen and Ramanujant, and its value is 4 (q), the well-known 
arithmetical function of g which is equal to zero unless g is a product 
Dips... p, of different pms, and then equal to (— 1)". Thus 


"..Μ) 1 
(38) ΠΟΥ ἘΣ ῸΣ 
3. The sum 
(3:1) w (n) = =. A (m) A (m’), 


* Landau, l.c., p. 421. 
™ 
+ J.L.W. V. Jensen, ‘Et nyt Udtryk for den talteoretiske Funktion Σμ (n)= Μ(")", 


Saertryk af Beretning om den 3 Skandinaviske Matematiker- Kongres, Kristiania, 
1915; 5. Ramanuj jan, ‘On certain trigonometrical sums and their applications in the 
theory of numbers’, Trans. Camb. Phil. Soc., vol. 22, 1918, pp. 259-276. 

t If μ(φ) is zero, this formula is to be interpreted as meaning 


f(2)=0 (5-5). 
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which appears on the left-hand side of Shah and Wilson’s equation 
(2), 15 the coefficient of 2” in the expansion of { f(x)}% And 


2 eta} 1 if or oe 

L)j? mw AL) = {24'S nate rng, 
ΟΣ το τ δ; 

when #->e¥*7 along ἃ radius vector. Our general method ac- 

cordingly suggests to us to take 


Q = Pad —snprt/q 

=n ech i 

where the summation extends over g = 1, 2, 3, ... and all values 
of p less than and prime to q, as an approximation to a(n). Using 
Ramanujan’s notation, this sum may be written 


. and El’ 
(8:2) Ω (η)- nz eer Cg (n). 
The series (8.2) can be summed in finite terms. We have 
(33) cy (n) = SS (2) 


the summation extending over all common divisors 6 of g and n*; 
and it is easily verified, either by means of this formula or by means 
of the definition of c,(n) as a trigonometrical sum, that 


Coq (R) = Cq(n) Cy (n) 
whenever gq and q’ are prime to one another. We may therefore 
write 
| Ω (n) = niA, = ΠΧχα, 
where the product extends over all primes a, and 
YeH=l+AgtAmtAgt+...=1l+Ag, 


since A, contains the factor 4 (q) and A. g:, Aw, ... are accordingly 
zero, 
If n is not divisible by τ, we have cg (n) = (a) = — 1 and 
ἰφ(5} = (a—1) 


while if n is divisible by a we have 
Ce (n) =p (a) + oe(1)=a-1, 
1 
Hence 


O(n) = nll’ (1+ =) 0" {1 - oat 


* Ramanujan, I.c., p. 260. 
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where II’ applies to primes which divide n and II” to primes 


which do not. 
It is evident that 0 (n) 1s zero if n is odd. On the other hand, 


if n is even, we have 


O(n) = 3) Π . = at Il (1 to4)/) = ΓΞ ἢ 


Ν 1 p-1 
where τ now runs through all odd primes and p through odd 
prime divisors of n. 
The formula wo (n)~ O(n) 


is formula (2) of Shah and Wilson’s paper ἢ. 


The incorrectness of: Sylvester's formula. 
4. It 1s easy to prove that if any formula of the type 
(41) w (η) ὦ CA(n) | 
be true, then C must be unity. In other words, our formula is the 
only formula of this type which can possibly be correct. This 


may be shown as follows. 
Let 


(4:2) f(s)== 


where n runs through all even values; and let s—1=¢. The'series 
is absolutely convergent if s>2,¢>1. Replacing O(n) by its 
expression in terms of the prime divisors of ἡ, and splitting up 
f(s) into factors in the ordinary manner, we obtain | 
21 A a-l wt \_2r'Ay(t) 
f)=papa 0 (1 ee peace 1—2-* ᾿’ 
say, where A is the same constant as in Shah and Wilson’s paper, 
— runs through all odd primes. 
et 


v= (1+; *.)=0 (7+) =a -2-9 £00, 
and suppose that t+1. Then 
x =u {(1 i 3 Ξ «5: 
ὉΠ (2 Ἐς 5)/(1 +o 


πα Ξ 5 -πί ἔτ Σ.}- ἃ! 


* When ἢ (n)=0, the formula is to be interpreted as meaning w (πη) =0 (n). 


0 (n) 
ns ᾿ 
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and so 


(48) f(s)~2Ay(~ 21-2) Ea = 5. 


8 


This 15 a consequence of our hypothesis: the corresponding 
consequence of the hypothesis (4.1) would be 


C 


(431) Flos. 
On the other hand, it is easy to prove* that 
(4°4) ω (1) + ὦ (2) -Ἡ ... +. ὦ (0) ὦ $n; 


and from this to deduce that 
ω (n) 1 
$(s)=2 neg —2 
when s—»2. This equation is inconsistent with (41) and (431), 
unless C = 1. 

It follows that Sylvester’s suggested formula is definitely 
erroneous. 

It is more difficult to make a definite statement about the 
formula given by Brun. The formula to which his argument 
naturally leads is Shah and Wilson’s formula (12); and this 
formula, like Sylvester’s, is erroneous. But in fact Brun never 
enunciates this formula explicitly. What he does is rather to 
advance reasons for supposing that some formula of the type (4:1) 
is true, and to determine C on the ground of empirical evidencet. 
The result to which he is led is equivalent to that obtained by 
taking C= 1°5985/1:°3203 = 1:2107 1. The reason for so substantial 
a discrepancy is in effect that explained in the last section of 
Shah and Wilson’s paper. 


Further results. 


5. The method of § 2 leads to a whole series of results con- 
cerning the number of decompositions of n into 3, 4, or any number 
of primes. The results suggested by it are as follows. Suppose 


1 
* Since ZA (n) χα = 


as z->1, we have Zw (n) 2™ = {ZA (n) σπου (1 Ἂν» 
and the desired result follows from Theorem 8 of a paper published by us in 1912 
(‘Tauberian theorems concerning power series and Dirichlet’s series whose coefficients 
are positive’, Proc. London Math. Soc., ser. 2, vol. 13, pp. 174-192). This, though 
the shortest, is by no means the simplest proof. 

The formula (4°4) is substantially equivalent to Landau’s formula (10) in Shah 
and Wilson’s paper. 

+ Evidence connected not with Goldbach’s theorem itself but with a closely 
related problem concerning pairs of primes differing by 2. See §7. 

t+ 1-5985 is Brun’s constant, while 1°3203 is 24. 
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that v,(n) is the number of expressions of n as the sum of r primes 
Then if r 1s odd we have 


(5°11) v, (n) = 0 (n") 
if n 1s even, and 


; 2B ((p—1)" -α -- 1) 
ΣΝ τ να ΣΤ 


if n is odd, p being an odd prime divisor of n, and 


1 

where @ runs through all odd primes. On the other hand, if r is 
even, we have 

(5:21) ν, (n) =0(n"") 
if n is odd, and 

5.95 20 ray {Pa + δ 

(ὅ 22) ἜΤ κεν ΩΤ" πὴ ῳ -- 1)" --Ἰ : 
where 

(5-23) = {1-H 
if niseven. The last formula reduces to (1) of Shah and Wilson’s 
paper when r = 2. 

We have not been able to find a rigorous proof, independent 
of all unproved hypotheses, of any of these formulae. But we are 
able to connect them in a most interesting manner with the famous 
‘Riemann hypothesis’ concerning the zeros of Riemann’s function 
€(s). The Riemann hypothesis may be stated as follows: {(s) has 
no zeros whose real part 1s greater than 4. If this be so, it follows 
easily that all the zeros of {(s), other than the trivial zeros 8 = — 2, 
s=—4,..., lie on the line c=R(s)=}4. It is natural to extend 
this hypothesis as follows: no one of the functions defined, when o > 1, 
by the serves 


L(s)=2 a, 


possesses zeros whose real part is greater than}. We may call this 
the extended Riemann hypothesis. This being so, what we can prove 
is this, that af the extended Riemann hypothesis is true, then the 
formulae (5°11)—(5'23) are true for all values of r greater than 4. 

The reasons for supposing the extended hypothesis true are 
of the same nature as those for supposing the hypothesis itself 
true. It should be observed, however, that it is necessary, before 
we generalise the hypothesis, to modify the form in which it is 
usually stated; for it is not proved (as it is for ζ΄ (8) itself) that 
7,(8) can have no real zero between 4 and 1. 
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6. A modification of our method enables us to attack a closely 
related problem, that of the existence of pairs of primes differing 
by a constant even number k. 


We have 
2r 
EA. (n).A (n+ h) rth = ς, | | f (re!) |? ὁ- εἰ dO, 
Ws oO 


where f(x) is the same function as in ὃ 1, and 7 is positive and less 
than unity. We divide the range of integration into a number of 
small arcs, correlated in an appropriate manner with a certain 
number of the points e?9, and approximate to | f(re*) |? on each 
arc by means of the formula (2'8). The result thus suggested 1s 
that | 
2A Ῥ-Ι 

where A has the same meaning as in ὃ 2 and p 18 an odd prime 
divisor of k. From this it would follow that 

(61) SAW) AW+kh)~2dnll (P=) . 

ven p-— 2 
and that, if ΝᾺ (0) is the number of prime pairs less than n, whose 
difference is k, then 
τὸ 2An p-—l 

(6:2) Ni (n)~ (log ny? (P=) 
This formula is of exactly the same form as (1), except that p 18 
now a factor of k and not of n. In particular we should have 


2An 
ὦ ΝΣ Cog ny 
an 
4An 
(6°4) N,(n)~ (log n)? 


We should therefore conclude that there are about two pairs of 
primes differing by 6 to every pair differing by 2. This conclusion 
is easily verified. In fact the numbers of pairs differing by 2, below 
the limits* 
100, 500, 1000, 2000, 3000, 4000, 5000, 
are 
9, 24, 35, 61, 81, 108, 125; 
while the numbers of pairs differing by 6 are 
16, 47, 18, 125, 168, 201, 241. 


* To be precise, the numbers of pairs ( p, p’) such that p’=p +2 and p’ does not 
exceed the limit in question. 


541 


542 


252 Mr Hardy and Mr Inttlewood, Note on 


The numbers of pairs differing by 4, which should be roughly the 
same as those of pairs differing by 2, are 


9, 26, 41, 68, 86, 107, 121. 


7. Brun, in his note already referred to, recognises the corre- 
spondence between the problem of § 2—4 and that of the prime- 
pairs differing by 2, and realises the identity of the constants in- 
volved in the formulae; but does not allude to the more general 
problem of prime-pairs differing by k. He does not determine the 
fundamental constant A, attempting only to approximate to it 
empirically by means of a count of prime-pairs differing by 2 and 
less than 100000, made by Glaisher in 1878*. The value of the 
constant thus obtained is, as was pointed out in § 4, seriously in 
error. The truth is that when we pass from (671), which, when 
k =2, takes the form 


Σ A(v)A(v+2)~ 2An, 
vein 


to (63), the formula which presents itself most naturally is not 
(6°3) but 


(71) N,(n)~2A | : ane 


This formula is of course, in the long run, equivalent to (68). 
But 
i de π᾿ (gee oy ed T 
(log)? (log ny? ( " logn * (log ny? - +) 
and the second factor on the right-hand side is, for n = 100000, far 
from negligible. Thus (63) may be expected, for such values of 
n, to give results considerably too small. 

If we take the lower limit of integration in (7.1) to be 2, we 
find that the value of the right-hand side for n = 100000 is, to the 
nearest integer, 1249, whereas the actual value of N,(n) is, accord- 
ing to Glaisher, 12241. The ratio is 1:02, and the agreement seems 
to be as good as can reasonably be expected. 


The calculation of prime-pairs has been carried further by 
Mrs Streatfeild, whose results are exhibited in the following table: 


* J. W. L. Glaisher, ‘An enumeration of prime-pairs’, Messenger of Mathematics, 
vol. 8, 1878, pp. 28-33. The number of pairs below 100000 is 1225. 

+t The series is naturally divergent, and must be closed, after a finite number of 
terms, with an error term of lower order than the last term retained. 

t Glaisher reckons 1 as a prime and (1, 3) as a prime-pair, making 1225 in all. 
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n dx | : 
N. ooo 1 ORB 
a(n) | 2A Ι σε ὦ) io 


—- ———— a 


1224 1249 1020 
2159 2180 1010 
2992 3035 1:014 
3801 3846 1012 
4562 4625 1°014 


5328 5381] 1:010 


8. In a later paper* Brun gives a more general formula relating 
to prime-pairs (p, p’) such that p=ap'+2. This formula also 
involves an undetermined constant k. It is worth pointing out 
that our method is equally applicable to this and to still more 
general problems. Suppose, in the first place, that v(n) 1s the 
number of expressions of n in the form 


n=ap + bp’, 


where p and p’ are primest. We may suppose without loss of 
generality that a and ὃ have no common factor. 

The results suggested by our method are as follows. If n has 
any factor in common with a and b, then 


ΤΩΣ 


and this is true even when n is prime to both a and 6, unless one 
of n, a, bis event. But if n,a and ὃ are coprime, and one of them 
even, then 
2A —l 
y(n) a (2), 


ab (lognY  \p—2 


where A is the constant of § 2, and the product is now extended 
over all odd primes which divide n or a or ὃ. 


* «Sur les nombres premiers de la forme ap+b’, Archiv for Mathematik, vol. 
24, 1917, no. 14. 

+ We might naturally include powers of primes. 

+ These results are trivial. If n and a have a common factor, it divides bp’, 
and is therefore necessarily p’, which can thus assume but a finite number of values. 
If n, a, ὃ are all odd, either p or p’ must necessarily be 2. 
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Similarly, suppose Ν᾽ (n) to be the number of pairs of solutions 
of the equation 
ap’ —bp=k 
such that p’<n. It is supposed that a and b have no common 
factor. Then 


n 
ΠΣ. 
unless & is prime to both ὦ and ὦ, and one of the three is even. 
If these conditions are satisfied 
2A ἢ Ρ-Ι 
ἃ (log n) (9) ᾿ 


where Ὁ is now an odd prime factor of k, a, or b. 


N(n)~ 


_Goldbach’s Theorem. 
By G. H. Hardy’). 


The famous problem of which I propose to speak tonight 
is probably as difficult as any of the unsolved problems of 
mathematics, and my lecture cannot be entirely easy. I must 
be content if I can give you some rough notion of the nature 
and of the history of the problem, and of the general ideas 
which have guided the mathematicians of the past and of the 
present in their efforts to find a solution. 

Every even number is the sum of two primes: 
this is ‘Goldbach’s Theorem’. I may perhaps begin by the 
trivial observation that, if ‘prime’ is to mean what it means in 
modern mathematics, the theorem is obviously false. It fails 
for 2, which is a prime, but not the sum of two. We do not 
nowadays call 1 a prime, for, if we do, the factorisation of 
a number into primes is not unique. We must therefore insert 
the words ‘greater than 2’ in the enunciation of the 
theorem. 

The theorem is stated in Goldbach’s correspondense with 
Euler in the year 1742. It would seem that he -had been 
anticipated by Descartes?). It was conjectured independently 
by Waring a little later, and it is, I believe, in Waring’s 
Meditationes algebraicae (1770) that the conjecture 
appears first in print. Each of these authors appears to have 
observed that, if every even number (greater than 2) is the 
sum of two primes, then every number (greater than 5) is 


1) A lecture to the Mathematical Society of Copenhagen on 6. October 1921. 

3) In these matters of history I am content to follow Prof. 2. 2. Dickson's 
History of the theory of numbers (Washington, 1919, vol. 1. pp. 421 
et seq.). Dickson however attributes to Descartes the assertion that 
‘every even number is a sum of I, 2, or 3 primes’, and here the word 
‘even’ should surely be deleted. 


1922, 1 Matematisk Tideskrift B, 1922, 1-16. 
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the sum of three. You will see later why this apparently 
trivial remark should be interesting to me. 

The numerical evidence for the truth of the theorem is 
overwhelming. It has been verified up to 1000 by Cantor 
(1894—1895), to 2000 by Aubry (1896—1903), to 10,000 by 
Haussner (1896); and further numerical data, concerning special 
numbers or numbers of specified forms, have been accumulated 
by Ripert (1903), by Cunningham (1906), and by Shah and 
Wilson (1919). But most of the modern computations have 
been directed towards a more ambitious end, that of deter- 
mining or verifying some asymptotic formula for the number 
of decompositions into primes of a given even number 2. 

I denote by v(z) the number of ways in which z= 2N 
can be expressed as a sum of two primes, or the number of 
solutions of the equation 


n=2N=p+p’. (1) 


According to Goldbach’s Theorem, v(x) Σ» ὸοὸ if 2>>2; and ἃ 
very hasty survey of the evidence is enough to make two 
things clear. In the first place, a great deal more is true 
than is asserted by the theorem. Not merely is Ὁ (1) positive, 
but it is large when “3 is large. Secondly, while v (7) tends 
to infinity with , it does not do so in any very regular 
manner. The magnitude of v(z) does not depend merely οὔ 
the magnitude of z, but also on its arithmetic form. 

It is important to observe that these conclusions are in 
complete agreement with the a priori judgement of common 
sense. We naturally argue thus. If #< x, and z is large, the 
chance that m is prime is approximately 1:log#. If then 
we write 2 in every possible way in the form = m+ m'’, 
the chance that both m and wm’ are prime is approximately 
1: (log 2)?. We should therefore expect the order of magnitude 


of v(m) to be 
n 


(log πὴ): ie 

On the other hand, the arithmetical form of 22 is plainly 
also relevant. In the first place, it is obviously relevant 
whether z is odd or even: if 2 is odd there is no representation, 
unless 2 -- 23 - 2, and then only one. It is not quite so 
obviously important to consider whether 7 is a multiple of 3. 
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We have however to exclude all cases in which either m 
or m’ is a multiple of 3. If 3/1), the two sets of cases thus 
excluded are the same, while if 3+ the effect of the double 
exclusion is cumulative. W should therefore. expect divisibility 
by 3 to increase v(m); and a similar argument applies to any 
other prime, so that v(z) should be largest when 2 is com- 
posed of a large number of different small prime factors. All 
these rough expectations prove to be in complete accordance 
with the facts. 

Sylvester (1871) was the first mathematician to suggest an 
asymptotic formula for v(z). Sylvester’s rule is stated in 
words, and when translated into symbols is as follows: 


νθὴ ~ ann)  {{2:::: (3) 


where πίη) is the number of primes not exceeding m, and the 
product extends over all primes 2 for which 3 p< and 
ptx. We know, though Sylvester did not, that 


(4) 


lee 
eas er 


This is the famous ‘Primzahlsatz’, and we can use it to simplify 
(3). We also require a theorem of Mertens (1874), to the 


effect that 
a ae ae 
[1 5 ἢ ᾿ 


px 


where C is Euler’s constant. This theorem, which lies much 
less deep than (4), shows that 


I16=)=T1 00) bs) ee 
ἐκ ΠῚ ees (6) 


1) Following Landau, I write 3] for ‘x is divisible by 3’, and ‘3 + κ᾽ to 
express the contrary. 
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the product extending now over all odd primes. We thus 
obtain the formule 


STG) 0 


pin 


where 2 is an odd prime divisor of 2, and this we may 
reasonably call ‘Sylvester’s formula’. 

Sylvester's formula is certainly wrong. It is correct, 
apparently, in its most obviously interesting parts, in its crude 
order of magnitude, and in the irregularly oscillating factor 
which depends upon the arithmetic structure of #”. It is the 
constant factor 44e—© that cannot be correct. It is interesting 
to pause for a moment to consider how such. a negative result 
can be established. | 

There is no mystery at all about the average value of 
v(z). It is quite easy to prove!) that 

ν (2) + ν(4) +---+ v(x) 71 


ss i ~ 2ilogai = 
If now we assume any asymptotic formula for v(%), we can 
test it by its compatibility with (8). We may assume a for- 
mula of Sylvester’s type, but with an unspecified constant 
factor B; and we find, as the test of compatibility, that B=2A. 
Thus the only possible formula of this type is 


v (2) Ξ texan | | Ferri (9) 


pin 


Sylvester’s formula must be wrong, if not in principle, then 
by a constant multiplier 2e—© = 1-123---3). The formula (9), 
on the other hand, seems almost certainly correct. 

Sylvester’s contribution to the problem passed unnoticed 
for nearly 50 years. I turn now to the writers, Merlin, Brun, 
and Stackel, who have attacked it recently, and particularly 
to Brun. The work of Mr Littlewood and myself belongs to 
a different circle of ideas, and I shall speak of it Jater. 


ἢ The actual theorem is due to Landau (1900). 

*) There is considerably more difficulty in testing the discrepancy by com- 
parison with the facts. Shah and Wilson have given a very clear and 
interesting discussion of this point. 
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The writings of these three mathematicians have a striking 
common characteristic: they use elementary methodsonly. 
You may ask me what an ‘elementary’ method is, and I must 
explain precisely what I understand by this expression. I do 
not mean an easy or a trivial method; an elementary method 
may be quite desperately ingenious and subtle. I am using 
the word in a definite and technical sense, and in this I am 
only following the common usage of arithmeticians. I mean, 
by an elementary method, a method which makes no use of 
the notion of an analytic function. And the question that I 
wish to put to you is this: is it reasonable, in the present 
state of mathematical knowledge, to hope to obtain an 
elementary proof of Goldbach's theorem? 

If I reply to this question in the negative, as I must and 
shall, if I say that I am compelled to regard all such efforts as 
foredoomed to failure, I trust that you will not misunderstand 
me. I cannot believe that the methods of Merlin and Brun are 
sufficiently powerful or sufficiently profound to lead to a solution 
of the problem, But I am very far from meaning that I regard 
their work as devoid of interest and value. There is much in 
Brun’s work in particular that seems to me very beautiful, 
and some of his theorems ought, I think, to find their way 
into every book on the theory of numbers. | 

We have however to take account both of the history and 
the logical structure of our subject. Let us turn back then 
for a moment to its central theorem, the ‘Primzahlsatz’ or 
‘prime number theorem’ expressed by the equation (4). It 
seems plain that this must be at any rate an easier theorem 
than Goldbach’s theorem. No elementary proof is known, and 
one may ask whether it is reasonable to expect one. Now 
we know that the theorem is roughly equivalent to a theorem 
about an analytic function, the theorem that Riemann’s Zeta- 
function!) has no zeros on a certain line?) A proof of such 
a theorem, not fundamentally dependent upon the ideas of 
the theory of functions, seems to me extraordinarily. unlikely. 
It is rash to assert that a mathematical theorem cannot be 
proved in a particular way; but one thing seems quite clear. 
We have certain views about the logic of the theory; we think 


1) O(s) = ζ(σ 4 22. 


76 = 1, 
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that some theorems, as we say, ‘lie deep’, and others nearer 
to the surface. If anyone produces an elementary proof of 
the prime number theorem, he will show that these views are 
wrong, that the subject does not hang together in the way 
we have supposed, and that it is time for the books to be 
cast aside and for the theory to be rewritten. 

You are probably familiar with the general idea of the 
‘sieve’ or ‘crible’ of Eratosthenes. We write down all the 
integers 


fe 2,3) 44-5," 0p 7. 8. Oy. 10, 11,125 12. 145. 15 | 


(8) 


16, 17, 18, 19, 20, 21, 22 


up to x. We erase (or underline), first 1; then every even 
number after 2; then multiples of 3, except 3 itself; and so 
on, repeating the process for every ~. The process comes to 
an end when 2 exceeds x, for then only primes are left. 
Suppose now that 2,, 29, “τ. ~ are the first 7 primes, 
that x is large and x fixed, and that we use the sieve for 
these primes only. The number of numbers left is approxi- 


mately 
(1 —F)( ae eee [ Ξ2}}} 
Ps 2 2: 


it is easy to see that thé error in this enumeration is at most 
2) - γ. If m,(4) is the number of numbers, not exceeding ἃ, 
and prime or not divisible by any of these 7 primes, then 


ds ᾿ 


We have supposed so far that »γ, is fixed. The result would 
be much more interesting if we could suppose that 7 is a 
function of x. Let us assume provisionally that this is legt- 
timate, and take ΚΣ to be the largest prime not exceeding 7 x. 
We obtain 


π (αὶ ΞΞ π, (χ) ὦ ΠΕ -) ~ iS (10) 


pSV 


by Mertens’ formula (5). This formula is false (so that our 
assumption was illegitimate), and it is significant that it is 


GOLDBACH’S THEOREM. 7 


wrong in just the same way as Sylvester’s formula (7). Our 
failure may help to deepen our scepticism as to the results to 
be anticipated from the use of the principle of the sieve. 

The ‘sieve’ used by Merlin and Brun for Goldbach’s theorem 
(le crible de Merlin) is οἵ ἃ slightly more complex kind. 
We form the table 


I, 2, 3) 4, 5, 6, 7, .1.2.-} (m),\ 


2— 1, nN—2, 2— 3, 21--4. m—5, n—6, #—7,* my I (n2").J 


(11) 


Here 2: is an even number, and the table, read vertically, shows 
all possible decompositions = m-+ m' of x into positive 
integers. We now perform the process of Eratosthenes on 
both rows of the table, starting from the right of the lower 
row, and operating with the first ~ primes. We consider a 
decomposition # - 2722 to be erased when either of its consti- 
tuents is erased. 

There are two cases to be considered for each prime 2. 
If p|2, the erasures in the second row fall immediately below 
the corresponding erasures in the first, and the number of 
decompositions erased is approximately 2:2. If p+, the 
erasures never correspond, and their number is approximate- 
ly 22: p. If then v,(z) is the number of decompositions into 
numbers m,m' which are prime or not divisible by any of 
the first primes, we have 


Vr (2)~ 7 I] (1-5) Il (1-2). (12) 


pin, p<p, ptn, pp, 


This formula is correct so long as » is fixed. 
Let us assume once more that this formula is correct when 
2, is about ¥z. We obtain 


τ νον ΜΠ ΖΞ TT (3) 


pin pSva 


where the value 2 of 2 is now excluded. But, if 3< p< 2, 
we have 


Πί-3- Π|- ἐπι} ities 


by Mertens’ formula (5). We thus obtain 


ool 
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νρὴ τ ΩΣ τς 10. (13) 


pin 


and this is the formula to which Brun’s argument naturally 
leads!), The formula, like Sylvester’s, is wrong, and by a 
factor 44." = 1-263---. It will be observed that Sylvester’s 
formula (7) is the geometric mean between (9) and (13). 

I have explained that I do not believe that a proof of 
Goldbach’s theorem is likely to be found by methods such as 
these. But it is certainly possible to prove something in 
this sort of way, and what Brun has proved seems to me 
very interesting indeed. He has proved, for example that 
every large even number # can be expressed in the 
form m+ η΄, where m and m’ are numbers composed 
of at most 9 odd prime factors, and that the number 
of such decompositions is of order x: (log)? at least. 
His method of proof is elementary enough, but a little com- 
plicated, and the idea which underlies it can probably be 
explained most clearly by reference to a simpler problem. 

The number of numbers not exceeding x, and prime or 
not divisible by any of the primes 2), f,,---, fr, is (if 2, « x) 


“-.-ῦ- τὺ 


where [x] is the largest integer in x. This can be shown at 
once by the method of Eratosthenes, and it is an imediate 
deduction that 


N> e(1— (ip). {-- }-- ae (15) 


where ./ is a constant. No very interesting consequences can 
be drawn from this; but Brun has shown that, if we are con- 
tent to allow the first term on the right of (15) to be multiplied 
by a constant less than 1, we can materially reduce the order 
of the second, considering as a function of » More precisely, 
he proves that 


ἢ The formulae (13) is not enunciated explicitly by Brun. His procedure 
was rather to develop his argument until it leads to a formula of this 
type, and to attempt to determine the constant on other grounds. The 
determination of the only possible constant by averaging was effected in- 
dependently by Stickel, and by Mr. Littlewood and myself. 
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I I I ᾿ 

ΝΣ 5 .{1-- δ) -- ὦ} {τ} τῖ _ ae 
Suppose now that 2, is about x¢. Then the first term is (by 
Mertens’ theorem) of order x:logz, while the second is of 
order xé. Thus J is at least of order x: log. If a number 
does not exceed #, and all of its prime factors are greater 
than xt, the number of its prime factors is 5 at most. We 
are led to the theorem that the number of numbers less 
than x, and with five prime factors at most, is at 
least of the order +: log z. 

The theorem is trivial, for Tschebyschef proved (and by 
purely elementary methods) that the number of primes less 
than x is of this order of magnitude. I have chosen this tri- 
vial theorem, however, merely as a simple illustration, and 
Brun has proved much more. In the first place, he has ex- 
tended the argument to the numbers of an arbitrary arithme- 
tical progression mk+/1). This theorem also is of course not 
new, for we know, from the work of de la Vallée Poussin, 
that any such progression contains the prescribed amount of 
primes. The method, on the other hand, is in this case most 
interesting, for there is no elementary proof of any of the 
theorems concerning the primes of an arithmetical progression. 
What is still more important is that Brun has been able to 
treat the ‘crible de Merlin’ in the same kind of way, and to 
deduce the very striking and beautiful theorem that I enunciated 
a moment ago; a theorem, I may add, which Mr. Littlewood 
and I are unable to prove analytically, with the much more 
powerful machinery at our command. 

It seems clear however that, if we are to attack the main 
problem with any prospect of success, the methods of the 
theory of functions are indispensable; and I shall now attempt 
to explain the method by which Mr. Littlewood and I have 
attacked it. The general lines of the argument are obvious 
and inevitable enough; the difficulties lie in carrying it through 
to its conclusion. 

We write 

W(x) = x? + x8 + 754... = Dee, (17) 
(W(x))P = Lv,(n) x", (18) 


δ The uninteresting case in which & and 2 have a common factor being 
naturally excluded. 
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so that v,(z) is the number of representations of ” as a sum. 
of r primes!). We have 


v-(%) = 5] (Ὁ 5} ax, (19) 


272 gat 
C 


by Cauchy’s theorem, the path of integration C being the 
circle |x| = R, whereo< R< 1. We take 


R=1——. (20) 


We do not base our analysis, however, on the actual formulae 
that I have written. It is more convenient to use the formulae 


f(x) = log 2+ x8log 34+ x5log5 +--- = 2x? logs, (21) 
σον — ΣΝ, (πὴ) χα, (22) 
_ 1} 
Δ, (2) ΞΞ-Ξ τ ak ax. (23) 
Here 
N,(t) = & log 2: log 25 -- - log pr, (24) 


where the summation applies to all sets 2,» 25» +++; fr whose 
sum is ~. Goldbach’s theorem asserts that v,(7) (or, what is 
the same thing, that 1V,()) is positive for = 4, 6, ---. Our 
object is the more comprehensive one of finding an asymptotic 
formula for v,(z); and it is easy to show that, if we can find 
such a formula for Δ᾽, (571), we can deduce one for v,() by 
division by (log x) 3). 

Our fundamental idea is the same as that which has guided 
us in our work on Waring’s problem. The unit circle is a 
barrier of singularities for 2.5); we may say, roughly, that /(2) 
becomes large when x approaches the circle. There are how- 
ever certain special points of the circle in whose neighbour- 
hood /(x) is largest, and whose contributions to the integral 
(23) are of dominating importance. These points are the ‘ra- 
tional points 4, &’, for which 


1 vr(m) has no connection with the v-(#) of (12). 
Π o<d<1, we have (1 — 5)log”< logs < log~ for nearly all the 
primes in question, 
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ra—ek =e(Z) = 206 RAcaeraeey | Pine Ey Siac Uke Se aps ee 


k 


It is obvious, for example, that the point 0,1, for which x = I, 
must be most important of all; for f(#) is a series with posi- 
tive coefficients, and increases most rapidly when ~ ts positive. 
In general, one may expect the importance of the point 4, ἢ 
to diminish as & increases; and in fact 


μ(ῦ Γγ 

7). oh) (iog χ) ; (25) 
where μ(ζ) and φ([) are the well known arithmetical functions 
of Mobius and Euler!), if «= Xx,,, and X -»> 1 by positive 
values. 

Suppose that a formula of the type of (25) has been proved 
to hold in the neighbourhood of every point 4, &. The natural 
procedure is then as follows. We divide the circle C into a 
large number of small arcs &n.x, each associated with a partt- 
cular point 4,4. We substitute for /(#), in the part of the 
integral (23) which is taken along &,x, the approximation 
derived from (25); we evaluate the resulting integrals; and we 
thus obtain an approximation for JV,() in the form of an in- 
finite series. This series, which we call the singular series, 
can happily be summed in finite form. 

The analysis to which this process leads is intricate and 
difficult. It will be best that I should begin by stating what 
we can prove. In the first place we have, for reasons which 
will appear later, to assume the truth of an unproved hypo- 
thesis. The celebrated hypothesis of Riemann may be stated 
as follows: the real part of a zero of the Zeta function 
does not exceed 1, Our hypothesis is a natural extension 
of this. The theory of the distribution of primes depends, in 
general, on the theory of Z(s). Their distribution in an arith- 
metical progression mk - 4, where ὦ is prime to &, depends 
upon a number of associated functions denoted generically by 
L(s). Thus when & = 4 there are two such functions, defined 
respectively by 


L(s) = 8 Fg, Ly = PH TS. 26) 


1) μ(ζ) =(—1)™ it & is the product of m different primes, »(4) = ο other- 
wise; 9(%) is the number of numbers less than and prime to &. 
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The first is (I—2—*)Z(s), but the second is a new transcendant. 
There are o(&) such functions associated with a given &. 

The most natural generalisation of Riemann’s hypothesis is 

HYPOTHESIS ΚΕ. The real part ota zero of L(s) does 
not exceed }. | 

We do not actually need quite the full force of this hypo- 
thesis, but I shall be content to state it in its simplest and 
most striking form. | 

Our main theorem is then a follows: If hypothesis R 
is true, then every large!) odd number is the sum of 
three odd primes. The number v,(z) of representa- 
tions is given asymptotically by the formula 


nm? ( --- τῷ - 2) 
ων Ὁ Σ 


Zr ὦ 


The product in (27) extends over the odd prime 
divisors of #, and that in (28) over all odd primes. 

The complete proof of this theorem, and of similar theorems 
concerning representations of numbers by four or any larger 
number of primes, will appear shortly in the Acta Mathe- 
matica., At the moment I shall attempt to explain to you only 

(1) how the final formula arises, 

(2) why it should be necessary to assume hypothesis 2, 

(3) why our method succeeds for three or more primes, but 
fails for two. 

I shall not take these questions in the order in which I 
have stated them: I begin with the second. You will remember 
that it is necessary to approximate to the function /(#) in the 
neighbourhood of the point 4,%. Taking first the simplest 
case, suppose that 4 =0, F= 1, ἄμικτξε 1. 

We write x = e—9, and use the weil known formula 


where 


ey = J [re εἷς (29) 


of Mellin. From this we deduce 


1) That is, every such number from a certain point onwards, 
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i | 
| fa) = Zlogpe-m = 54,| 1 > BE ds (30) 


which is substantially (though not exactly) 


Err Ὁ 6) 
~i) Ms) FG) ds. (31) 
The integrals are taken along a line parallel to the imaginary 
axis and passing to the right of the point s = 1. 

The subject of integration has poles when s=1, when s 
is zero or a negative integer, and at all the complex zeros of 
Z(s), which we denote generally by p. If we assume Riemann’s 
hypothesis, every ρ has the real part 3. It is natural to sup- 
pose that, if we move the path of integration further and 
further to the left, and apply Cauchy’s theorem, we shali ex- 
press /(%) in the form of an infinite series, in which the most 
important terms will be the terms corresponding to the residues 
for 1 and p. If we denote these terms by 

I Ap | 

Ν᾿ He 
then the term corresponding to p is of order y~ 2 when y is 
small, and we may hope that the order of the series will be 
much the same. In this case we shall prove that f(x) ~ γι", 
which is the simplest case of (25), and that the order of mag- 
nitude of the error is not notably greater than that of γ- ἐ. 
It is evident that our estimate of the error will depend es- 
sentially on our assumption. 

Passing now to the general case, I denote by A(z) the 
arithmetical function of 2 which is equal to log # when ~ is 
prime and otherwise to zero. We have now 


(32) 


: h 
Set) = f(Xtn,x) = EX*Nwe [Ὁ]: (33) 
We write 
n=—mk-+l(l=—1,2,---,k; m=0,1, 2, +), 


and we obtain 


fa) = S “xeen me + De (Z) 


= Σ χω () Sw nind +0 


(34) 
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Thus /(x) is expressed as the sum of a finite number of func- 
tions, each of which plainly depends on the distribution 
of primes in an arithmetical progression mk-+/. We 
are thus led to make an assumption, analogous to the hypo- 
thesis of Riemann, about all the functions Z(s) on which this 
distribution depends; in other words, we are led to hypothesis 
R. Unless we make some such assumption our difficulties, al- 
ready considerable, will be terribly increased. 

We therefore assume hypothesis R. We now write X=e—* 
and express f(x), by means of the formulae (33) and (34), in 
the form of an integral 

Ι 8 

A \y P(s)Z(s)ds, (35) 
where Z(s) is a linear combination of the logarithmic derivatives 
L'(s): L(s) of the Z-functions associated with modulus &. The 
dominant term of /(x), in the neighbourhood of xp,,, is the 
residue of the integrand for s= 1, and a simple calculation 
shows that this is the function which appears on the right 
hand side of (25). 

We now return to the integral (23), and consider the se- 
parate contributions of the arcs &,,.. If we substitute for /(~), 
on En,x, the approximation given by (25), and transform the 
integral by the substitutions 


ΓΕ xe(3), X=e, (36) 
we obtain 

μ(() : -- Ἐπ —P pnY 

(Cale + li Yen’ a. (37) 


The path. of integration is now a segment of a straight line, 
parallel to the imaginary axis in the plane of Y, and passing 
to the right of the origin. | 

We can substitute for this segment the complete straight 
line of which it is part, the error involved in this approxima- 
tion proving to be unimportant. The integral can then be 
evaluated in finite terms, and (37) assumes the form 


lS) 


We have finally to sum with respect to # and &, and we ob- 
tain the formula 
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nt 


ὩΣ Ξ “Fi Ὁ» (39) 


a(n) = δ «(--5} (41) 


and #, in (41), is less than and prime to &. 

The series 5S, the ‘singular series’, is the series on which 
the solution of all these problems depends. It can, as I said 
before, be summed in finite terms!). If 7 and x are of oppo- 
site parity, then S=o. If they are of the same parity, then 


an TI "ἃ a) 


— nit a rv) 43) 


If y = 3, we are led to (27), and if » = 2 to (9), the powers 
of log # which appear in these formulae being introduced in 
the passage from Δ to v; and there are similar formulae for 
every value of +. 

There is unfortunately a vital difference between the case 
r = 2, which corresponds to Goldbach’s theorem, and all the 
rest. We have to fill in the skeleton which I have presented 
to you, and to transform it into an accurate proof; and in 
doing this we find ourselves compelled to suppose that r> 2. 
It only remains that I should explain to you shortly the reason 
for this regrettable limitation 2). 

Our work depends upon a system of approximate formulae 
for f(#), each valid‘near a particalar point of the unit circle. It 
will be sufficient for my purpose to consider the point x= 1. 
If x = e—9, and y is positive, our formula for /(z) is of the form 


Δ, (σ1) τῷ 


where 


') The summation is a simple but entertaining exercise in elementary alge- 
bra, which I must be content to take for granted. 

*) The explanation which follows must be taken merely as a first approxi- 
mation to the truth, 
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I I 
7(5) = γ ἐπ O( 1) ᾿ 

where € may be any positive number. Thus (/(%))’ consist of 
two parts, a term y—‘, which is exactly known, and an error 
term whose order is, so far as our analysis shows, not less 
than O(y~#"); and each of these terms gives rise to a corre- 
sponding term in the final formula. The contribution of the 
dominant term can be found precisely, and is of order ηγ 1. 
The contribution of the error term can only be estimated in a 
cruder manner, and the best that we can say about it is that 
it is of order O(?'), This error must, if our approximation is 
to succeed, be smaller than the dominant term; and this requires 
that r—1>>4r or ry >2. In fact I have done rather more 
than justice to our method. It would appear, from what I have 
stated, that we stand on the very margin of success. But. 
there are further complications in the analysis, and we fail by 
a power zt. 

I implied, when I was discussing the methods of Merlin 
and Brun, that it was hardly reasonable to suppose that they 
could possibly succeed. You may naturally ask me what I 
think of the prospects of our own, and the question is one to 
which I find it rather difficult to reply. You must make me, 
for the moment, a present of hypothesis &. I presume that 
the hypothesis of Riemann will some day be proved. Hypo- 
thesis R will, I am sure, be proved within a week from then, 
and the proofs will be substantially the same. There is nothing 
whatever to suggest that, in these respects, one L-function 
behaves unlike another. | ᾿ 

Apart from this I would reply that, the. hypothesis once 
proved or granted, I see no particular reason why our method 
should not succeed. It seems to me adequate for the problem; 
the ideas which underlie it are not too easy and lie sufficiently 
deep. It fails in detail, and not in principle, even as it is; the 
failure is not a failure of the method, but of the analytical 
powers of Mr. Littlewood and myself. The method seems to 
embody the essential features of the problem, and _ leads, 
naturally and inevitably, to what is plainly the real result. I 
believe that, when the problem is solved, it will be solved in 
some such way as this. 


SOME PROBLEMS OF ’PARTITIO NUMERORUM'’: ΠΙ ON THE 
EXPRESSION OF A NUMBER AS A SUM OF PRIMES. 


By 


G. H. HARDY and J. E. LITTLEWOOD. 
New College, | Trinity College, 
OxForp, CAMBRIDGE. 


1. Introduction. 


1. 1. It was asserted by Goipsacu, in a letter to Euter dated 7 June, 
1742, that every even number 2m is the sum of two odd primes, and this proposi- 
tion has generally been described as ’Goldbach’s Theorem’. There is no reasonable 
doubt that the theorem is correct, and that the number of representations is 
large when m is large; but all attempts to obtain a proof have been completely 
unsuccessful. Indeed it has never been shown that every number (or every 
large number, any number, that is to say, from a certain point onwards) is the 
sum of ro primes, or of 1000000; and the problem was quite recently classified 
as among those ’beim gegenwartigen Stande der Wissenschaft unangreifbar’.} 

In this memoir we attack the problem with the aid of our new transcen- 
dental method in ’additiver Zahlentheorie’.2 We do not solve it: we do not 


' E. Laxpau, ’Geléste und ungeléste Probleme aus der Theorie der Primzahlverteilung und 
der Riemannschen Zetafunktion’, Proceedings of the Jifth International Congress of Mathematicians, 
Cambridge, 1912, vol. 1, pp. 93—108 (p- 105). This address was reprinted in the Jahresbericht 
der Deutschen Math.- Vereinigung, vol. 21 (1912), pp. 208—228. . . 

* We give here a complete list of memoirs concerned with the various applications of 
this method. 

G. H. Harpy. 
7. ‘Asymptotic formulae in combinatory analysis’, Comptes rendus du quatri¢me 

Congres des mathematiciens Scandinaves ἃ Stockholm, 1916, Pp. 45—53. 

2. ’On the expression of a number as the sum of any number of squares, and in 

particular of five or seven’, Proceedings of the National Academy of Sciences, vol. 4 (1918), 

pp. 189—193. 


1922, 3 (with J. E. Littlewood) Acta Mathematica, 44, 1-70. 
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even prove that any number is the sum of 1000000 primes. In order to prove 
anything, we have to assume the truth of an unproved hypothesis, and, even 
on this hypothesis, we are unable to prove Goldbach’s Theorem itself. We show, 
however, that the problem is not ’unangreifbar’, and bring it into contact with 
the recognized methods of the Analytic Theory of Numbers. 


3. ‘Some famous problems of the Theory of Numbers, and in particular Waring’s 
Problem’ (Oxford, Clarendon Press, 1920, pp. 1--- 34). 

g. ‘On the representation of a number as the sum of any number of squares, and 
in particular of five’, Transactions of the American Mathematical Society, vol. 21 (1920), pp. 
255—284. 

": re ‘Note on Ramanujan’s trigonometrical sum cq(n)’, Proceedings of the Cambridge 
Philosophical Society, vol. 20 (1921), pp. 263-271. 


G. H. Harpy and J. E. Livriewoop. 


7. ᾽Α new solution of Waring’s Problem’, Quarterly Journal of pure and applied 
mathematics, vol. 48 (1919), pp. 272—293. 

2. ‘Note on Messrs. Shah and Wilson’s paper entitled: On an empirical formula 
connected with Goldbach’s Theorem’, Proceedings of the Cambridge Philosophical Society, 
vol. 19 (1919), pp. 245—254. | 

3. ‘Some problems of 'Partitio numerorum’; I: A new solution of Waring’s Pro- 
blem’, Nachrichten von der K. Gesellschaft der Wissenschaften zu Gottingen (1920), pp. 33—54. 

4. ‘Some problems of ’Partitio numerorum’; II: Proof that any large number is the 
sum of at most 21 biquadrates’, Mathematische Zeitschrift, vol. 9 (1921), pp. 14—27. 


G. H. Harpy and δ. RamanvdJan. 


Ζ, ‘Une formule asymptotique pour le nombre des partitions de η΄, Comptes rendus 
de l'Académie des Sciences, 2 Jan. 1917. 

2. ‘Asymptotic formulae in combinatory analysis’, Proceedings of the London Mathem- 
atical Society, ser. 2, vol. 17 (1918), pp. 75—I1I5. 

j. ‘On the coefficients in the expansions of certain modular functions’, Proceedings 
of the Royal Society of London (A), vol. 95 (1918), pp. 144-55. 


EK. LANDAU. 


7. ’Zur Hardy-Littlewood’schen Lésung des Waringschen Problems’, Nachrichten 
von der K. Gesellschaft der Wissenschaften zu Gottingen (1921), pp. 88—92. 


L. J. Morpewu. 


7. ‘On the representations of numbers as the sum of an odd number of squares, 
Transactions of the Cambridge Philosophical Society, vol. 22 (1919), pp. 361--372. 


A. OSTROWSKI. 


7. 'Bemerkungen zur Hardy-Littlewood’schen Lésung des Waringschen Problems’, 
Mathematische Zeitschrift, vol. 9 (1921), pp. 28—34. 


5, RAMANUJAN. 


z. ’On certain trigonometrical sums and their applications in the theory of num- 
bers’, Transactions of the Cambridge Philosophical Society, vol. 22 (1918), pp. 259--- 276. 


N. M. SHau and B. M. Witson. 


z. ‘On an empirical formula connected with Goldbach’s Theorem’, Proceedings of 
the Cambridge Philosophical Society, vol. 19 (1919), pp. 238—244. 
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Our main result may be stated as follows: if a certain hy pothesis (a natural 
generalisation of Riemann’s hypothesis concerning the zeros of his Zeta-function) 
1s true, then every large odd number n is the sum of three odd primes; and the 
number of representations is given asymptotically by 


fees) N,(n)~ C, ΒΟΩ͂Ν ll oer =~), 


where » runs through all odd prime divisors of n, and 


(I. 12) C, = II (r+ a)? 


the product extending over all odd primes σ΄. 


Hypothesis R. 


1. 2. We proceed to explain more closely the nature of our hypothesis. 
Suppose that qg is a positive integer, and that 


= φίφ) 
is the number of numbers less than g and prime to g. We denote by 
χ (Ὁ) = xn (n} (k=1,2,..., A) 


one of the A Dirichlet’s ’characters’ to modulus q!: y, is the ’principal’ character. 
By χ we denote the complex number conjugate to x: x is a character. 
By L(s, x) we denote the function defined for o>1 by 


L(s) = L(o + tt) = L(s, χ) = D(s, xx) = > 2). 


n=l 


Unless the contrary is stated the modulus is g. We write 


L(s) = L(s, x). 
By 


‘Our notation, so far as thas theory of JZ-functions is éonterned: is chat OE Deadeue 
Handbuch der Lehre von der Verteilung der Primzahlen, vol. 1, book 2, pp. 391 et seq., except that 
we use 4 for his k, k for his x, and @ for a typical prime instead of p. As regards the 'Farey 
dissection’, we adhere to the notation of our papers 9 and 4. 

We do not profess to give a complete summary of the relevant parts of the theory of 
the Z-functions; but our references to Landau should be sufficient to enable a reader to find 
for himself everything that is wanted. 
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we denote a typical zero of L(s), those for which y—o, @<o being excluded. 


We call these the non-trivial: zeros. We write N(7) for the number of ρ᾽ 8 of 
{s) for which o<y<T. , 
The natural extension of Rismane’ s. hypothesis is 
I 1 


HYPOTHESIS R*. Every ο has tts real part less than or equal lo “-. 


We shall not have to use the full force of this hypothesis. What. we shall 
in fact assume is 


HYPOTHESIS R. There 1s a number © — such that 
ΞΘ 
for every ο of every L(s). . 
The assumption of this hypothesis is fundamental in all our work; all the 
resulis of the memoir, so far as they are novel, depend upon it?; and we shall not 
repeat it in stating the conditions of our theorems. 


We suppose that © has its smallest possible value. In any case ΘΕ. 


For, if @ is a complex zero Of (8), o is one of L(s). Hence Ι —g is one of 
L(x1—s), and so, by the functional equation ὃ, one of Z(s). 


Further notation and terminology. 


1. 3. We use the following notation throughout the memoir. 

A is a positive absolute constant wherever it occurs, but not the same 
constant at different occurrences. B is a positive constant depending on the 
single parameter r. O’s refer to the limit process Ὁ --- ©, the constants which 
they involve being of the type B, and o’s are uniform in all parameters except r. 

@ is a prime. }» (which will only occur in connection with n) is an odd 
prime divisor of ἢ. p is an integer. If g=1, p=o; otherwise 


O<P<G (,4)--τ. 


(m,n) is. the greatest common factor of m and n. By m ἢ we mean that n is 
divisible by m; by m;n the contrary. 

A(n), u(n) have the meanings customary in the Theory of Numbers. Thus 
A(n) is log τ if n= @™ and zero ‘otherwise: s(n nm) is ines 1)" ae nis a a product of 


! ‘The ΒΕ πὶ ange ‘be gated in. this way Hacaass 
(a) it has not been proved that no L(s) has real zeros between ; and 1, 


(0) the Z-functions as$ociated with imprimitive (uneigentlich) characters have zeros on the line σ =o. 
* Naturally many of the results stated incidentally do not depend upon the hypothesis. 
8. Landau, p. 489. All references to Landau’ are to his Handbuch, unless the contrary is stated. 
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k different prime factors, and zero otherwise. The fundamental: function with 
which we are concerned is 


(1. 31) f(x) = D2 log ὦ 1, 


ω 


To simplify our formulae we write 


e(x) = e2**7, e6 (2) = : ( ; 


Also 

(1. 32) Cq(n) = Dd ea(np). 

If χρ is primitive, _ 

(x. 33) | ram (aa) — Deatp) είν) = Seal ya (m) 2 . 
z we 


This sum has the absolute value? Vg. . 


The Farey dissection. Ὁ 


1. 4. We denote by I’ the circle 


1 
(1. 41)  Jal—eZ=e *, | 


We divide I’ into arcs ὥρᾳ which we call Farey arcs, in the following manner. 
We form the Farey’s series of order Ὁ ον. 


(1. 42) | ᾿ς N=[Vn], 


the first and last terms being Ξ and τ. We suppose that is a term of the 
Ι " | . 
series, and 7 and Ρ the adjacent terms to the left and right, and denote by 


7»,4 (>) the intervals | | 
Dp I p I 


ae Nig, an a 
4 4(4-4) 4 aqtq) 
by jo and }1,.,Ἀ the intervals (0, Wr ᾿ and [- ταὶ τ 1: These intervals just 


a rT ee 


adm) = ο if (m,q) > 1. 
* Landau, p. 497. 
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fill up the interval (0,1), and the length of each of the parts into which jp, is 


divided by 7 is less than aN and not less than oN If now the intervals jp,q 


ι, cas θ 
are considered as intervals of variation of τ: where 0 = arg x, and the two 


extreme intervals joined into one, we obtain the desired dissection of I into ares §», ¢.' 
When we are studying the are &)4, we write 


2ρπὲ 


(I. 43) a=e% Χ -- eg(p)X=eg(p)e*, 

(1. 44) Y=n+16. 

The whole of our work turns on the behaviour of [(5) as |[z|—1, 7-0, and 
we shall suppose throughout that o<7n< -. When z varies on &,,, X varies 


on a congruent arc ζ;,ᾳ, and 


2B 
= — larg x — 
[arg 2— = 


varies (in the inverse direction) over an interval — θ',,. :30.:30»,ς. Plainly 9p,¢ 


| 2n Ree 
and 6’, are less than qN and not less than oN so that 


- Α 
θ,,4 Ξε Max (Op, 4» θ',, αὶ < ΟΝ . 


In all cases Y—-* -ὄΞ (η +10)—* has its principal value 
exp (—e log (7 + 16)), 


wherein (since 7 is positive) 
I I 
—Su<s log ( + ONS ἢ 


By N,(n) we denote the number of representations of n by a sum of r primes, 
attention being paid.to order, and repetitions of the same prime being allowed, 
so that 


(x. 45) SNe ima = (2) 
am 2 - 


'! The distinction between major and minor arcs, fundamental in our work on Waring’s 
Problem, does not arise here. 
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By »,(n) we denote the sum 


(x. 46) v,(n) = > log w, log w, ... log Ὁ». 
πα τῶ, +Gr=" 

so that 

(I. 47) D> re(n) a” = (f(x))". 


nw? 


Finally S, is the singular series 


VO)". ς- 
me " = 2a πω 


2. Preliminary lemmas. 


2.1. Lemmas. If r=R(Y)>0 then 


(2. 11) f(x) = f, (a) + f,(2), 

where 

(2. 12) | f(x) = 3 -A(n)ar— ῷ} log w(x" 4+ 2% +--+), 
(qg,n) > 1 (of 

(2. 13) fala) =, [ ¥-#1(s) B(a)des, 


Y-* has its principal value, 


h 
Ν L';,(8) 

(2. 14) Z(s)—= LCs Tay 
Cy, depends only on Ὁ, q and yx, 

 μ(4) 
(2. 15) C,= 7 
απά 
(2. 16) log! 
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We have 
f, (a) = f(x) — f, (x) = > -4(n) 


(g,2)=1 


= Ddeq(pj) δ Allg +) e- Uata¥ 
1 «7-« α,(4,2)51 1-π0 


2+1i0 


— Zee Pi) LA lg+ τ τ sai [ὙΦ τὴ ) "49, 
2+10 
aif Y-"1'(s)Z(s)de, 
2-- 


where > 


Ζ (8) = "" ΦΉΣ τς Ἐν 


Since (g,7) =1, we have! 


yates I 7 1105), 
(ἐφ -- 7)" h daa 2" 


and so 


where 


; ι Behn Ὡς 
ὑπ D> ea(P3) ZK (7) - 
jel 
Since yz(7)=o0 if (¢,7)>1, the condition (q, j)=1 may be omitted or retained 


at our discretion. 
Thus? 


C; — at ge > eg(p)) 


1<5<u (g,J) =1 


I «(q) 
=p eg (m= *- 


lim<@(gm)=1 


' Landan, p. 421. 
* Landau, pp. 572—573. 
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Again, if k>1x we have! 


q ᾿ ᾳ 
Ce=—1 Seq pi) elf) —— 1”? > e(m) fx). 


j=l meal 


If x, is a primitive character, 


| q 
> eg (mm) xu(m) =1(q, xx) 


m=1 


[τίφ, Xk) | ἀξ Vq,? 


If x is imprimitive, it belongs to 9-- 3, where d>1. Then 7n/m) has the 
period Q, and 


q ῳ. ἃ -- 1 
Ν᾽ ἐᾳ (m) χε (τη) = δὲ eg(n) χεί(η) δὴ ἐφ(10). 


m=) n=l i=Q 


The inner sum is zero. Hence Οὐκ =o, and the proof of the lemma is completed.’ 
2.2. Lemma 2. We have 
1 


(2. 21) [{.{5}} < A(log (φ Ἐ τ))4 η ὃ. 
We have 
f(z) =D -A(n)a"— Σ log (27 + 2 Ὁ...) = fire) —fro(z). 
ΠῚ (ΠΗ) > aw | | | 
But 7 ; 


[ fi,1(x) |< Ν᾿ log a> |x|" 


=— Je 
wi r=l 


<A log (g +1) log ᾳ δ |x [<A (log (ᾳ + 1))" Dew” 


r=) rel 


μ 


< A (log (q + 1))4 log ᾿ «Α(ορίᾳ Ἐ1))4η 5. 


1 Landau, p. 485. The result is stated there only for a primitive character, but the proof 
is valid also for an imprimitive character when (9, 4) = 1. 

7 Landau, pp. 485, 489, 492. 

8. See the additional note at the end. 
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Also 
Σ log w< AVE, 
r>%ar<sé 


and so 


I fi.2(x) |< Dd log a] a|™ «46 le) LV 9} 


r>2, w 


+ ben 


< A(1—]|2}) aay 2 


From these two results the lemma follows. 
2. 3. Lemma 3. We have 


1) (s) b >—b sta 
ae Fee Σ᾿ ἜΣ τ} 
where 
_I'(z) 
ΨΩ = Fey 


the a’s, b’s, 0’s and b’s are constants depending upon gq and x, ἃ ἴ8 0 or I, 


(2. 32) δ, Ξξξὺ, b, = 0 (k>1), 
and 
(2. 33) ο <d<A log (φ  1ὴ. 


All these results are classical except the last.! 

The precise definition of Ὁ is rather complicated and does not concern us. 
We need only observe that Ὁ does not exceed the number of different primes 
that divide g,? and so satisfies (2. 33). 


2. 41. Lemma 4. If o<ns> then 


(2. 411) f(z) = BP + Joa +r, 
where 
(2. 412) Gp= DF (e) Y=c, 


Ok 


' Landau, pp. 509, 510, 519. 
? Landau, p. 51: (footnote). 
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h 1 111 
(2. 413) |P1< AVg(log@g+x))4 {5 Sibel τὴ Ὁ: 716 ἢ 
=m] 
er ὃ = arc tan -/- 
(2. 414) [0] 


We have, from (2. 13) and (2. 14), 


2+10 
(2. 415) (4) = era Y-*I'(s) Z(s)ds 
| ee 
h δ 2+%0 1 6) h 
VS Ge [ pasp) 4 —~ Sc 
ἘΣ. Το} Γ(); τ: γ 8 8Ξ ACehax(a), 
say. But! 
ee 
ἐδ: 218) ΓΤ =— 2 4R+ dri y-04 - Cyril 
si smi (AC in : 6) carl 1,(5). 
2--- ὦ ᾿ -- - -| 
where 
L' 
R=|¥—*1( ae 


.{{8}}.0 denoting generally the residue of f(s) for s =o. 
Now? 


L'(s) los τ Des log wy, Σ éy log Wy 


L(s) 8 Q' a m—s | a ole, 
ΝΡ ψ:)--ἰἶν [Ξ::9- πᾳ -- 8) 
2” L(t—e) 


where Q is the divisor of g to which x belongs, ἡ is the number of primes which 


divide φ but not Q, @,,@,,... are the primes in question, and ἐν is a root of © 


Β ᾿ Σ 

unity. Hence, if σ = “7 we have 

1 This application of Cauchy’s Theorem may be justified on the lines of the classical 
proof of the ‘explicit formulae’ for ¢(a) and x(x): see Landau, pp. 333—368. In this case the 
proof is much easier, since Y—*J(s) tends to zero, when |t|— ©, like an exponential ete, 
Compare pp. 134—135 of our memoir ‘Contributions to the theory of the Riemann Zeta-function 
and the theory of the distribution of primes’, Acta Mathematica, vol. 41 (1917), pp. 119—196. 

? Landau, p. 517. 
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L'(s) 
(2. 417) L(s) 


<Alogg+Ac log q+A log ([{-Ὲ 2) 1 4. 
< A (log (¢ +1))4 log ({{| +2). 
Again, if s=— tit, Y=7+10, we have 


1 
| Y-s| =| Y |¢exp μ are tan "; 


1 3 ‘ 
| Y¥-*1'(s)|< AJ Y|*(é] + Ὁ» 4exp (— [2 — arc tan! 21) 
d 
| | | 


1 
De ᾿ 
ΑΙΥ ὁ 14]. 
τ Ποιὰ 
and so 
ba  ν ; te : 
ἐγ: Lis) 4 A(l ALY | 2 e-ldt 
(2. 418) ett μὰ Το ας < A (log (q +1))4| I | e 
᾿ 0 
So 


1 


1 
A (log (¢+1))4| Y|to 2. 


2. 42. We now consider ἢ. Since 


we have 
3 d—b -- 5.7" I --8 J"(o\ sta 
= (+H ον + PS ero} — Fly rie [Σ ἢ, 
= A,(b+b)—(d—}b) (A, + A, log Y) + Ο,(α) + C,(a) log Y, 


where each of the C’s has one of two absolute constant values, according to the 
value of a. Since 


| 1 
o<bh<1, 0<d<A log (¢+1), flog Y|<A log T< Ay ?, 
| | | f 
we have © 


1 


(2. 421) [RI < Alb] +4 log (4ᾳ.-Ὁ 1)΄7 5. 
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From (2. 415), (2. 416), (2. 418), (2. 421) and (2. 15) we deduce 


ὃ : 
7 fox (4) = — yy + Oe + Pr, 


1 1 1 
[ΡῈ] <A (log (q+ 1))4 Jb] +4 2+] ¥ [40 2) 
τς, (q) | 
(2. 422) ha) =+ Gy + Dee +P, 
. I _ 1 1 _ 1 
(2. 423) |PL< A Va(logta +0)4(; Σ] δι} ae fe a *). 
k 


Combining (2. 422) and (2. 423) with (2. 11) and (2. 21), we obtain the result of 
Lemma 4. . _ 

2.5. Lemma 5. If q>1 and x, is a primitive (and therefore non-principal ') 
character, then 


— | weds ΝῊ» 
2 51) L(s) = Peta ({x— το .) : 
where 
a=a(q, %) =k, 

1 
(2. 521) | |L(r)J=wq 2|L(0)| (α -- 1), 

] 
(2. 522) [Z(1)]}=2q 2|L'(o)]| (a=o). 
Further 
(2... 589}. 1-- Θ «9ὶ(ρ) <0, 
and | 

L'(1) 

(2. 54) |i | <4 8 (q+ 1))4. 


This lemma is merely a collection of results which will be used in the proof 
of Lemmas 6 and 7. They are of very unequal depth. The formula (2. 51) is 
classical.2. The two next are immediate deductions from the functional equation 
for L(s).3 The inequalities (2. 53) follow from the functional equation and the 


eu a ..- ----ς---ς. i ar an Go ps ie ca deed ec slam ee me -.-- 


1 Landau, p. 480. 
3 Landau, p. 507. 
* Landau, pp. 496, 497. 
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absence (for primitive x) of factors τ --- ὃ, @,* from L. Finally (2. 54) is due 
to GRONWALL.! 
2. 61. Lemma 6. If M(T) is the number of zeros ο of L(s) for which 


eS TaVist 11, 
then | 
(2. 611) M(T) < A (log (¢ + 1))4 log (7' + 2). 
The 9’s of an imprimitive ἢ (8) are those of a certain primitive L(s) corres- 


ponding to modulus Q, where Q|q, together with the zeros (other than S=0) 
of certain functions 


E, — I homers νῶν" 
where 


[εν] =I, ὥν)ᾳ. 


1 T. H. Οπόνϑαι, 'Sur les séries de Dirichlet correspondant ἃ des caracteres complexes’, 
Rendiconti del Circolo Matematico di Palermo, vol. 35 (1913), pp. 145-159. Gronwall proves that 


3 
ZO < A log q(log log 4)8 


for every complex χ, and states that the same is true for real z if hypothesis R (or a much 
less stringent hypothesis) is satisfied. Lanpau (‘Uber die Klassenzahl imaginar-quadratischer 
Zahlkérper’, Gottinger Nachrichten, 1918, pp. 285—295 (p. 286, f. ἢ, 2)) has, however, observed 
that, in the case of a real y, Gronwall’s argument leads only to the slightly less precise 
inequality 
T -..-.-.ο.ὄ.... 
γσ τ < A log ¢ Vio log q. 
[ΣῊ] τὐδο νυ. 
Landau also gives a proof (due to Hecke) that 


I 
F774 < A log ἡ 
eae et 
for the special character (=") associated with the fundamental discriminant —q. 


The first results in this direction are due to Landau himself (Uber das Nichtverschwin- 
den der Dirichletschen Reihen, welche komplexen Charakteren entsprechen’, Math. Annalen, 
vol. 70 (1911), pp. 69—78). Landau there proves that 


ZG) < A (log 4)" 


for complex y. 
It is easily proved (see p. 75 of Landau’s last quoted memoir) that 


| L'(1)] < A (log φ), 


so that any of these results gives us more than all that we require. 
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The number of @,’s is less than A log (q+1), and each EF, has a set of zeros, 


on 6 =o, at equal distances 


OA 2’ 
log w,~ log (¢+1) 


The contribution of these zeros to M(T) is therefore less than A (log (φ +1))?; 


and we need consider only a primitive (and therefore, if g >1, non-principal) L(s). 
We observe: 

(a) that a is the same for L(s) and L(s); 

(Ὁ) that Z(s) and L(s) are conjugate for real 8, so that the ὃ corresponding to 
L(s) is δ, the conjugate of the ὃ of L(s); 

(c) that the typical ρ of Z(s) may be taken to be either 0 or (in virtue of ane 
functional equation) 1 —o, so that 


is real. 
Bearing these remarks in mind, suppose first that a—1. We have then, 
from (2. 51) and (2. 521), 


2 Bi ὁ τσὶ 
ττ το - αἰ π|6- 519 π|- τΞ 56} 
— A εξ λ0)ε5. 
since 
ar ‘ae cy ie 
Thus | 
(2. 612) [.χ ὃὲ (Ὁ) + S|< A log (4 - 1). 


On the other hand, if a0, we have, from (2. 51) and (2. 522), 


fet 2) 6-2) 


and (2. 612) follows as before. 
2. 62. Again, by (2. 31) 


(2. 621) Toy +o—Fy (| 4 >| eres a) 


L(x) L(x)| | 


ee eee 


~ |L'(o) Z'(o) | 


4 
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for every non-principal character (whether primitive or not). In particular, when 
χ is primitive, we have, by (2. 621), (2. 54), and (2. 33), 


(2. 622) [1 (6) + Sl= a i -Ψ pads lanes 


an te) < A (log (q +1))4. 


Combining (2. 612) and (2. 622) we see that 


(2. es) | S <A (log (¢+1))4 


and Ἔ 
(2. 624) | [91(Ὁ)} « A (log (q+ 1))4. 


2. 63. If now g>1, and x is primitive (so that δ =o), and s=2+17T, we 
have, by (2. 31), (2. 33), and (2. 624), 


<3 lacaea tro reel - ἘΣ ξ a 


=o) — me +E (v 58) 
<2 +[sermcns|o [2 


<A+A log (g+1)+A (log (q+ 1))4 Ὁ Α log 7] +2) 
<A (log (¢ + 1))4 log (\7|+ 2), 


2-β 
an ye < A (log (4 Ὁ 1))4 log (| 7|+2). 
poet OP Ὁ{7 -- 7) 


KIivery term on the left hand side is greater than A, and the number of terms 
is not less than M(T). Hence we obtain the result of the lemma. We have 
excluded the case g=1, when the result is of course classical.' 

2. 71. Lemma 7. We have | | | 


(2. 711) | |b|< Aq (log (¢+1))4. 
Suppose first that χ is non-principal. Then, by (2. 621) and (2. 54), 


BG +2)h 


(2. 712) [ὃ] « A (log (¢q+1))4+ 


t 


‘ Landau, p. 337. 
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We write 
(2. 713) DP ye 


where Zi is extended over the zeros for which 1 -- Θ « ϑὲ(ρ) ΞΘ and Dat over 


those for which ϑὲ(ρ) =o. Now Σ, - 8' , where S' is the S corresponding to a 
primitive 1. (8) for modulus 9, where Q|g. Hence, by (2. 623), 


(2. 714) |D, |< 4 (log (9 + 1))4< A (log (ᾳ +2))4. 


Again, the o’s of 2 are the zeros (other than 8 --- ο) of 


π|-ὁ) 


the @,’s being divisors of qg and ἐν an m-th root οὗ unjty, where m=¢(Q)<q!; 


so that. the number of @,’s is less than A log q and 
== GPTIDy | 
where either w,=o or 


I 
7 lols 


Let us denote by 0, a zero (other than s=o) of --- ἕν αν", by oy ao, for which | 


le.|<x, and by oe", a ρον for which ρον» τ. Then 


Bit + fBBea) ath 


Any ον is of the form 
271(m + ων) 


log ὧν 


(2. 715) 


Ov = ae 

where m is an integer. Hence the number of zeros οἷν is less than A log @, or 
than A log (φ- 1); and the absolute value of the corresponding term in our sum 
is less than 


A _Alo Co 
(2. 716) | [6] <  «ΑφΊορ (4 1); 


1 For (Landau, p. 482) ¢, = X(@,), where X is a character to modulus ᾧ. 
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so that 

(2. 717) >| < Aq (log (ᾳ Ὁ 1))". 
οἷν 

Also 

2. 718 = 

( 71 ) 2|< 2), si Ξε Σὲ Zick 


tf 
ον 


<A (log @,)’ y τ <A (log (¢+1))®. 


mal 


From (2. 715), (2. 717) and (2. 718) we deduce 
(2. 719) | >, |< 4¢ (log (¢ + ))4 


and from (2. 713), (2. 714) and (2. 719) the result of the lemma. 
2.72. We have assumed that xy is not a principal character: For the 
principal character (mod. 4) we have! 


Since 1=o0, εχ, we have 


log ὦ ζ΄ (5) L',(s) 
2 oes C(s) LE, (s) 


Baten Ge δὴ νον ταν ΠΈΣ 2,44) 


ng 


|b] <A log (¢+1) +3 (cate 


This corresponds to (2. 712), and from this point the proof proceeds as before. 


' Landau, p. 423. 


refers to the complex zeros of Z,(s), not merely to those of £(s). 
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2. 81. Lemma 8. If o<ns- then 


2. 811 
f(x) = 4) + 2 C.Gi+P, 
=] 
where 
(2. 812) ΟΞ > Γ(ο) Y-2, 
Ok 
7 .. Lee 
(2. 813) [P| < AVq (log (g+1))4(g ἢ 241 ὁ *), 
(2. 814) ὃ = arc tan | 


ar 
This is an immediate corollary of Lemmas 4 and 7. 


2. 82. Lemma g. If σης: then 


(2. 821) f(x) = 9+, 
where 

Hg) 
(2. 822) PTF? 


1 1 
(2. 823)  |@|< AVq (log (¢+1))4 (a+ 24/Y Fed 2 log (5 +2}); 


(2. 824) ὃ = arc tan ar 
We have 
(2. 825) [Gels Σ (9) Y-elt+ DAP) Υ 9], 


19 


where me extends over g;’s for which |7|>1, Da over those for which |y|<1. 


In 2 we have 


P(e) Ye =P (8 + iY exp (y are tan 1 


«Αγ 2|¥F¥exp(— ΤΕ σ — arc πὰ “Mir 


1 
«Αγ 4 ¥ Pe τόν 


519 
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(since | Y|< A and, by hypothesis R, @<©). The number M(T) of 0’s for which 
[γ] lies between 7 and 7+1(7'>0) is less than A (log (¢+1))4 log (Τ' -- 2), by 
(2. 611). Hence 


1 oo 1 
Dlr Beret < A (log (¢ + 2))4 Σ (n+ 1)? log (m + 2) τὸν 


n=0 
<A (log (q+ 1))48 ° 2 log (5 +2), 


6 


1 
(2. 826) >, IF (@) Y-e|< A (log (φ- 1))4 79 2 log (5 +2). 


2. 83. Again, once more by (2. 611), Σ; has at most A (log (φ + 1))4 terms. 


We write 
(2. 831) 2, = 2a Ἰ D2 


pa applying to zeros for which 1— O< β < 9, and ΣΝ to those for whieh B=o. 
Now, in Dae | 

| Y-°|=|Y]-%exp y are tan <A|Y|-9; 
and in 2a ΙΓ(ρ) «4. Hence 
(2. 832) |B, |< AlYF ed, ΠΓΘΙ «ΑΙΥΡΟΣ, 2 <4 log (4 Ἐ1}}4} 7}. 
Again, in ὩΣ τὸ |Y|<A and 


I 


igi cae (q+1), 
by (2. 716); so that 


| : rt el (r+ 
(2. 833) ΙΣ. [-ΑΣ Irel=4 > Fe 
<A) rel Ag (log (q + 1))4. 


From (2. 825), (2. 826), (2. 831), (2. 832), and (2. 833), we obtain 


1 
(2. 834) | Gz] <A (log (q+ 1))4 (a +|¥[8d ” ? log (5 + 2)| = Hy, 
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say; and from (2. 811), (2. 812), (2. 813), (2. 821), (2. 822) and (2. 834) we deduce 


h 
ol Σ Οι, ας + P 


k=l 


: ᾿ he wigs ΝΕ 
< DC Gal + AVG (log (+ ταί +4 241 FF 2) 
k=l 


--εθ-- 


1 
< M9 Sa + AVG (log (a+ τά (+47 Ξε 1798 2 lop (5 +2)} 


k=l 
- = _e-} ; 
< AVq (log (q+2))4(a+n 241/VYF 8d log (5 +2)); 


that is to say (2. 823). 
2. 9. Lemma io. We have 


(2. 91) h=9(q)> Aq (log 4). 4. 


We have in fact! 


P(g) >(r— See (a> φ(δ)) 


for every positive δ, C being Euler’s: constant. 


3. Proof of the main theorems. 


Approximation to v,(n) by the singular sertes. 


3. rr. Theorem A. If r ts an integer, r>3, and 


(3. 111) (f(x))" = Dd r(n) x”, 
so that 
(3. 112) VAN) = > log @, log @,---log @,, 
D,+Wat + Oran 
then 
nr—1 
(3. 113) V,(n) = 8 +0(n r—1+( oa» (lon) 8) pee (p11 Se 


1 Landau, p. 217. 
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where 


οῦ 


: S; = ΓΗ —n). 
(3 114) Σ φίᾳ) αί ) 
It is to be understood, here and in all that follows, that O’s refer to the 
limit-process n—o, and that their constants are functions of r alone. 
If n>2, we have 


I ax 
(3. 115) Vr(n) =sal ({(a))" “πα 
the path of integration being the circle |z|=e—#%, where H —-, so that 
1—|2|=2+40() ~ = 
n n n 


Using the Farey dissection of order N =[Vn], we have 


N I dx 
a ΟΞ ὦ ὦ; [ (f(@))" a 


45] p<q,(p,q=1 : 
», 4 


= Seal) 5 | VON χέει 
bp, q 
= Σὲ eg(—p) jpg, 
say. Now 
lf —er|SlOl fol + felt +e p 
< B(\Ofr—!| + |@gr—")). 


Also | X—-"|=e"#< A. Hence 


(3. 117) 7»,ᾳ = log κ᾿ 7,4» 
where 
I dX 
(3. 118) log = sma | 0 ee 
ὅρ,ᾳ 
θ;,ᾳ 
(3. 110) [πιρ.4|-- ΟἹ [dori |g") 46]. 
— 9'p,q 
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3. 12. We have y= H==- and g<Vn, and so, by (2. 823), 


3 | ] 
(3. 121) [Φ] « Ant (log η)4 - Αὶ (Ἰὸρ n)4Vq| γῃθδ 5 log (5 + | ἢ 


ἘΠ 


where ὃ = arc tap lal: We must now distinguish two cases. If |@|<17, we have 


|Y|>An, ὃ» Α, 


and 


-_ 


1 
2 Q+— 
pt2)<Antye— An τ 


1 
(3. 122) Val ΥΕ 86” 2 log Ε 


If on the other hand ἡ <|0|<4p 9, we have 


yA 
δ» ΑΓ 8 [Κ|} Ald, 


1 


ι 
πη 3972 ΟἸορ n 


1 
(3. 123) Κ44| γῃθὸ 2 log (5 + | <AVq.|0|-®.7 


ee 
4 


1 1 1 1 
—An*? log n(q|O))2< An? logn.n —An*4 log n, 


μαὶ 


since g|0|<q0pq<An 3. Thus (3. 123) holds in either case. Also ΘῈΣ: and 
so, by (3. 121), 


1 
(3. 124) [OD] < An 4 (log n)A 


3. 13. Now, remembering that r>3, we have 


θρ,ᾳ θρ,ᾳ 
| [φ’-ιάθ < Bh-o-» flvbenao 
— 6! Qf Ἔν Ὁ 


1 
gf) 


< Bh-#-) J Οὐ +0) 4θ 
0 


« Bh-@—» nr—?; 
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and so 
θρ,ᾳ 
(3. 131) Σ [Φφ’--ι| 40 « Bnt—* (Max|®|) Sr-¢-) 
»ι.6 -- ὲ Ω 
«Βη ρθε 4(log η)8 -- Bn ae τ (log n)8, 


by (3. 124) and (2. 91). 
3. 14. Again, if arg r= wy, we have 


Op,q 


Σ fiman fire 


=220 > (log @)*|xP7 « Α Slog m.4(m)|xP™ 


cere m=? 


< A(x —|2h) > ( log k.A(W) | x |? 


m=2 k=2 


< A(x —|[x]) δ m log m|a|?™ 


m=2 
A 
< lo (= Ta) < An lo Ἢ 
τ--Ἰαἱ δ ἡ -- [α] e 
Sinilarly 
1s Blog ΤΠ. 3 m)|2i< 5: j< An. 
@ 
Hence 
θ»,ᾳ 
(3. 141) Σ} Ueda < μα] ρ τοὶ firey 


1 
< Bn’ 4log n.nt-3.n log n 


r—1+(0— 


<Bn ἢ (log η)8. 
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From (3. 116), (3. 117), (3. 119), (3. 131) and (3. 141) we deduce 


(3. 142) 


v,(n) - eg(— np) lpg + οί, 
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r—1+/( 


where J, is defined by (3. 118). 
3. 15. In lpg we write X =e—¥, dX =~—e-YdY, so that Y varies on the 


straight line from 7+ 70p¢ to 7—1t0'p¢. 


(3. 151) 


where 


Also 


(3. 153) 


From (3. 151 


(3. 154) 


where 


(3. 155) 


η--ἶθ'», 


ὌΠ  - (sey Y—renYdy. 


n+6n,¢ 


1—*0'pq ητίω 


= Min (45,9, θ',,α) > 
P<@ 


-{ y-rer¥dY «Οἱ [inser 


—j] ~ 
Ga att o( {Int 40 a6), 
θᾳ 


5. 
—=2qN 


fora +10)-"d0< foraacd~ <B(qVnj"—". 


θᾳ 


), (3. 152) and (3. 


Σ ἐᾳ(--- 2D) lpg 


153), we deduce 


u(g)\t 
πα ΝΣ ΘΠ ΟΣ 


1, a r—1 
1Q|< Bahn" gr 02" < Bn 3 "Σ( 


»,64 


ig. 
< Bn? 


N 1 
: Σ (log 4φ)8 « Bn?’ (log η)8. 


g=i 


6-ῷ (log n)2), 


Then, by (2. 822) and (3. 118), 


25 
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Since r>3 and ΘΣΞ: ees ὅς 9-- 3} and from (3. 142), 


(3.154), and (3. 155) we obtain 


(3. 156) = ¥,-(n) = om id (pia) €g(—n Ὁ) wry ἜΠΗ 5: 2 (log 2) 5) 


ar 9 4, an ᾿ ca—n) + O(n - εἴθ τῷ dog ,)5). 


3. 16. In order to complete the proof of Theorem A, we have merely to 
show that the finite series in (3. 156) may be replaced by the infinite series S,. Now 


nt 2 Arai) tg (—7) 


1 
ata) < Βη = q'-* (log 4)8 < Bn?” (log n)#, 


g>N 


and Τ <r—-i+ (o— ἢ - Hence this error may be absorbed in the second term 


of (3. 156), and the proof of the theorem is completed. 


Summation of the singular series. 
3. 21. Lemma rr. If 


(3. 211) Cg{n) = oe 


where n 18 @ positive integer and the summation extends over all positive values of p 
less than and prime to ῳ, p=o being included when g=1, but not otherwise, then 


(3. 212) Cq(— 2) = Cg (n); 
(3. 213) ὄφρ! (Ή) == Cg(n) Cg: (n) 
if (φ, 4) ει; and 

(3. 214) Cg(n) = dou [ἢ 


where ὃ is a common divisor of ᾳ and n. 
The terms in p and q—~p are conjugate. Hence cg(n) is real. As c,(n) 
and cg(—n) are conjugate we obtain (3. 212). | 


* The argument fails if g=1 or g = 2; but ¢,(n) = ¢,(—n) = 1, ¢,(n) = ¢,(— η) = — 1. 
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Again 
calm) cu (5) = Σοκρ (2ncei[E +.7)) — Σεχρ (0): 
P,p! q 4 ap! 77. 


where 
P=pq'+ pg. 


When p assumes a set of o(g) values, positive, prime to g, and incongruent to 
modulus g, and p' a similar set of values for modulus g',.then P assumes a set 
of φίᾳ) φί 4) -Ξ- φίφᾳ) values, plainly all positive, prime to 44' and incongruent to 
modulus gg‘. Hence we obtain (3. 213). 

Finally, it is plain that 


| 
Dealn)= Seq(nh), 


d\q h=m0 


which is zero unless g|n and then equal to g. Hence, if we write 


n(qg)=@ (gin), η(ᾳφ) τε (φτη), 
we have 
Dd ca(n) =n (9), 
ἀὶᾳ 
and therefore 


ca(n) = D1 (d) (4) 


d\q 


by the well-known inversion formula of Mobius. This is (3. 214). 
3. 22. Lemma 12. Suppose that r>2 and 


=> (“2 = 
(3. 221) 8 — ΣΙ “el n). 
Then 

(3. 222) S, =O 


1 Landau, p. 577. 

? The formula (3. 214) is proved by Ramanusay (’On certain trigonometrical sums and their 
applications in the theory of numbers’, Zvans. Camb. Phil. Soc., vol. 22 (1918), pp. 259 --276 (p. 260)). 
It had already been given for »=1 by Laxpavu (Handbuch (1909), p. 572:-Landau refers to it as 
a known result), and in the general case by Jensen (‘Et nyt Udtryk for den talteoretiske Funk- 


tion > a(n) = Many, Den 3. Skandinaviske Matematiker-Kongres, Kristiania 1913, Kristiania (1915), 


p. 145). Ramanujan makes a large number of very beautiful applications of the sums in ques- 
tion, and they may well be associated with his name. 
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if n and r are of opposite parity. But if n and r are of like parity then 


τ᾿ (p -- υ + (— 1)" (p—1) 
(3. 223) s—20.[I para ) 


where Ὁ 18 an odd prime divisor of n and 


tes) (— 7 
(3. 224) Ο,.--Π} [--- ἀΞΞ 
σ--3 
Let 
wg)” ny 0 
(3. 225) bee Cq( n) Ag. 
Then 


μίᾳ 4) = (9) μ(4'.), φίφ4') = φί(ᾳ) P(G')s Cag (— 2) = eg(— 1) cg: (— 2) 
if (q, g') =1; and therefore (on the same hypothesis) 
(3. 226) Agg=AqAq. 


Hence ! 
S,=A,+A,+ 4,+--=1+4,+--=[]p x5 
7 


where 
(3. 227) te =It+tAGgtAmtAgt:-=1+4e, 
since A,2, A,s,:-: vanish in virtue of the factor «(q). 


3. 23. If w+n, we have 


μ(6) = — 1, OP(O) = W—1, Cy(n) = u(@) = —1, 
(3. 231) 4,---- ξεν: 


If on the other hand w|n, we have 
σα (ἢ) = u(@) + Wu(1) = ὦ —T, 
(2a) 


aay 


—_--—___—. 


(3. 232). | Ax 


‘ Since [cg(n)|< 2) δ, where 6|n, we have eg(n) = O(1) when n is fixed andg—. Also 


by Lemma to, o(g) > Aq (log gy A. Hence the series and products concerned are absolutely 
convergent. : 
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Hence 


(3. 233) S, Ἢ [- + gai Π [-- - i. 
n Wn 


If n is even and r is odd, the first factor vanishes in virtue of the factor 
for which w= 2; if » is odd and r even, the second factor vanishes similarly. 
Thus S,; =o whenever n and r are of opposite parity. 

If πὸ and r are of like parity, the factor corresponding to w= 2 is in any 
case 2; and 


—_omf(..._(—1) (p— τὴ. +(— τὴ -- ἢ 
s— Tl ( co ry) HI (p—1)—(— 13)" 


as stated in the lemma. 


Proof of the final formulae. 
3. 3. Theorem B. Suppose that r>3. Then, tf nandr are of unlike parity, 
(3. 31) p(n) = o(nr—?), 
But tf n and r ive of like parity then 


| no 20, ge (OB (= 1) = 2) 
ame NE egy Π Goto 


where Ὁ is an odd prime divisor of n and 


(3. 33) c,=[] (a 


This follows immediately from Theorem A and Lemma 1z.! 
3. 4. Lemma +3. If r>3 and ἢ and r are of like parity, then 


v,(n) > Bn7—}, 


for n> 2, πιί(η. 


2 Results equivalent ἐδ these are stated in equations (5. 11)—(5. 22) of our note 2, but 
incorrectly, a factor 


(log ny? 


being omitted in each, owing to ἃ momentary confusion between v,(n) and N, Οὐ). The »,(n) 
of 2 is the N(m) of this memoir. 


289 


30 G. H. Hardy and J. E. Littlewood. 
This lemma is required for the proof of Theorem C. If r is even 


n= ss Jeet 


(p—1) —*) > x, 


If r is odd 
moe) Mee PHL etal 4 


In either case the conclusion follows from (3. 32). 
3. 5. Theorem C. If r>3 and n and r are of like parily, then 


v,(n) 


(log n)" 


(3. 51) N,(n) ~ 
We observe first that 
N,(n) = Σ ts Σ 1< Bn! 
BD, + BDt--'+G,=n Mit τ᾽ τ Ἐπ, πὴ 
and 
(3. 511) %(n) = Σ log σὺ, --“ἴορ οὐ, < (log η)" Nr(n) « Bn’—! (log n)". 
O,4+0,++:-+0,=n 
Write now 
(3. 512) =p tr, N,= N'> +N", 
where »’', and N', include all terms of the summations for which 
ας. τὸ (o<d<I, S=1,2,...,17). 
Then plainly 


(3. 513) v',(n) > (1 — δ)" (log η)" N'-(n). 
Again 
N",(n) <1 2 ΟΣ I 
σ, <n σι το, Τ᾿ ἘΠ᾿ πο Se 


<B> N,-1(n— ἢ < Bn-9 nt? < Brr-!-8, 


o,<n—? 
v",.(n) < (log n)" N",(n) < Bn7™—!—°9 (log x)". 
But »,(n)> Bnt-! for n>n,(r), by Lemma 13; and so 
(3. 514) (log n)" N",(n) = 0(,-(n)), —-v"r(m) = ο(ν,(")), 


for every positive ὁ. 
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From. (3. 511), (3. 512), (3. 513), and (3. 514) we deduce 
(x — δ)" (log n)" (N,— Δ.) < ἡ, — v", < (log n) N,, 
(x1 — δ)" (log n)" N, < », + οἱν,) < (log nj" N,, 
(τὸν 5 lim Tear, dog are? 
As ὃ is arbitrary, this proves (3. 51). 


3. 6. Theorem Ὁ. Every large odd number n is the sum of three odd primes. 
The asymptotic formula for ithe number of representations N,(n) is 


Tin\oo 0. (p — ) (p—2)) | 
(3. 61) N,(n) Slop ΠῚ p? — 3p4+3 


where Ὁ 18 a prime divisor of n and 


(3. 62) C; “Hil +a): 


This is an almost immediate corollary of Theorems B and C. These theo- 
rems give the corresponding formula for N,(n). If not all the primes are odd, 


two must be 2 and n—-4 a prime. The number of such representations is one 
at most. 


Theorem E. Every large even number n is the sum of four odd primes (of 
which one may be assigned.) The asymptotic formula for the total number of repre- 
sentations 18 


Wn) cok, py (PH 2LO*= 30 +3), 
(3. 63) εκ) 5 tog ΠΡ τ 


where Ὁ is an odd prime divisor of n and 


(3. 64) C= -- 5 


This is a corollary of the same two theorems. We have only to observe 
that the number of representations by four primes which are not all odd is 
plainly O(n). There are evidently similar theorems for any greater value of r. 
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4. Remarks on ’Goldbach’s Theorem’. 


4.1. Our method fails when r=2. It does not fail in principle, for it 
leads to a definite result which appears to be correct; but we cannot overcome 


the difficulties of the proof, even if we assume that 0 — = The best upper 

1 

bound that we can determine for the error is too large by (roughly) a power n’. 
The formula to which our method leads is contained in the following 

Conjecture A. Every large even number is the sum of two odd primes. The 


asymptotic formula for the number of representatives 18 


n 
om Ν (1) © 20s og a AL y= 2) 


where » is an odd prime divisor of n, and 
1 I 
ae) C; =I ἀτή ἡ 


We add a few words as to the history of this formula, and the empirical 
evidence for its truth.'! 

The first definite formulation of a result of this character appears to be 
due to Syzivesrer?, who, in a short abstract published in the Proceedings of 
London Mathematical Society in 1871, suggested that 


τὺ --- 
(4. 13) | N,(n)~ οἷς TF): 
where | 
3<a<Vn, win. 
Since 
τ --- 2 | | I I 
M ((Ξ9-Π (-σξο Π [-ῷ} 59} (2): 
a<Vn a<Vn a<Vn a<Vn 


ig A = ae ee na ee Sep ee es Se ee ΨΗΨ. 


1 As regards the earlier history of ‘'Goldbach’s Theorem’, see L. E. Dicxson, History of 
the Theory of Numbers, vol. 1 (Washington 1919), pp. 421—425. 

2 J. J. Syivesrer, On the partition of an even number into two primes’, Proc. London 
Math. Soc., ser. 1, vol. 4 (1871), pp. 4—6 (Math. Papers, vol. 2, pp. 709—711). See also Ὅπ the 
Goldbach-Euler Theorem regarding prime numbers’, Nature, Fol. 55, (1896—7), pp. 196—197, 269 
(Math. Papers, vol. 4, pp. 734-737). 

We owe our knowledge of Sylvester's notes on the subject to Mr. B. M. Wirson of Trinity 
College, Cambridge. See, in connection with all that follows, Shah and Wilson, 1, and ἩΒΤΩΣ 
and Littlewood, 2. | | | | 
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and ! 


I 2e-C 
(4. 14) lI 7 [- -- OS Tog π᾿ 
a<Vn 


where Οἱ is Euler’s constant, (4. 13) is equivalent to 


: δ. ὅς. Ee tp. 
(4. 15) N,(n) o> 46:86, 75 alll (5= : 
and contradicts (4. 11), the two formulae differing by a factor 2e—-C =1.123... 
We prove in 4. 2 that (4. 11) is the only formula of the kind that can possibly 
be correct, so that Sylvester’s formula is erroneous. But Sylvester was the first 
to identify the factor 


(4. 16) Il oe 


to which the irregularities of N,(n) are due. There is no sufficient evidence to 
show how he was led to bis result. 


A quite different formula was suggested by STACKEL? in 1806, viz., 


Nm) gap 23) 


This formula does not introduce the factor (4. 16), and does not give anything 
like so good an approximation to the facts; it was in any case shown to be 
incorrect by LANDAU? in 1000. 

In r915 there appeared an uncompleted essay on Goldbach’s Theorem by 
MERLIN. MERLIN does not give a complete asymptotic formula, but recognises 
(like Sylvester before him) the importance of the factor (4. 16). 

About the same time the problem was attacked by Brun®. The formula 
to which Brun’s argument naturally leads is 


* Landau, p. 218. 

* P, Sricxer, "Uber Goldbach's empirisches Theorem: Jede grade Zahl kann als Summe 
von zwei Primzahlen dargestellt werden’, Géttinger Nachrichten, 1896, pp. 292—299. 

® FE. Laxpav, ‘Uber die zahlentheoretische Funktion o(m) und ihre Beziehung zum Gold- 
bachschen Satz’, Géttinger Nachrichten, 1900, pp. 177—186. | 

‘J. Meruin, ‘Un travail sur les nombres premiers’, Bulletin des sciences mathématiques, 
vol. 39 (1915), pp. 121—136. 

5 V. Brun, Uber das Goldbachsche Gesetz und die Anzahl der Primzahlpaare’, Archiv for 
Mathematik (Christiania), vol. 34, part 2 (1915), no. 8, pp. I—15. The formula (4. 18) is not actually 
formulated by Brun: see the discussion by Shah and Wilson, 1, and Hardy and Littlewood, 2. 
See also a second paper by the same author, Sur les nombres premiers de la forme ap+ δ᾽, 
ibid., part. 4 (1917), no. 14, pp. I—9; and the postscript to this memoir. 
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(4. 17) N,(n) co 2H mJ {5:0} 
where 
2 
(4. 171) H={[ I——]: 
=I | al 


This is easily shown to be equivalent to 


pT 
(4. 18) N,(n) οὐ 8 e~*?C, Jog a (3): 


and differs from (4. 11) by a factor 4e-?C=1.263... The argument of 4. 2 
will show that this formula, like Sylvester’s, is incorrect. 

Finally, in 1916 SrAcKreL! returned to the subject in a series of memoirs 
published in the Sitzungsberichie der Heidelberger Akademie der Wissenschaften, 
which we have until very recently been unable to consult. Some further remarks 
concerning these memoirs will be found in our final postscript. 

4. 2. We proceed to justify our assertion that the formulae (4. 15) and 
(4. 18) cannot be correct. 

Theorem F. Suppose it to be true that* 


eee | | nine 
(4. 21) N,(n) Slag | Moe 
tf 

N= 29 pt p'a , ,, (a2>0,a,a',...>0), 

and 
(4. 22) | N,(n) = 0 (ao (log n)? >i 
if n ts odd. Then 

a I 
(4. 23) 4 --20,-- 1} ἘΞ 

G=3 


ΤΡ Sticxet, ‘Die Darstellung der geraden Zahlen als Summen von zwei Primzahlen, 8 
August 1916; ‘Die Liickenzahlen 7-ter Stufe und die Darstellung der geraden Zahlen als Sum- 
men und Differenzen ungerader Primzahlen’, I. Teil 27 Dezember 1917, 11. Teil 19 Januar 1918, 
III. Teil 19 Juli 1918. 

* Throughout 4.2 A is the same constant. 
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Write 


(4. 24) Q(n) = AnYy (P= ἜΘ (n even), 2(n)=o0 (n odd). 
Then, by (4. 21) and Theorem C, now valid in virtue of (4. 21), 


(4. 25) v,(n) = > log @ log @' ~ Q(n), 
T+a'=n 


it being understood that, when n is odd; this formula means 


v,(n) =o(n). 
Further let ᾿ 


Ω (Ὁ) Q(n) 
ΠΣ = Daas’ 
these series being absolutely convergent if R(s)>2, R(u)>x. Then 


(4. 26) f(s) =A Dn-“ i — — 3 


n—0 (mod. 2) 


ΡΤ ees 


— A Σ 2 at y—au pale (p—a)t ᾿ — ay: 


a>0o 


say. Suppose now that w—1, and let 


n(u) = JI (+ - ces =) - Rin } = (x27) E(u). 


W=3 


Then " 
| yA (e+ Ss ee )/ e+ rere} 
ἘΠ πὶ... 
=e) -ὅ: 
Hence 


A A 
(4. 27) f(s) ~ A§(u) ~ nl) ~ OLE AES META ἘΞ. 


295 


596 


36 _ G. H. Hardy and J. E. Littlewood. 
On the other hand, when 7~—1, 
~ 9 I 
Σ v,(n) x” co (> log τ χα) ἂν ΠΤ 
and so! 
(4. 28) | V4 (I) + (2) +--+ 7 (m) OEM, 


It is an elementary deduction? that 


gs) -- SOP Dari a, 


when s—2; and hence® that (under the hypotheses (4. 21) and (4. 22)) 


I 
(4. 29) [oO 
Comparing (4. 27) and (4. 29), we obtain the result of the theorem. 

4. 3. The fact that both Sylvester’s and Brun’s formulae contain an 
erroneous constant factor, and that this factor is in each case a simple function 
of the number e—%, is not so remarkable as it may seem. 

In the first place we observe that any formula in the theory of primes, 
deduced from considerations of probability, is likely to be erroneous in just this 
way. Consider, for example, the problem ’what ts the chance that a large number 
n should be prime?’ We know that the answer is that the chance is approxim- 

tely ——- 
pene log n 
Now the chance that n should not be divisible by any prime less than a 
fixed number x is asymptotically equivalent to 
II (:— =); 
<2 

1 We here use Theorem 8 of our paper ‘Tauberian theorems concerning power series and 

Dirichlet’s series whose coefficients are positive’, Proc. London Math. Soc., ser. 2, vol. 13, pp. 


174—192. This is the quickest proof, but by no means the most elementary. The formula 
(4. 28) is equivalent to the formula 


n 
SN (m)oo "ἢ 
an N,(m) co 2 log ny 


used by Landau in his note quoted on p. 33. 
2 For general theorems including those used here as very special cases, see K. KNopp, 


‘Divergenzcharactere gewisser Dirichlet’scher Reihen’, Acta Mathematica, vol. 34, 1909, pp. 165— 


204 (e. g. Satz III, p. 176). 
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and it would be natural to infer! that the chance required is asymptotically 
equivalent to 


But? 
ΤΙ | Ξ 2e—C, 
I— —] w —— > 
w log n 


and our inference is incorrect, to the extent of a factor δε. 

It is true that Brun’s argument is not stated in terms of probabilities 3, 
but it involves a heuristic passage to the limit of exactly the same character 
as that in the argument we have just quoted. Brun finds first (by an ingenious 
use of the ’sieve of Eratosthenes’) an asymptotic formula for the number of 
representations of nm as the sum of two numbers, netther divisible by any fixed 
number of primes. This formula is correct and the proof valid. So is the first 
stage in the argument above; it rests on an enumeration of cases, and all refe- 
rence to ’probability’4 is easily eliminated. It is in the passage to the limit 
that error is introduced, and the nature of the error is the same in one case 
as in the other. 

4. 4. SHAH and Wixson have tested Conjecture A extensively by comparison 
with the empirical data collected by Cantor, AuBRY, HAvssNER, and RIPERT. 
We reprint their table of results; but some preliminary remarks are required. 
In the first place it is essential, in a numerical test, to work with a formula 
N,(n), such as (4, 11), and not with one for y,(n), such as (4. 25). In our 
analysis, on the other hand, it is v,(m) which presents itself first, and the formula 
for N,(n) is secondary. In order to derive the asymptotic formula for N,(7), 
we write 

y,(n) = > log @ log aw ~ (log πη)" N,(n). 


Gt+a'=n 


The factor (log n)? is certainly in error to an order log n, and it is more natural? 
to replace v,(n) by | 
((log 2)? — 2 log n+---) N,(n). 


' One might well replace ὦ « Vn by @<n, in which case we should obtain a probability 
half as large. This remark is in itself enough to show the unsatisfactory character of the argument. 

? Landau, p. 218. 

8 Whether Sylvester's argument was or was not we have no direct means of judging. 

ὁ Probability is not a notion of pure mathematics, but of philosophy or physics. 

δ Compare Shah and Wilson, l. ¢., p. 238. The same conclusion may be arrived at in 
other ways. 
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For the asymptotic formula, naturally, it is indifferent which substitution 
we adopt. But, for purposes of verification within the limits of calculation, it is 
by no means indifferent, for the term in log nm is by no means of negligible 
importance; and it will be found that is makes a vital difference in the plausibility 
of the results. Bearing these considerations in mind, Shah and Wilson worked, 
not with the formula (4. 11), but with the modified formula 


n )— 1 
s(n) o0(0) = αι τε τ σίρε aM ps) 


Failure to make allowances of this kind has been responsible for a good 
deal of misapprehension in the past. Thus (as is pointed out by Shah and 
Wilson) Sylvester’s erroneous formula gives, for values of n within the limits 
of Table I, decidedly better results than those obtained from the unmodified 
formula (4. 11). 

There is another point of less importance. The function which presents 
itself most naturally in our analysis is not 


f(x) = > log wa” 
but 


g(x) = S 4A (n) a" = Σ Ιορ we. 
a,t 


The corresponding numerical functions are not v,(n) and N,(n), but 


g.(n) = ¥)A(m) A(m'), Q,(n) = Στ 


m+m=an αἷς ot =n 


(so that Q,(n) is the number of decompositions of n into two primes or two powers 
of primes). Here again, N,(n) and Q,(n) are asymptotically equivalent; the diffe- 
rence between them is indeed of lower order than errors which we are neglecting 
in any case; but there is something to be said for taking the latter as the basis 
for comparison, when (as is inevitable) the values of ἢ are not very large. 

In the table the decompositions into primes, and powers of primes, are 
reckoned separately; but it is the total which is compared with o(n). The value 
of the constant 2C, is 1.3203. It will be seen that the correspondence between 
the calculated and actual values is excellent. 


* le, p. 242. 
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Table I. 
n Q,(n) | p(n) | Qaln): on) 
30 = 2.3.5 6+4 τ τὸ 22 | 0.45 
22 πὸ 2ὅ 4 7 =I1 8 I, 38 
34 = 2.17 7+6 =13 9 1.44 
36 = 2°, 3? 8+8 =16 17 0.94 
210 = 2.3.5.7 42 +0 = 42 49 0.85 
214 = 2. 107 Wto 17 16 Ι. 07 
216 = 23, 38 28+0 = 28 32 0. 88 
256 = 2° 16+3 =I19 17 I.10 
2,048 = 2"! 50 + 17 = 67 | 63 1.06 ¢ 
2,250 = 2,37. 5° 174 + 26 = 200 179 I. 11 
2,304 = 2°. 3? 134 + 8 = 142 136 1.04 
2,306 = 2.1153 67 + 20 = 87 69 1, 26 
2,310 = 2.3.5.7.11 228 + 16 = 244 244 τς 00 
3,888 = 2*, 3° 186 + 24 = 210 197 I .06 
3,898 = 2.1949 99 +6 = 105 99 I. 06 
3,990 = 2.3.5.7.19 328 + 20 = 348 342 1.02 
4,096 = 2” 104 +5 = 109 102 I. 06 
4,996 = 27.1249 124 + 16 = 140 119 1.18 
4,998 Ξε  2.3."".17 228 + 20 = 308 305 I, OI 
5,000 = 23,54 150 + 26 = 176 157 I 12 
8,190 = 2.37.5.7.13 578 + 26 = 604 597 1.01% 
8,192 = 2'8 150 + 32 == 182 171 1.06 
8,194 = 2.17. 241 192 + 10 = 202 219 0.92 
10,008 = 2”. 37. 139 388 + 30 = 418 396 1.06 
10,010 = 2.5.7.11.13 384 + 36 = 420 384 1.09 
10,014 = 2. 3. 1669 408 + 8 = 416 396 1.05 
30,030 = 2.3.5.7.11.13 1,800 + 54 = 1854 1795 I .03 
36,960 = 2°.3.5.7.11 1,956 + 38 = 1994 1937 I . 03 
39,270 = 2.3.5.7.11.17 2,152 + 36 = 2188 2213 0.99 
41,580 = 27.3°.5.7.11 2,140 + 44 = 2184 2125 I .03 
50,026 = 2. 25013 702 + 8 =710 692 1.03 
50,144 = 2°. 1567 607 + 32 = 706 694 I .02 
170,166 = 2. 3.79. 359 3,734 + 46 = 3780 3762 1.00 
170,170 = 2.5.7.11.13.17 | 3,784 + 8 = 3792 3841 0.99 
170,172 = 27, 37. 29. 163 3,732 + 48 = 3780 3866 0. 98 
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5. Other problems. 


5. 1. This last section is frankly conjectural, and is not to be judged by 
the same standards as δὲ 1—3. 

The problems to which we have applied our method may be divided roughly 
into three classes. The typical problem of the first class is Waring’s Problem. 
Our solution of this problem is not yet as conclusive as we should desire, and 
we have not exhausted the possibilities of our method, even when allowance is 
made for still unpublished work; we cannot at present prove, for example, that 
every large number is the sum of 7 cubes or 16 biquadrates. But our proofs, 
so far as they go, are complete. 

The typical problem of the second class is that considered in §§ 1—3. The 
arguments by which we prove our results are ne but the results depend 
upon the unproved hypothesis Ff. 

There is a third class of problems, of which Goldbach’s Problem is typical. 
Here we are unable (with or without Hypothesis #) to offer anything approaching 
to a rigorous proof. What our method yields is a formula, and one which seems 
to stand the test of comparison with the facts. In this concluding section we 
propose to state a number of further formulae of the same kind. Our apology 
for doing so must be (x) that no similar formulae have been suggested before, 
and that the process by which they are deduced has at any rate a certain 
algebraical interest, and (2) that it seems to us very desirable that (in default 
of proof) the formulae should be checked, and that we hope that some of the 
many mathematicians interested in the computative side of the theory of numbers 
may find them worthy of their attention. 


Conjugate problems: the problem of prime-pairs. 


5. 2. The problems to which our method is applicable group themselves mn 
pairs in an interesting manner which will be most easily understood hy an example. 
In Goldbach’s Problem we have to study the integral 


where 


1, 
~- iy 


f(x) = D2 log Wx0, x=Reiv=e ποῦ 
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or 


20 
(5. 21) ἐπ | f Rev) fer) el—nivdw., 
υ 


The formal transformations of this integral to which we are led may be stated 
shortly as follows. We divide up the range of integration into a large num- 
ber of pieces by means of the Farey arcs &, 9, Ψ varying over the interval 


Fe — Opa. “ἢ On, ἢ when x varies over §,,. We then replace f(x) by the 


appropriate approximation 


μι (4) ro _ eq) I 
PAD Jog [} (9) ΠΕΡῚ ae 
x n q 
paces by u, and the integral 
Op,q i” 
el—ntiu 
(5. 22) ca(—np) | ἘΣ — du 
τη 
—~ O'p,q \n 
by 
᾿ el—tw Ν 5: 
(5. 23) κατ πῇ) | Gp = 20Ne, (--- np). 


We are thus led to the singular series S,. 
Now suppose that, instead of the integral (5. 21), we consider the integral 


22 
(5. 24) J(R) = Ι {(Π 619) (8 ε- ν εἰὲν ἂψ, 
0 . 


where now ὦ is a fixed positive integer. Instead of (5. 22), we have now 


Op,@ , οο 
kiu 
eg(kp) © ____duow e,(kp) A ae ἢ 
Ξ τς ὦ 2) 5 τ Ι ‘ 
——— 2} |— + tu το ag ree 
— O'p,q \n n 
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We are thus led to suppose that 


(5. 25) I(R) oo ΤΩΣ (HD) eg (kv) 


when R=e πὶ n—o. 
The series here (which we call for the moment S’,) is the singular series S, 
with --ἶἰ in the place of n. On the other hand 


2% 
--1 i ω ,@iy ι,-- αὖ kip 7 _. Rk 267 
J (f) za { Lear 6 . dS log aR 6 _ekivd w ΒΡ Sag 
ὁ 
where 
a= log τῷὸ log (w+ k) 


if both w and +k are prime, and a,=—o otherwise. Hence we obtain 


nf 
2 f 
δας R OO = Rid 


1 
Here R=e ", but the result is easily extended to the case of continuous ap- 


proach to the limit 1, and we deduce’ 


(5. 26) dagwons',. 


acon 


And from this it would be an easy deduction that the number of prime pairs 
differing by k, and less than a large number ἢ, is asymptotically equivalent to 


n ! 


(log nj?” 


We are thus led to the following 
Conjecture B. There are infinitely many prime pairs 


@G,A=aA+k, 


for every even k. If Py(n) ts the number of pairs less than n, then 


Pen) 20s aor {{{{Ξ3} 


where (Οὐ, is the constant of ὃ 4 and Ὁ is an odd prime divisor of k. 


1 We appeal again here to the Tauberian theorem referred to at the end of 4. 2 (f. ἢ. 1). 
This time, of course, there is no question of an alternative argument. 
2 Note that S’,=0 if k is odd, as it should be. 
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It will be observed that the analysis connected with Conjectures A and B, 
which deal respectively with the equations 
r=D+0, D=aortk, 
is substantially the same. It is pairs of problems connected in this manner that 
we call conjugate problems. 
Numerical verifications. 


5. 3x. For k=2, 4,6 we obtain 


᾿ 2, ἢ 

(5. 311) P,(n) οὐ (log n)? 
2C.n 

(5. 312) P, (1) oS (log n)? 
 4Cyn 

(5. 313) Plt) © oe ny 


Thus there should be approximately equal numbers of prime-pairs differing by 2 and 
by 4, but about twice as many aiffering by 6. The actual numbers of pairs, 
below the limits 


I00, 500, 1000, 2000, 3000, 4000, 5000 
are 


-----.-.- a a pa ὁ ὁπ...  --ΠΠΠΠΤΠπτΠΤΠΤΠΤἷΤΞ΄ΤΠΌ....-. τ’ --΄-.--.ὕ...-.--.-. 


The correspondence is as accurate as could be desired. 

5. 32. The first formula (5. 311) has been verified much more systematic- 
ally. A little caution has to be exercised in undertaking such a verification. 
The formula (5. 26) is equivalent, when k= 2, to 
(5. 321) > A (m) (τη +2) 20,n; 

mon 
and, when we pass from this formula to one for the number of prime-pairs, the 
formula which arises most naturally is not (5. 311) but? 


1 This formula follows from (5. 321) in exactly the same way that 


n(xroo Lie 
follows from 


Σ Aan) CO x. 


2.1 
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(5. 322) Pans 20f a x) 


indeed it is not unreasonable to expect this approximation to be a really good 
one, and much better than the formulae of 4. 4. The formula (5. 322) is nat- 
urally equivalent to (5. 311). But 


dx n 2! 3! 
lage ieee ext (log nj? 7? 


and the second factor on the right hand side is (for such values of n as we 
have to consider) far from negligible. It is for this reason that Brun, when he 
attempted to deduce a value of the constant in (5. 311) from the statistical 
results, was led to a value seriously in error. 

We therefore take the formula (5. 322) as our basis for comparison, choosing 
the lower limit to be 2. For our statistics as to the actual number of prime- 
pairs we are indebted to (a) a count up to 100,000 made by GLAIsHER in 1878? 
and (b) a much more extensive count made for us recently by Mrs. G. A. 
SrREATFRILD. The results obtained by Mrs. Streatfeild are as follows. 


n 
n Pin) 2C, | Tee a Ratio 
| 2 
| | 
100000 1224 1246.3 | 1.018 
200000 2159 | 2179.5 I , 009 
300000 | 2992 3035.4 I. O15 
400G00 | 3801 | 3846.1 1, O12 
5000004562 ! 4625 .6 1.014 
600900 | 5328 5381.5 I .O1O 
700000 6058 6118.7 I O10 
| 800000  67ό3 6840.2 1. O1l 
| goo000 1: 7469 7548.6 I. Ol! | 
| 1000000 " 8164 8245 .6 I .O10 | 


ΞΟ ----- --.- ἐν ται, απ RR τ τσ τ-τ- 


1 The series is of course divergent, and must be regarded as closed after a finite number 
of terms, with an error term of lower order than the last term retained. 

2 J. W. L. Guaisner, ‘An enumeration of prime-pairs’, Messenger of Mathematics, vol. 8 
(1878), pp. 28—33. Glaisher counts (1,3) a8 a pair, so that his figure exceeds ours by 1. 
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3. 33. Similar reasoning leads us to the following more general results. 
Conjecture 0. 1| a, ὃ are fixed positive integers and (a, b)=1, and N(n) ts 
the number of representations of n in the form 


n=aw+bo', 
then 
n 
Wm) = 0 log ab 
unless (n,a)=1, (n,b)=1, and one and only one of n,a,b is even.' But tf 
these conditions are satisfied then 


N(n)w 22 ἘΞ} 


τ (log yay IL "ΞΞ - 4, 


where Ο΄, is the constant of ὃ 4, and the product extends over all odd primes Ὁ which 
divide n,a, or b. 
Conjecture Ὁ. If (a,b)=1 and P(n) is the number of pairs of solutions of 


aw —ba=k 
such that τ᾽ <n, then 


P(n) =o Peery) 


unless (k, a) =1, (k, δ) =1, and just one of k, a, bis even. But if these condiirons 
are satisfied then 


2C, nm p— b—2), 
ΤΥ ΤΟ (Sa) 
where Ὁ is an odd prime factor οἱ k, α, or Ὁ. 
It should be clear that the theorems proved in §§ 1—3 must be capable of 
a similar generalisation. Thus we might investigate the number of representa- 
tions of n in the form 


n=andtbo'+co"; 


and here proof would be possible, though only with the assumption of hypo- 
thesis R. We have not performed the actual calculations. 


1 This is trivial. If πὶ and @ have a common factor, it divides δ, and must therefore 
be σ΄, which is thus restricted to a finite number of values. If ,a, b are all odd, @ or a’ 
must be 2. 
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Primes of the forms m?+1, am?+bm+te. 


5. 41. Of the four problems mentioned by Landau in his Cambridge address, 
two were Goldbach’s problem and the problem of the prime-pairs. The third 
was that of the existence of an infinity of primes of the form m?+1.1 

Our method is applicable to this problem also. We have now to consider 
the integral | 
22 


J(R) = [ fer) I(Re-*¥) e-twdy, 


0 
where /(z) is the same function as before and 
I(x) = 2 ἀπε 

m=] 


The approximation for 9(%) = 9(Re-‘¥) on &, 4 is 


9(Re-*¥) 00 7 Vie “bt (7+ i(y—?P")) | 
where 


4 
Sp,q= > eg(h* p) 


h=t 


and Sp,q is the conjugate of Sp : and we find, as an approximation for J(f), 


(q) pe iu 
I Σ μίᾳ) Ὁ e—**au 
= iq) 5» 4“|--Ρ) | ἜΣ ye 
4V a pa 1 Ῥ(4) ΕἿ (7 --ἶὶ Va 
794 γῃ, n 


We replace the ntegral here by 


{teow 
n πε Ἔν 


* The fourth was that of the existence of a prime between n? and (n+ 1) for every n>0. 

The problem of primes am?+bm+c must not be confused with the much simpler (though 
still difficult) problem of primes included in the definite quadratic form ax’?+bay+cy? in two 
independent variables. This problem, of course, was solved in the classical researches of DE LA 
γαῖ Poussin. Our method naturally leads to de la Vallée Poussin’s results, and the formal veri- 
fication of them in this manner is not without interest. Here, however, our method is plainly 
not the right one, and could lead at best to a proof encumbered with an unnecessary hypothesis 
and far more difficult than the accepted proof. 
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and we are led to the formula 


(5. 411) J (R) wo Vaans, 
where S is the singular series 

ap 5, ἘΝ 
(5. 412) om mig pig) ταί p). 


Repeating the arguments of § 5. 2, we conclude that the number P(n) of primes 
of the form m?+1 and less than n 18 given asymptotically by 


(5. 413) P(n)~w7— 8. 
5. 42. The singular series (5. 412) may be summed by the method of § 3. 2. 
Writing 
S= MAg=1+4,+4,+-"; 


there is no difficulty in proving that Agg = Ag Aq if (g,9')=1. Hence we 
write ! 


8 -- [|| x0; 


where 


Ye =ItAgt Amt: =1t+Ag. 


If w=2, Ag=0, ¥g=1. LH W>2,? 


1 J 
(gl) sj =={o41)) = 
So = (2) it γα, 8,..-- [5 4 Vo, 
and 
1 @w—1 
I ye 1) ‘ (2 Dot 
=o oO p) 
= (τ -- ἡ Κα 2 
= ee ΞΙ 
ω--τ @M—-I\W 


1 Even this is a formal process, for (5. 412) is not absolutely convergent. 
2 See Diricaiet-DepeKinn, Vorlesungen tiber Zahlentheorie, ed. 4 (1894), pp. 293 et seq. 
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Thus finally we are led to 
Conjecture E. There are infinitely many primes of the form m?+1. The 
number P(n) of such primes less than n is given asymptotically by 


where 


5. 43. Generalising the analysis of §§ 5. 41, 5. 42, we arrive at 

Conjecture F. Suppose that a, ὃ, c are integers and ais positive; that (a, ὃ, c)=1; 
that a+b and c are not both even; and that D=b*— 4ac is not a square. Then 
there are infinitely many primes of the form am?+bm+c. The number P(n) of 
such primes less than n is given asymptotically by 


~ γᾷ log n — 


where Ὁ 18 a common odd prime divisor of a and ὃ, ε is τ if a+b ts odd and 2 
if a+b is even, and 


(5. 4321) =|] [-- - (=I). 


It is instructive here to observe the genesis of the exceptional cases. If 
(a,b,c) =d>1, there can obviously be at most one prime of the form required. 
In this case xy, vanishes for every @ for which wid. If a+b and ὁ are both 
even, am?+bm+c is always even: in this case y, vanishes. If D=k?, then 


4a(am? + bm +c) = (2am + 6)? — k?, 
and 


4am = (2am-+ b)? — k? 


involves 2am+6+k|4a, which can be satisfied by at most a finite number of 
values of m. In this case no factor 4, vanishes, but the product (5. 4321) 
diverges to zero. 

5. 44. The conjugate problem is that of the expression of a number n 
in the form 


(5. 441) =am'® +bm+@. 
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Here we are led to 

Conjecture G. Suppose that a and b are integers, and a>o, and let N(n) 
be the number of representations of n in the form am?*+bm+@. Then if π,α, ὃ 
have a common factor, or if nanda-+bare both even, or tf 6b? + 4an is a square, then 


(5. 442) N (n) =o( 


In all other cases 


(5. 443) {ἈΦ (moo ἐς I (* ] il ᾿ {-- ᾿Ξ ap 


where ἡ 18 a common odd prime divisor of a and ὃ, and ε is τ 7f a+6 is odd and 
2 if a+b 18 even. 
The following are particularly interesting special cases of this proposition. 
Conjecture H. LHvery large number n is either a square or the sum of a prime 
and a square. The number N(n) of representations is given asymptotically by 


log n 


Vn τ n 
(5. 444) OT aa ἢ toe al) 


There does not seem to be anything in mathematical Jiterature corresponding 


to this conjecture: probably because the idea that every number is a square, 
or the sum of a prime and a square, is refuted (even if 1 is counted as a prime) 
by such immediate examples as 34 and 58. But the problem of the representa- 
tion of an odd number in the form w+2m? has received some attention; and 
it has been verified that the only odd numbers less than gooo, and not of the 
form desired, are 5777 and 5 993. 

Conjecture I. very large odd number n is the sum of a prime and the double 
of a square. The number N(n) of representations is given asymyiotically by 


(5. 445) | N(n) 0 2 ΠΡ 


4 ΞΞ 


1 By Stern and his pupils in 1856. See Dickson’s History (referred to on p. 32) p. 424. 
The tables constructed by Stern were presorved in the library of Hurwitz, and have been very 
kindly placed at our disposal by Mr. G. Polya. These manuscripts also contain a table of 
decompositions of primes g = 4m + 3 into sums qg=p-+ 2p’, where p and p’ are primes of the 
form 4m + 1, extending as far as g = 20983. The conjecture that such a decomposition is always 
possible (1 being counted as a prime) was made by Lagrange in 1775 (see Dickson, l. 6., p. 424). 
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5. 45 We may equally work out the number of representations of n as 
the sum of a prime and any number of squares. Thus, for example, we find 


Conjecture J. The numbers of representations of n in the forms 
n=@M+mi+m), n=wW+m>+mi+me+m, 


are given asymptotically by the formulae 


(p — 1)? 1 
(5. 451) Nin) ὦ Ο cn i] a Ξε σε οεὲ -ς--- ----), 
᾿ : αν, (mod. 4) ἢ =r ‘os 4) ; ἘΞ 
where 
(5. 4511) C= 2 bts ἘΦ :)}: 
and 
(p — 1)? (p+ 
(5. 452) N (n) Ow ~Cutn? ἢ era ’ 
where 
(5. 4521) C= Ii |: (r 4 sea) 


Here » is an odd prime divisor of n, and representations which differ only in the 
sign or order of the numbers m,,m,,... are counted as distinct. 
The last pair of formulae should be capable of rigorous proof. 


Problems with cubes. 


5. 5. The corresponding problems with cubes have, so far as we are aware, 
never been formulated. The problem which suggests itself first is that of the 
existence of an infinity of primes of the form m’+ 2 or, more generally, m' + k, 
where ὦ is any number other than a (positive or negative) cube. 

Here again our method may be used, but the algebraical transformations, 
depending, as obviously they must, on the theory of cubic residuacity, are 
naturally a little more complex. As there is in any case no question of proof, 
we content ourselves with stating a few of the results which are suggested. 

Conjecture K. If k is any fixed number other than a (positive or negative) 
cube, then there are infinitely many primes of the form m'+k. The number P(n) 
of such primes less than n is given asymptotically by 


1 


(5. 51) P(n) > jae Π|τ-- οὖ ( Me) 
τ 


"Tog 7 n 
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where 
@ ==1 (mod. 3), wk, 


and (—k),, ts equal to 1 or to =. according as — k is or is not a cubic residue of τ. 


Conjecture L. very large number n 18 either a cube or the sum of a@ prime 
and a (positive) cube. The number N(n) of representations 18 given asymptotically by 


1 


N(n) aa eet | (:— =? (2) ἢ 


[ο] 


the range of values of τὸ being defined as in K. 

Conjecture M. Jf k is any fixed number other than zero, there are infinitely 
many primes of the form [}+m'5+k, where | and m are both positive. The number 
P(n) of such primes less than n, every prime being counted mulitply according to 
its number of representations, 18 given asymptotically by 


r(4\) 5 
rin By er I τῷ e+ 40), 


where Ὁ and τὸ are odd primes of the form 3r+1,p\|k, wk, and 


A—2 
A ag τὶ 
if —k is a cubic residue of τ, 
I 9B 
; Pa aes 
ow (tw—1) 


in the contrary case. The positive sign is to be chosen if 


-----.-. 


w }3 


=" ΝΕ att 


w=a+be being that complex prime factor of τὸ for which a=—1, b=o (mod. 3); 
the negative in the contrary event. And A and B are defined by 


A=2a—6, 3B=6b, 4m = A? + 27 B’. 
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In particular, when k=1, the number of primes 13 -- m>+1 ts given asymp- 


totically by 
.(4\\? 2 
f (4) n® A—2 


= Ε og IE (ari : 
3 


P(n)x 


primes susceptible of multiple representation being counted multiply. 

Conjecture N. There are infinitely many primes of the form [8 +B 4m, 
where k,l, m are all positive. The number P(n) of such primes less than n, primes 
susceptible of multiple representation being counted multiply, is given asymptotically by 


roel (pall 8) 


where τὸ is a prime of the form 3m+1, and A has the meaning explained under M. 


Triplets and other sequences of primes. 


5. 6r. It is plain that the numbers τ, w+2, m+ 4 cannot all be prime, 
for at least one of the three is divisible by 3. But it is possible that 
@,@W+2,@+6 or ow, σῚ 4, W+6 should all be prime. It is natural to enquire 
whether our method is applicable in principle to the investigation of the 
distribution of triplets and longer sequences. 

The general case raises very interesting questions as to the density of the 
distribution of primes, and it will be convenient to begin by discussing them. 

We write 
(5. 611) o(x) =lim (ir (n + x)— a(n)), 


wt DW 


so that o(x)=o([x]) is the greatest number of primes that occurs indefinitely 
often in a sequence n+1,n+2,...,n+[x] of [xz] consecutive integers. The 
existence of an infinity of primes shows that o(x)>1 for x>1, and nothing 
more than this is known; but of course Conjecture B involves o(x) > 2 for x>3. 
It is plain that the determination of a lower bound for (x) is a problem of 
exceptional depth. 

The problem of an upper bound has greater possibilities. We proceed to 
prove, by a simple extension of an argument due to Legendre}, 


' See Landau, p. 67. 
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Theorem G. Jf ¢>0 then 


.,ι σ΄ i Pea 
0 (x) < (I ΕΝ é) 6 Ιορ log Υ (x > Lo X{e)), 
where C is Euler’s constant. More generally, 1{ N(x, n) 18 the number of the integers 
N+1I,N+2,...,n+[2] that are not divisible by any prime less than or equal to 
log x, then 


o(x) = lim N(x, n) <(1 + 6) e-€ 


x 
δι log log « (a > x, (e)). 


It is well-known that the number of the integers 1, 2,..., [y], not divisible 
by any one of the primes p,, p,,..., Py, 18 


B22 


where the 2-th summation is taken over all combinations of the v primes 7 at 
a time. Since the number of terms in the total summation is 2”, this is 


(ao a -+ O(2”) =y {x= [--- 2)..(-- τ + Ο( 25). 


We now take p,,.,..-., py to be the first ν primes, write ἢ τὰ and n 
successively for y, subtract, and take the upper limit of the difference as n—o. 
We obtain 


But 


as y—o.! If we take y= log x, and p, to be the greatest prime not less than y, 
we have 


< < log x "πο πείσε 
Le ae a log log x 


a(x) «(τ +6) e7 (a > x (€)), 


ἜΝ ase 
Jog log x 


the desired result. 


1 Landau, p. 140. 
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An examination of the primes less than 200 suggests forcibly that 
o(x) < (zx) (2. 2). 


But although the methods we are about to explain lead to striking conjec- 
tural lower bounds, they throw no light on the problem of an upper bound. 
We have not succeeded in proving, even witb our additional hypothesis, more 
than the »elementary» Theorem G. We pass on therefore to our main topic. 

5. 62. We consider now the problem of the occurrence of groups of primes 
of the form 


πη, ται, ἢ $A,,...,N+ am, 


where α,, @,,...,@m are distinct positive integers. We write for brevity 


f(x) - δ .1(6) A(w+a,)... «1(Ὁ Ὁ am) 2. 
== 2 


Then, if (4, ἔτει, we have 


(5. 621) r°™ fy, (1? e,(h)) = > 1a) A(Wt+a,)... A(W+am)r? Ft e, (wh) 


aa [Σ΄ οὐν ACD + α,ι- αὐ 17 eF* 0, (oh). δ (τ, γῦ ες δέν, em dep 
υ 
22 
πο, | ee) ~i 9) emi? α 
τ΄ | fm—1\reé f(re—* P\e φ. 
ὃ 
If p= at 0, r—1, O—o, and θ᾽ is sufficiently small in comparison with 
I1—vr, then 
psy x(q) 
f(re fe ak EAP ETT 
where 
vt)  £4Q) 
(4) -- (4) 


Let us assume for the moment that 


i  (P i 
fm—1 (re v) Co Im—1 (2 T— reo 


! 


if p= - +0,r—1, and @ is sufficiently small. Then our method leads us to write 
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> hn 
ot Im-1 (re (oF ΠΣ 


: ph (en? 
ὍΣ a) dm. (2 + + el Ὁ 5} orem 


Ph) (amp 
aa Σ χ()σ.- 1 ea) 


on replacing the integral by one extended from --π tow. Thus (5. 621) 
suggests that 


(5. 622) Im(r) co an οὶ: 


where gm is determined by the recurrence formula 


(5. 623) Im [ἢ a x(a) γα ΕἾ ἢ4(5} 
and 
OOK θυ [ῃ = x(k). 


From this recurrence formula we obtain without difficulty 


(5. 625) Im (0) = Sm = > Il x(Gr) z(Q)e ΙΣ = he 


PIsQiy- ony Pm>Im T=) 


where g, runs through all positive integral values, p, through all positive values 
less than and prime to g,, and Q is the number such that 


If we sum with respect to the p’s, we obtain a result which we shall write in 
the form 


(5. 6251) Sm= J Α(φι. 4:» she) en) 


Ji, 2,-++91 Im 


We shall see presently that the multiple series (5. 6251) is absolutely con- 
vergent. | 
For greater precision of statement we now introduce a detinite hypothesis. 
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Hypothesis X. Jf m>o0, and r—1, then 


(5. 626) fm (r) οὐ -ϑϑ. 


where Sm ts given by (5. 625) and (5. 6251). 
Our deductions from this hypothesis will be made rigorously, and we shall 


describe the results as Theorems X 1, X 2,... 
5. 63. From (5. 626) it follows, by the argument of 4. 2, that 


2 
(5. 631) PAG: Ὁ, ἄς. ἄν» ἐν» αν) OR (log zy" ἼΩΝ 
as x-—0, where the left-hand side denotes the number of groups of m+1 primes 
N,W+G,,...,N+Am οἱ which all the members are less than x. 

We proceed to evaluate S,,. In the first place we observe that A(q,,q2,.-.; Gm) 
is zero if any g has a square factor. Next we have 


(5. 632) Ἅ(4, 4, 4: 41» - + +> Im Om) = AN 42... . Ym) ACG as Was ++ +s Om), 
provided (q,, g's) =1 for all values of r and 8. For, if we write 


Pry ρ΄, _. Pr q'r + p'r qr Pr 
qd; q'r dr q' 7): 


so that ἢν, Ξε Φ, 4,, and suppose that p, and p', run through complete sets of 
residues prime to g, (or q',) and incongruent to modulus q, (or q',), then », runs 
through a similar set of residues for modulus 4,. Also (Q, Q')=1z and so 
(PO + P'Q, QQ')=1. Hence, since 

» P Ρ' PQY+P'Q 


a a nC) 


ε 


the Q associated with Σ᾿ is ΟΘ΄. Since x(¢q') = x(¢)x(q') if (φ, φ') =1, (5. 632) 


follows at once. 
Assuming then the absolute convergence, more conveniently established 
later, of the series and the product, we have 


(5. 633) Sy» = Ala Jos -+-s Um) = IX(W) = UXn(W) = ΠΧ, (τ; a,, ..., An), 
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where 
(5. 634) Χ(α) --τ ἘΣ Aw, t,1,...,1)+ DA(o, τὶ, τ, ..., 1) + 
+ DAG, W,W,...I)t--+A(G,B,GD,..., BD), 
and where Da is extended over all A’s in which r of the m places are filled by 


@s and the remaining m—r by 18. 
Our next step is to evaluate the A’s corresponding to a prime w. Writing 


x= χί(τ) = — ἘΞ we have first, when only one place, say the first, is filled 
by a τῷ, 
1 = ὦ, =r >1), Pr=ol(r>1), V=B, 
and so 
(5. 635) A(@,I,1I,...,1)= (x(a)? > ea(a,p) = 2°ca(a,). 


(p, o)=1 


When r>1 places, say the first r, are filled by @’s, we have similarly 


A(w,@,@,...,1) =a" Dew(a,p, +--+: +4rpr) x(Q), 


Py P2,--+5 Pr 
where the p’s run through the numbers 1,2,...,@—1I, and Q is determined by 
“-" P prt Dy te + Pr 
ear Q) τὸ I, Q ΜΝ τ 
Clearly 
=I (> p=o (mod. )), Q= aw (> p==o (mod. τὴ). 
Hence 
(5. 636) A(w,U,@,.. staan] Leo Zan) + 
Pp sel 
χίτ) — x(@) | . 
ee Σ τ! Σορὴ 


=a [Jeo a)—o> eo(Zar)| 


8] Pitp+- 


617 


618 


58 G. H. Hardy and J. E. Littlewood. 


Now 


B= Xe ea σ (Yar) 


pit pot: 


is evidently a function of @,a,,...,a@, which is unaltered by a permutation of 


@,,...,@,. We denote it (dropping the reference to w) by Δ, (α,, ας, ..-., ar); 
the suffix m being used to recall that a,,a,,...,a,, or rather the a’s that 
replace them in the general case, are selected from a,,a@,,..., Gm. 
Then 
(5.637) Bm(a,, α,, ne Σ — ye ἀμ “τ. + Dr)) 
D2, 138,--+,> Dp Patpst:- “ἘΞ 0: 
ae 2— 4) Py + +--+ (ay — αι) Pr) — πο μος μον δε δ. 


τ ἡμώ ων ἥρω ων sae 


ΓΟ s=3 


Here we are supposing γ 2. We shall adopt the convention B,,(as) =o. 
5. 64. We now digress for a moment to establish the absolute convergence 


_ of our product and multiple series. We have 


(5. 641) ca(k)=mw—1 (@\k), col(k)=—1 (τὸ 1). 


Hence, when @ is large, every ca occurring in (5. 635), (5. 636), or (5. 637) 
is equal to —r.! It follows that 


lA(o,0,0,..., 1)} « Καὶ <>, (r>1); 


and so, since A(g,,q,,...) is the product of A’s each involving only a single 
prime tw, that the multiple series and the product in (5. 633) are absolutely 
convergent. 

5. 65. Returning now to X(w), we have, for r>1, 


Tr 
A(@,W,W,...1) =a"! [ΠΠ co (a,) — Bla, as, εν, Gr))> 
s=] 


the result being true for r=1 in virtue of (5. 635) and our convention as to 
Bm(as). Hence 


* It is here that we use the condition a, La,. 
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(5. 651) Xm(@w)=I+ Sart [I co(a.) — a> grt D>, Βειία,, 42; Saxe) 


r=] ga] γα 
=I4+¢2 (Th + ποσ(α!))--- αὶ — we 82 Cm 
r=1 rm? 
τς Y, —wrZn, 
say, where 
(5. 652) Cmn,r = >, Bula, Oy ...γ Oe), 


the summation being taken over all combinations (without reference to order) 
of a,,..-,@m taken r at a time. 
Now 


(5.653) Ymai—(I—2) Yn=1 — 2—(1—2)* +a] {r+aca(a,))(1+ πόα (am41)—1 +2) 
rm) 


=2(1— 2) + 2°2(14+ co(aQm+i)) ll (1+ 2%ca(a,)). 


r=l1 


Also 
! 
Cnti,r ΞΞ- Cm,r + Σ B(amai, αι, α.,......) ar—-1) (r > 2). 


{ F . 
Here Σ denotes ἃ sum taken over the combinations of a,,@.,...,@m,r—I1 at 


a time; and the equation holds even for r= m +1 if we interpret Cm,m+1 88 Zero. 
Hence, by (5. 637), 


Cm+ir = Cm,r + ΣΊΠ σαία, --- Am+1) --Β,,ί(α,, 5... α,..}} 


8:] 


a 
= Umr + ΣΙ Ca (ας --- am +1) Ξ-- ΤΕ: 


gm} 
and therefore 
m+1 1111 ᾿ r—1 m+t 
(5. 654) Zn+1 = > 2° Omir = 2m + 2 xr Σ Il Ca (as —am +1) — > a” Cm,r-1 
ra? γι s=1 rm2 


(ont He κω, ὐμαν τ 


r=] 
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Using (5. 651), (5. 653), and (6. 654), and observing that 2(1—2x) = — wz?, we 
obtain 


(5. 655) Xmei(@) — (1 —2) Χα(σὶ = 2*(1+ cor(amas)) I (t+ πεσία,)) -- 


7} 
γ 
— ox |] (1 + χοῦ (Ar — Gm41))- 
2...) 
To this recurrence formula we add the value of Xm(@w) for m=1, viz. 


(5. 656) X,(@) =1+A(w) =14+2%e0(a,). 


5. 66. We can now deduce an exceedingly simple formula for X,,(a), viz. 


DW \"W—y 
(5. 661) Χ, (α) -- «5 77 5.:: 5. 
where 
(5. 662) V = Vm = ν(; 0, αι, Aa, «., Am) 
ws the number of distinct residues of 0,4,,@,,..., Am (mod. a). 


This is readily proved by induction. Let us denote the right. hand side of 
(5. 661) by X'm; and let us consider first the case m=—1. 

If a,=o (mod. w) we have v1, co(a,) -- τ ---α; if a,=0 we have v= 2, 
Ca(a@,)==—1z. In either case X, = X’,. 

Now suppose the result true for m, and conside: X,,,,;. There are three 
cases: 

(i) Gm¢1=0 (mod. w). Here 


τ 
Ynt+1~= Vm, X's 41 = woe = (I — x) ἈΝ 
On the other hand 1 + σσί(αρι 1) = @, σσί(α, --- ἄγι ει) =Cca(a,); the right hand side 
of (5. 655) vanishes; and so 
X m+ => (1 — x) ve = (1 — 2) xe = X wats 


(ii) Am+1=ar,=0 for some r,<m. Here again m41—%m. On the one 
hand we have, as before, X'm41=(1—2)X'm. On the other 


I 
ω-- 


I+ ὀσ(αρι ει) = 0, 1 + χοσῷ(α,,--- Ami) =I — ca(0) = 0; 


the right hand side of (5. 665) vanishes, and Xm+1= X'm+41 as before. 
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(ili) Qm41=0, Oms1==4(r<m). Here myi=vmti1=v+tx1. Also all the c’s 
concerned are equal to —x. Hence 


Xm+i— (1 — ἡ) X ΠΝ Cee 
or, since Xm = X'm, 
Xm1 = (1 — 2). (r— a)" (1+ (vy — 1) x) Ἐ σι — wrt 
= (1 — a)mtl(y + yx) = X' may. 


This completes the proof. 

We now restate our conclusions in a more symmetrical form. 

Theorem X1.' Let b,,6,,..., bm be m distinct integers, and P(x; δι, b,,..., 0m) 
the number of groups n+b,,n+b,,...... , +b» between 1 and x ana consisting 
wholly of primes. Then 


(5. 663) P(x) ~ G(b,, 6, ..-, bm) Lim(x) 


when x— «0, where 


(5. 664) (Ox, ba, «+5 bm) -- ἢ {{|Ξ 7 SS), 


vy =v(@; 6,,6,,..., 6m) is the number of distinct residues of b,, b,,..., bm to mo- 
dulus τ, and 


du 
vt) J log wy 
ὃ 
Further 
(5. 665) G(b,, bo, "1 bm) = Cm Η (6,, 6,, 3, 9. bm) 
where 
τ \™-lay—m 
(5. 666) Cn=J] (= — ——), 
a>m- 
} τ \"™—lay—y w—y 
(5. 667) Η(ῦ,, ὃ, ..., bm) = il (== =) Il [5] ; 
wim | aw | d 
ao>m 


and 4 ts the product of the differences of the b's. 


+ To avoid any possible misunderstanding, we repeat that these theorems are consequences 
of Hypothesis X. 
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The change from 0,4,,...,@m to 6,,6,,..., bm is obtained by writing 
n—b, for n and m for m+1. The expression of G as the product of the con- 
stant Om (depending only on m) and the finite expression H follows immediately 
from the fact that v=m if ὦ - 4, @>m. 


5. 67. There are plainly many directions in which it would be possible to 
extend these investigations. We may ask, for example, whether there are 
indefinitely recurring pairs, triplets, or longer sequences of primes subject to 
further restrictions, such as that of belonging to specified quadratic forms. We 
have considered one problem of this character only, which is interesting in that 
it combines those contemplated in Conjectures B and E. Is there an infinity 
of pairs of primes of the forms πεῖ τυ, m*+3? The result suggested is as follows. 

Conjecture P. There are infinitely many prime pairs of the form m*? + 1, m? + 3. 
The number of such pairs less than n is given asymptotically by 

δή Ὁ το, 
(log n)* (log π) τὲς (τ — x) 
where v is 0, 2, or 4 according as neither, one, or both of — x and — 3 are quadratic 
residues of τ. 


Numerical verifications. 


ς. 68. A number of our conjectures have been tested numerically by Mrs. 
STREATFEILD, Dr. A. E. WasTern, and Mr. O. WresTeRn. We state here a few 
of their results, reserving a fuller discussion of them tor publication elsewhere. 

The first of these numerical tests apply to conjectures E and P. In applying 
such tests we work (for reasons similar to those explained in 4.4 and 5.32) not 
with the actual formulae stated in the enmnciations of those conjectures, but 
with the asymptotically equivalent formulae 


I δ dx I i ee 
and | 
3 a dx 3 : - 
. 68 SG (pO κοοὐσηὲγη. 
(5. 682) Q (n)~ 5 Ar ae i,Vn 


The number of primes less than goooooo and of the prime form m*+1 is 
301. The number given by (5. 681) is 302.6. The ratio is 1.005, and the agree- 
ment is all that could be desired. 

The number of prime-pairs m*+1 and m*+ 3, both of whose members are 
less than gooo000, is 57. The value given by (5. 682) is 48.9. The ratio is 
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-858. The numbers concerned are naturally rather small, but the result is perhaps 
a little disappointing. 

A more systematic test has been applied to the formulae for triplets and 
quadruplets of primes, the particular groups considered being 


B,W+2,8+6; τ, τ 4, τὸ τ 6; 
BO, Wt+2,W+6, +8; ὦ, W+4, +6, τσ] Ξ το. 


The two kinds of triplets should occur with the same frequency. On the other 
hand there should be twice as many quadruplets of the second type as of the 
first. For 0, 2, 6, 8 have 4 distinct residues to modulus 5 and o, 4, 6, το but 
3, while for all other moduli the number of residues is the same; arid the ratio 
5—3: 54 is 2. The actual results are shown in the following table. 


Triplets. 
x 52; | ἢ Οἱ 12, (x) | Ratio P, (x; 0, 4, 6) | Ratio 
| 
10° | 260 270.78 1.041 249 1. 087 
2. τοῦ 417 440.7γ | 1.057 425 | 1.037 | 

3.105 566 589 . 89 1. 042 588 I .003 

4.10° 718 727: 43 1.013 748 0.972 

5. 10° 833 857.10 I, 029 881 0.973 

6. 10° 950 980 . 92 I. 033 1008 0.973 

7.10% 1073 1100. 16 1.025 1133 0.971 

8. τοῦ 1195 1215.64, 1.017 1231 0. 988 

g. 10° 1295 | 1327.97 I .025 | 1331 0. 998 

τοῦ 1398 1437. 59 1.028 1443 0.996 | 
Quadruplets. 

ue P, (x; 0, 2,6, 8)| 3! C, Li, (x) | Ratio P,(x; 0, 4, 6,10) 27 C, Li, (x) Ratio 
10° 38 40.4! I .063 | 80 80 . 82 I. O10 
2.10° 52 61. 18 1.177 124. 122. 35 0. 987 
3.10° β 70 78.62 1.123 160 157.24 0. 983 
4.10° 87 94. 28 1. 084 194 188. 55 0.972 
5.10° 103 108.75 1.056 219 217.50 0.993 
6.10°. 117 122. 36 1.045 239 244.71 I. 024 
7. τοῦ 133 135. 29 1.017 263 270.59 I .029 
8. 10° 141 147. 69 I. 047 285 295. 39 1.036 
9. τοῦ 156 159. 64 I. 023 299 319. 29 1.068 
10° 166 171. 21  ιτῖτδ᾽ὃ, 66 tet | Ἃ0031 316 342.42 I. 084 
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Here C, and C, are the constants of Theorem X 1. The results are on the whole 
very satisfactory, though there is a curious deficiency of quadruplets of the 
second type between 800000 and 1000000. 


5. 691. We return to the problems connected with the function 


0(x) —lim («(n+2)—a(n)). We shall adhere to the notation of Theorem X 1, 


and shall suppose in addition that x is integra] and that ὁ “ὃ, «ὃ, «--- « δ, 
It follows from Theorem X 1 that, if H(b,,6,,...,bm)+0, groups n+b,,n+b,,..., 
n+bm consisting wholly of primes continually recur, and we shall] say, when 
this happens, that b,,0,,..., bm is a possible m-group of b’s. We say also that. 
the n+0,,...,%+6m is an m-group of primes. If, in a possible group, m = ρ(“), 
where x= b,»—6b,+1, we shall call the group, either of primes or of b’s, a mazi- 
mum group. A set of x consecutive positive integers we call an x-sequence; 
and we say that the group n+b,,...,2+6m is contained in the (bm — ὃ, + 1)- 
sequence b,<c<b,, and that its length is b,—6,+1. 

Theorem X 2. 7| 6,,6,,..., 6m have a missing residue (mod. @) for each 
τὸ <m, then these b’s form a possible group. 

This is an immediate consequence of Theorem X 1, since y<mw—1 for τῷ Ὁ ἢν. 

Theorem X 3. Let M(x,n) be the number of distinct integers c,,¢,,.... CM; 
in the interval n<c<n+z2, which are not divisible by any prime less than or 
equal to 


Ga) ete) + |] +r, 
and let 
οι(α) = Max M (2, n). 
Then 
0,(2) = ρ(4). 


Let o(x,u) be the number obtained in place of 0,(z) when the o(x) that 
occurs in the definition of ρ,(4) is replaced by «. Clearly we have 


(5. 6911) o(x,u —1)>0(x, u) > e(2) 
and 
(5. 6912) ale, μ):Σ φία, μ-τα)-- [5]--τ. 
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Further, 
(5. 6913) tT=o0(2,u) <u 
implies 
g(a, μὴ) = e(x). 


For let d,,d,,...,d; be an increasing set of positive integers with the properties 
(characteristic of a set of t= (x, «) such integers) that (a) there is an such 
that n+d,,...,+d, are not divisible by any prime less than or equal to u, 
and (δ) d, —d,+1<a. Then n+d,,...,n+d, form a ’possible’ group of δ᾽ 8, 
since they lack the residue o for every prime less than or equal to τ. Hence 
(x) 5 τ =o(x, μ), and so, by (5. 6911), o(x) = ρία, μ). 

Next we observe that o(z, u)=o(x) for «=a, since the inequality + <u is 
clearly satisfied in this case. Let now μρ be the least μ, greater than or equal 
to e(x), for which 9@, μι) Ξε ρ(ᾳ). Then o(x)<u,<«. We have then 


(5. 6914) ρία, [ly =0(2), Q(X, fo —1) > e(x), 
and so 

0(%, {lg —I) > fy τοὶ, 
by (5. 6913). Thus 


Mo SO(X, My ~ 1) Ξ ρ(α, flo) + |= | PESO s | os 
lly Mfg 


<e@)+| 5] τ τ aw). 
Hence 


(x) = (2, Mo) >= o(2, ρ(4)) = ρ,(α). 


But it is evident that 0,(7) > o(x), and therefore ρ, (5) = (2). 

It follows from the theorem that, in a maximum group of primes of length 
x, the remaining numbers of the x-sequence are all divisible by primes less than or 
equal #o o(x). We shall see presently that (on hypothesis X) 0(x) < o(x) + log x 
for large values of zx. 

5. 692. We consider now the problem of a lower bound for o(x). Let p, 
denote the s-th prime. 

Theorem X 4. Let r=r(n) be defined, for every value of n, by 


Pr NK Pr4i- 


Then Pr+1, Pr+2s +++) Pren 18 a possible n-group of b’s. 
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For the primes less than or equal to n are p,,p.,..., Pr and the 6’s lack 
the residue o for each of them. 

From Theorem X 4 we deduce at once 

Theorem Χ 5. If «= Prin — Prtitl, Pr<n< Proi, then 


ρα) π. 


As a numerical example, let ἢ = 76501. We have 97525 = 76493, [826 == 70507. 
Hence 
γ Ξε 7525,n+ 97 = 84026, Pntr = 1076503 


% = 1076503 — 76507 + 1 = 999997 - 
Thus 
@(1000000) > 76501. 


We may compare this with the numbers of primes in the first, second, and third 
millions, viz. 


78498 , 70433, 67885. 


Theorem X 5 provides a lower limit for ρ(α) when x has a certain form: 
we proceed to consider the case when ἃ is unrestricted. 
Theorem X 6. We have 


for sufficiently large values of x. 
When m is large 
m log log m 


Dm = m (log m+ log log m)— m+ οἱ oem 


_fy log log ]. 
᾿ [πὶ mrt log y 


Then we have, by straightforward calculations, 


" y ( ΠΧ O ("8 log ") 


“log y\' ἴσαν log y 
Take n=p,. Then 


πεν (1+ 0 (98 084)", 
log y 
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Pate εν [τ-τ τ + 


I O log log uy 
log y log y | 


& = Pntr — Prati ti < Pager — Pr | 


_‘~—_ --—_ 


log y log y 


=y| 2 O sB Tee) 3 Ψ 


when y is large. Thus 


o(2) > o(z) > n= p, "ὁ 0 ᾿ ΓΕ ἘΒ 9} 


ΞΡ aoe = J | 
log y (log y)? (log y)° 
ee 
log z 


Since y is arbitrary, so is z, and the theorem is proved. 

5. 693. We conclude our discussion of e(x) with an account of one or two 
particular cases. For a given x it is, of course, theoretically possible to deter- 
mine the maximum number of integers in an x-sequence that are not divisible 
by any prime less than x. On hypothesis X, this number is 0(x). Thus 
L. Ausry' has shown that 30 consecutive odd integers cannot contain more than 
15 primes (or more than 15 numbers not divisible by 2, 3, 5, or 7). Thus 
e(59)<15. On the other hand if we take, in Theorem Χ 5, n=15, r=6, we 
see that the 15 primes from 17 to 73 give a possible group of b’s. Hence, on 
hypothesis X, 


0(59) 2 (57) = ρ(73 — 17+ 1) 215; 


and so e(59)=15. The value of (59) is 17. 

Similarly a 35-sequence cannot contain more than 10 numbers not divisible 
by 2, 3, or 5, but the ro primes from 13 to 47, and therefore the numbers o, 4, 
6, 10, 16, 18, 24, 28, 30, 34, form a possible ro-group of b’s, so that ρ(35) = 10 = 
= 7(35)—1. A striking example of a maximum prime group ἡ τ ὃ,,. ον, δι. 
corresponding to this group of δ᾽ 5, is provided by n = 113143. 

The best example of a close approach by (x) to a(x) occurs when x= 97. 
Consider the 24 primes from 17 to 113. They are a possible group of δ᾽ 8 if they 
have a missing residue for each prime less than 24. We have only to test 17, 
19, 23, and we find that 17 lacks the residue 8, 19 lacks 1 and 11, and 23 lacks 
3, 12, 16, and 22. Hence on hypothesis X, o(97)>24. On the other hand it 


1 L. E. Dickson, l. ¢., vol. 1, p. 355. 
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may be shown that a g7-sequence cannot contain 25 numbers not divisible by 
2, 3, 5, 7, 11, or 13. Let us denote the range n<x<n+Q6 by Ry. There 
is one and only one value of n, not greater than 2.3.5.7 210, for which 
R, contains 25 numbers not divisible by 2, 3,5, or 7, viz. m=x1o01. If then 
n<2.3.5.7.11, and R, contains 25 numbers not divisible by 2, 3, 5, 7, or 11, ἢ 
must be one of the numbers ror + 210 m (m~0,1,..., 10); and on examination 
it proves that we may exclude all cases but m—10. Repeating the argument 
we see that, if n<2.3.5.7.11.13, and R, contains 25 numbers not divisible by 
2, 3, 5, 7, 11, OF 13, then m must. be one of the numbers n = 2201 + 2310™ 
(m==0,1,...,12). All these turn out to be impossible and, since any &, may 
be reduced (mod. 2.3...13), it follows that no A, can contain more than 24 
numbers not divisible by a prime less than or equal to 13. A fortiori it follows 
that o(97) < 24, and so (on hypothesis X) e(97)=24. Since σι (97) = 25, the dif- 
ference 9 — wz is here unity. Beyond x=97 it would seem that ρ(2) falls further 
below z(x), at least within any range in which calculation is practicable. 


Conclusion. 


5. 7. We trust that it will not be supposed that we attach any exaggerated 
importance to the speculations which we have set out in this last section. We 
have not forgotten that in pure mathematics, and in the Theory of Numbers in 
particular, ’it is only proof that counts’. It is quite possible, in the light of 
the history of the subject, that the whole of our speculations may be ill founded. 
Such evidence as there is points, for what it is worth, in the opposite direction. 
In any case it may be useful that, finding ourselves in possession of an apparently 
fruitful method, we should develop some of its consequences to the full, even 
where accurate investigation is beyond our powers. 


Postscript. 


(x). Prof. Landau has called our attention to the following passage in the 
Habilitationsschrift of Prurz (Uber die Haufigkeit der Primzahlen in arithmetischen 
Progressionen und itiber verwandte Gesetze’, Jena, 1884), pp. 46-47: — 

‘Ferner wiederholen sich gewisse Gruppierungen der Primzahlen mit gewisser 
Regelmassigkeit, so ist z. B. die durchschnittliche Haufigkeit der Gruppen von 
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je 2 Primzahlen, die in gegebenem Abstand aufeinanderfolgen, fir die ungefahre 


Grosse « der Primzahlen, proportional Ta” wobei allerdings dieser Ausdruck je 


nach dem gegebenen Abstand mit verschiedenen constanten Faktoren behaftet 

I 
(ix)? 
fort..... Die nahere Ausfiihrung dieser und andrer Gesetze ... werde ich ein 
andres Mal folgen: lassen.’ 


ist, die Haufigkeit einer Gruppe von 3 Primzahlen proportional und so 


All of this is of course in perfect agreement with the results suggested in 
our concluding section. 

(2). We must add a few words concerning the memoirs of Stackel referred 
to on p. 34. These have only become accessible to us during the print- 
ing of the present memoir, and it is not possible for us even now to give any 
satisfactory summary of their contents; but Stackel considers the problem of 
‘prime-groups’ in much detail, and it is clear that he has anticipated some at 
any rate of the speculations of 5.6. The method of Stackel, like that of Brun, 
rests on the use of the sieve of Eratosthenes, followed by a heuristic passage 
to the limit; but Stackel’s problem is much more general, and he has gone much 
further than Brun in the determination of the constants in the asymptotic for- 
mulae. It seems to be the principal advantage of our transcendental method, 
considered merely as a machine for the production of heuristic formulae, that 
these constants are determined naturally in the course of the analysis. 

(3). We should also refer to a later memoir of Brun (‘Le crible d’Eratos- 
théne et le théoréme de Goldbach’, Videnskapsselskapets Skrifter, Mat.-naturv. 
Klasse, Kristiania, 1920, No. 3). Brun proves, by elementary methods, (1) that 
every large even number is the sum of two numbers, each composed of at most 
g prime factors, (2) that the number of prime-pairs @, @ + 2, less than x, cannot 
exceed a constant multiple of x (log z)~?. 

Brun’s work enables us to make a substantial improvement in the elemen- 
tary theorem G. Using the inequalities proved on pp. 32—34 of his memoir, we 
can show that 
Ax 


@ (x) < jog 2" 


(4). Prof. Landau has pointed out to us an error on p.g. It is not neces- 
sarily true that C,—o when y, is imprimitive: our argument is only valid when 
Q is divisible by every prime factor of g. 

The inequality (2. 16) is however correct. Suppose first that g=@? (A> 0). 
Our argument then holds unless Q@=1; in this case x, is the principal character and 


629 


70 G. H. Hardy and J. E. Littlewood. 


| dee (m) %(m)|—=1< Vg. 

m=) 
This inequality is then easly generalised to all values of g. If 4ᾳ-Ξ:- 4, 4)» where 
(91592) =I, then every x (mod. 4) is the product of a x, (mod. g,) and a x, (mod. 
q,). and it is easily proved that 


| Sea (0m) x(a) | = [χι (G2) χε (φι) eas (ta) χι (61) ean (1a) χε (m2) | 


<Vq.Va.=Vq- 


The conclusion now follows by induction. 


CORRECTIONS 


p. 5, footnote 2. Read: p. 492. 

p. 64. On the third line of ὃ 5.691, for b™ read by. 

p. 67. The statement on the last line but one, that the primes from 17 to 113 lack the residue 
8 (mod 17), is incorrect since 59 = 8 (mod 17). 


COMMENTS 
Lemma 11 and footnote on p. 27. There is a simple closed expression for c,(n), namely 


μι Ν᾽) φ(ᾳ) 4 

P(N) ᾿ (4, η)᾽ 
which escaped the notice of both Ramanujan and Hardy, and was discovered by Holder in 1936. 
See Hardy and Wright (4th ed.), p. 238. 

Recent researches of Turén (in course of publication) have enabled him to prove some of 
Hardy and Littlewood’s results under considerably weaker hypotheses. 


C(n) = where N = 


Summation of a certain Multiple Series 
Prof. G. H. Harpy and Mr. J. E. Lirt.Lewoop. 
The series in question 18 


Sq = Σ χ(ὺ x(a) «+ xu) x(Q) ἐ{Ξ δι 4 SPs. 4 SnPe), 


Pis 913 Pas 11» -- Ῥμε 1 

Here g, runs through all positive integral values, and p, through all such 
values less than and prime to q,, and Ὁ is the denominator of 

Pr 4 Pa pat 

4, ε 2 ane, Qu Q’ 
expressed in its lowest terms. The arithmetical function x(q) is de- 
fined by 

(9) 

$(q)’ 


where «(q) and ¢(q) are the well known functions of Mébius and Euler. 
Finally, the a’s are unequal positive integers, and 


x(q) = 


e(x) ΞΞ εἶπα, 
The sum of the series is 


S, = I ams co) , 


where a assumes all prime values, and ν is the number of distinct resi- 
dues of the group of numbers 0, a), 5, ..., ἄμ to modulus τσ. It is plain 
that ν = m-+1 from a certain point onwards. 
The series is of very great interest, for it is the series on which the 
asymptotic distribution of groups of primes 
P, PTA, PHA, .... PT On , 
appears to depend. The details of the summation, and some indication 


of the concordance of the results suggested with the evidence of computa- 
tion, are included in a memoir to appear in the Acta Mathematica. 
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1. Introduction. 


1.1. This paper is a sequel to the third of the series.* We proved 
there that if a certain hypothesis, which we called Hypothesis R*, and 
which is a natural generalisation of the hypothesis of Riemann concerning 
the zeros of ¢(s), is true, then every large odd number is the sum of three 
primes; and we determined an asymptotic formula for the number of such 
representations. But our analysis broke down when the number of primes 
considered is less than three, and we were unable to make any rigorous 
contribution to the study of Goldbach’s Problem itself. 

In the present paper we prove (still, naturally, on the assumption of 
Hypothesis R*) that almost all even numbers are sums of two primes, that. 
is to say that the number of numbers less than m, for which “ Goldbach’s 
Theorem ”’ is false, is o(7) when 1 is large. We prove, in fact, consider- 
ably more, but this ig the essential result. | 

1.2. We recall the terminology of P. N. 8, in so far as it is relevant 
here.t Our fundamental hypothesis{ is 


Hypotuesis R*.—Hvery zero of every Dirichlet’s function 
L(s) = 5X), 
m 


a 

* G. H. Hardy and J. KE. Littlewood, ‘‘ Some problems of ‘ Partitio Numerorum ’ (IIT) : 
On the expression of a number as a sum of primes’’, Acta Mathematica, Vol. 44 (1922), 
pp. 1-70. We refer to this memoir as P.N.3. The analysis which it contains has been 
considerably simplified by Landau [‘* Zur Additive Primzahltheorie’’, Rend. di Palermo 
Vol. 46 (1922), pp. 349-356]. 

+ We have modified the notation of P..N. 3, since we prefer now to denote a typical prime, 
as is usual, by ». What were there p, g are now h, k; what was there h is now ¢ (k); and 
what was there 9 is now y. 

{ In P.N.3 we did not actually use Hypothesis R*, but a slightly less drastic hypothesis 
(Hypothesis R) which proved sufficient for our purpose. 


1924, 6 (with J. E. Littlewood) Proceedings of the London Mathe- 
matical Society, (2) 22, 46—56. 
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where x(m) is ὦ character to modulus k, has a real part less than or 
equal to 3. 
We write p for a prime, 
f(z) =Zlogpxz? (2|< 1), 
( f(a))? = Σιν, 0) x”, 


v(m) = w(m) = 2 Ilogp logp’, 
Pp 


+p'=m 


F(x) = LO(m) χα" = ZmS(m) x”, 


= — yy (HAY? 
where S(m) = 2 Ax(m) = ᾿ ti c,(—™m), 


C,(—m) = Σ 6 milk — DY e,(—hm). 
h h 
Here m = 1, 2, 8, ..., &k = 1, 2, 8, ..., and h is positive, less than 4, 


and prime to k, except when k = 1, when h = 0, c,(—m) =1 and A, = 1. 
S(m) is the “‘ singular series ’’, and its sum is given by* 


S(m)=0 (m odd), 
S(m) = 3261 (ἘΞ) (m even), 
where P is an odd prime divisor of m, and 


σι π (ι-- έτη. 


We use the machinery of the “ Farey dissection’’, explained in our 
memoirs on Waring’s Problem. The circle 1 to which it is applied is 
defined by 7 


| x | — eH — δ 15. 
and the “ Farey ares ’’ are denoted by ἔμ,» or ξ. The dissection is of order 


N=([/n], 


and there is, in this problem, no distinction of “ major” and “ minor” 
ares. 
When we are studying the are &,x%, we write 


r=e(he’, Y= +i0, —%<0<% 


* For the formal summation of the singular series see P.N.3, pp. 26-29. 
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where 6, and 64 lie between 27/kN and τ ΔΝ. The function which affords 
an approximation to f(z) on &),,: is 

= _ wk) 1 
Y= Vink = (k) Y° 


We write further 


Fi. = (sa) =m xe,(— —h))"™ = = ᾿ AY 9 ( xex(—h)), 


where g(z) = 2mz" ae τ τὴ 
so that 
F=F( ia w(k)\? 
2). Σ πίω Σ Ar(m) = = 2m ma” 2 φΟὺ 2 ἐκ(- hm) 
u(k) 
= (eB) 3 =m (xe,(—h) )™ = - Τὶ, x. 


Finally, we write 
S(m) = S,(m)+ S,(m), 


F = YmS(m) αἴ = XI mS,(m) e+ m8, (m) a” 


where the suffix 1 limits & to the range k <v, and the suffix 2 to the 
range k>y.* ‘Then 


F= = Fw R= = Fre. 


κέν, ἢ k>v,h 


2. Preluminary lemmas. 


2.1. In all that follows A denotes an absolute constant, and O’s and 
o’s are uniform in all parameters that occur, except e. 


Lemma 1.—On bn, αν 
v= f—y =f(2)—YWn,,. = O ( n#(log n)4). 
See Ρ. Ν. 8, p. 28, equation (8. 124), and take O = 4. 
Lemma 2.—If ὦ =|x\e = e-7+, 50 that x lies on Τ', then 
2π 
[ [f(x) |? dw = O(n log n). 
See P. N. 8, p. 24. 


* y is an integer as yet undetermined. We ultimately take ν = {n!]. 


49 G. H. Harpy and J. BE. Lirrnewoop [Dec. 14, 


Lemma 3.— We have 


Σ᾿ [ψΨ. | 3 4θτΞ-. O (n (log n)4). 


From P.N. 8, p. 28 (bottom), with r = 8, we have 


240 << A —"_.. 
| |yiae< cat 
Hence 

ee And 


A 
Σ᾿ Πγ|" 40 < dn & Σ Le Ὁ CBM & Andogn)4. 
k 


z p(k) k 


(0) 


Lemma 4.— We have 


Σ Ι .-- " |? dd = On? "ἢ 
ἑ. 


for every positive ε. 


For 
Σ] νὴ!" 49 «ΑΣ͵ |f—vPls[de+az| fy iyi ae 
= AX,+A d,, 
say. But 


Σ, < Ani(log n)4 = Ι 1} 49 = 0 (nidog n)4) = Oni*9, 
by Lemmas 1 and 2; and 
2g « Ani (log n)“ = ΓΨ [549 = O (ni(log η)4) = O(ni*9), 
ξ 


by Lemmas 1 and 3; whence the conclusion. 


2.2. Lemma 5.—If k>1, |uk)|>0,* and kK=k,ky, where 


(kg, m) = 1, then Gens 
| Az(m)| < ae 
keke 


For Axl | = τύς τὴν «46 55) ,(- τ]. 


* So that αὶ has no repeated factor (is quadratfrei). Otherwise Ax (m) = 
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But, if & = IIp,, where the p’s are primes, then* 
{ c.(—m) | = If (p.—1) < il ps = his 
p,{m p,|m 


whence the result of the lemma. 


Lemma 6.—/If m>1, v > 1, then 


| S,(m) | « A (log m)4 d(m) on m4 ᾿Ξ , 


where d(m) is the number of divisors of m. 
By Lemma 5, 


(log k)* 
kyky 


| Sy(m) | <2 | A,(m)|< AX 


the summation extending over those values of & for which k >», 
| u(k)| > 0. 

Suppose that 7, 7, -.., πε are the prime divisors of γι, and that 
ὃ = {{π| is a typical quadratfre: divisor of m; and consider those terms 
of > for which 


k > », | «(k) | > 0, k = Okey, (ka, m) = I, 
6 is fixed and k, varies. The contribution of these terms is less than 


A (log m)4 s (log k,)4 
δ sys Is 


A (log m)* Ad ( 5 
ee (μι 5 +4) 


< A (log m)4 (one) 


> (log dk)“ 


δὼ» ν a) = 


Hence Σ (log (log Ky" < A (log m)4 dog vy" pee 
k, ke 5|m 
which proves the lemma. 
2.3. Lemma 7.—If ὦ =|z|e, as in Lemma 2, then 


20 A 
| | F(x) |? dw = O (n*(log n)4 a 
0 


* See P.N.3, p. 28 (bottom). 
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For F(z) = 2mS,(m)z™, and so 
2r 
(2.81) [|e 1? den = AE (Syl) )* || 


=O (Goa Dm? (log m)4 (d(m))” | x =) , 
by Lemma 6. But 
> (d(m))? =O (n (log n)) ,* 


men 


= m? (log m)4 (d(m))? =='0 (n°(log n)4), 


m<n 
and so (since 51] «1-- 3) 
(2. 82) =m? (log m)* ( d(m) )? |a2(?" = O (n° (log n)*). 
The lemma follows from (2.81) and (2. 82). 

Lemma 8.—We have 


a Fy, υ-- ψῇ 15 40 = Ο(.. 
This is trivial, since 
(k)\? 1 
rats Gi) ᾽ μία )-ὦ 


p(k) (em) (log * 5) 
LEK 


Lemma 9.—If £ denotes a typical Karey arc for which k > v, then 
A 
Σ | I |fdd = 0 (no 8"), 
REZ) 


We have 


1 Αθ 11 dé 
kab si ( p(k))* \ YF " πὶ (n-?-+ 6")? 


ee ee eer re ee -Ο-ο---ο-ωος- 


* In fact the sum is O (n (log n)>). See 5. Ramanujan, ‘‘ Some formule in the analytic- 


theory of numbers ’’, Messenger of Mathematics, Vol. 45 (1916), pp. 81-84. 
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A (log k)4 ᾿: dé 3 (lo k)* 
<< πὰ -ὦ (n~?+ 67)? an ke 


A A 
Hence =| yl 49 < An? Σ CORD" < 4,9 ton" 
£2 k>yv V 
2.4. Lemma 10.—Suppose that x lies on ἕν, and that &y,x is a Farey 


(hK —kH)*° 
We have a =|x|e,(h)e” =|2| ex(Me-*, 
= H Ah 
where w = Ar (3 - τ) Ἔθ, 
and 
= a) uth) ΕῚ |< _ log Ky 

Suppose first that the arcs ἔῃ, 1» ἔμ x are not adjacent in the dissection. 

Then 
Ἶ Η 4 
| 2 (ez) | > Ὲ > 2 py > 319], 
h ΑΗ |AK—~—kH| 

and so jo|>4|-F =A 


A (log K)4 κ ΚΞ < An(log K)4 
(hK —kH) (hk — ΔΗ)" 


since ζῇ « Ν᾿ <n, The argument fails when the ares are adjacent. In 
this case|hK—kH|=1. As ὦ is outside the are £y x, |w|> 4/KN; 
and so 


An(log K)4 


(log K)# K)A 2 A 
a K?N* < An(log K) = REED 


| Fu,x| <A 
The result of the lemma is therefore true in any case. 


2.5. Lemma 11.—Let 
G ΞΞ ΣΊΓΙ, xl, 


where the sign > umplies a summation over those pairs of values (H, K), 


* So that G is a function of ἢ and k, as well as of x and ν. 
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distinct from (h, k), for which K 


<v.* Then 
Σ \ G?d@ = O [ηἱ (log η)4 J). 
h, k 


Since G is a sum of less than v? terms, we have 


2 ἃ τὶ 4 aas (log A)" _ K)* 
G* < Ay ΣΙ x| < An'"2 OR ΗΝ’ 
py Lemma 10. Hence 


Ε Α 
Σ ἢ 6540 < Ani? Σ ΤῊ Σ (log K) 
h,k 


ἘΝ a,x ( -- ΚΗ)" 
1 
a A,2 eet 
< Ant dogn4t Σ ἜΣ KEP 
1 
προ NY Ὁ τ ROKER 
where now the inner summation is defined by 


k<N, (hi k) ΞΕ (Η, Κ), 


and the outer summation by K<v. But 


1 —ao1 
= kK —kHy ~ K+ 


ee aren a 
and 80 ae ἊΣ kK Ξ ΠΗ: < Ar’ logn, 


Σ \ G?d0 < Ani (log n)4v. Av? log n < An (log n)4 v4 
h, k 


the result of the lemma. 


8. The main theorems. 
8.1. Tusornem A.—If Hypothesis R* ts true, then 


Σ ( v(m)—Q(m) } = O(n'**) 
1 


for every posite e. 
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It 15 sufficient* to prove that 
> ( v(m) —Q(m) }? [x |?" = O(nits), 


when |x| = 6. ἢ, or that 
Γ [35 --Γ |? dw = O(ni?*), 
when f= [ἃ ὁ =e ee, 
Now [IP-FP de = Σ] τ Δα 
< AS | Pwr ae+43 | [γ'--Τ|}α9 
and : Σ | | f?—w? |? ἃθ = O(ni*®), 
by Lemma 4. It is therefore sufficient to prove that 


(8. 11) Σ γα a6 = O(ni*s, 


8.2. Since F = F,+F,, we have 


(8. 21) = | lW2—F\2d0 < AZ| WF, |? 40: 4Σ {1}; 
g 


and 


(8. 22) > \, | F,|? dd < An (log n)4 logy” 
by Lemma 7. Next 

}ὶ ἘΝ ἢ; Fux = ἘΝ ΈΣΕΙ, κα 
or a x Fu x, 


according as k < v or k > ν, the range of summation indicated by = being 
defined asin Lemma 11. If ἢ <», then, we have 


\Wi—-F, P< Al WF. P+4]2 Fac P<AlW?—FinP+Aa@ ; 


Nn n 
* Sin 2 2 gH ¥ G2 p-2mH S02 2m 
Since Σ αἢ, « 6 Σ α; 6 < Aza, ||’. 
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while if k >vy we have 
IWF P< Alp +A FP <A wt [3 Fux? < Aly lt+4e@’ 
Hence 


(3 . 28) E| γ΄ -- Δι βάθ  Α 5 γ᾽ αι βάθ 
«(ν 


4A 3 { 'ψι, 49: ΑΣ] 6540 
k>v Jé ξ 


8 A 
<A+A meteg ye + Ani(log n)4 ν΄, 


V 


by Lemmas 8, 9, and 11. From (8. 21), (8 . 22), and (8. 28), we conclude 
that 


2 2 8 a (log v)4 ἢ A, 
Σ : [|ψΨ΄ -- ΕΓ" dé « An*(log n) πα —tAn (log n)* ν΄. 


Taking ν = [πη], we obtain (8.11), and complete the proof of the theorem. 


8.2. THrorem B.—If Hypothesis R* ts true, then the number of even 
numbers less than n, for which Goldbach’s Theorem ts false, 1s O(n?**) for 
every positive e. 


We have (Q)(m) = 0, if m is odd, and 


Q(m) = Am Il (555) > Am, 


if m 18 even; and 80 
(v(m) —Q(m) J" = ( Q(m) )” > Am’, 
for every even number m for which Goldbach’s Theorem is false. The 


number of such numbers between 42 and ἡ (inclusive of the limits) is 
therefore less than , 
Bie)n?té, 


where B(e) is a function of ε only; and the number of such numbers less 
than 7 is less than 


Bee) nit (1+G)**+ Gi +... ) < Beni. 


4. Conclusion. 


4.1. It may be observed that the main conclusion of Ῥ. Ν. 8, viz. that 
every large odd number is (on Hypothesis R*) the sum of three primes, is 
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an immediate corollary of Theorem B. For, if » is a large odd number 
which is not the sum of three primes, then none of the numbers 


n—p (2<mp<in) 


can be the sum of two, which obviously contradicts Theorem B. 

The method which we have followed here has other important applica- 
tions. It enables us, for example, to prove that almost all numbers are 
sums of five cubes, 
sixteen biquadrates, 
two squares and a cube (or any odd power), 


two squares and a prime, 


—the last theorem being, naturally, subject to Hypothesis R*. We shall 


prove the first two of these assertions in the next memoir of the series, in 
which we return to Waring’s Problem, 


(d) Inaugural Lecture 


(Oxford 1920) 


SOME FAMOUS PROBLEMS 
of the 


THEORY OF NUMBERS 


and in particular 
Waring’s Problem 


eAn Inaugural Lecture delivered before the 
University of Oxford 


BY 


G. H. HARDY, M.A., F.R.S. 


Fellow of New College 
Savilian Professor of Geometry in the University of Oxford 
ana late Fellow of Trinity College, Cambridge 


OXFORD 
AT THE CLARENDON PRESS 


1920 


SOME FAMOUS PROBLEMS OF THE 
THEORY OF NUMBERS. 


It is expected that a professor who delivers an inaugural 
lecture should choose a subject of wider interest than those 
which he expounds to his ordinary classes. This custom is 
entirely reasonable; but it leaves a pure mathematician 
faced by a very awkward dilemma. There are subjects in 
which only what is trivial is easily and generally compre- 
hensible. Pure mathematics, I am afraid, is one of them; 
indeed it is more: it is perhaps the one subject in the 
world of which it is true, not only that it is genuinely 
difficult to understand, not only that no one is ashamed of 
inability to understand it, but even that most men are 
more ready to exaggerate than to dissemble their lack of 
understanding. 

There is one inethod of meeting such a situation which 
is sometimes adopted with considerable success. The 
lecturer may set out to justify his existence by enlarging 
upon the overwhelming importance, both to his University 
and to the community in general, of the particular studies on 
which he is engaged. He may point out how ridiculously 
inadequate is the recognition at present afforded to them ; 
how urgent it is in the national interest that they should be 
largely and immediately re-endowed ; and how immensely 
all of us would benefit were we to entrust him and his 
colleagues with a predominant voice in all questions of 
educational administration. I have observed friends of my 
own, promoted to chairs of various subjects in various 
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Universities, addressing themselves to this task with an 
eloquence and courage which it would be impertinent in me — 
to praise. For my own part, I trust that I am not lacking 
in respect either for my subject or myself. But, if I am 
asked to explain how, and why, the solution of the pro- 
blems which occupy the best energies of my life is of 
importance in the general life of the community, I must 
decline the unequal contest: I have not the effrontery to 
develop a thesis so palpably untrue. I must leave it to the 
engineers and the chemists to expound, with justly pro- 
phetic fervour, the benefits conferred on civilization by 
gas-engines, oil, and explosives. If I could attain every 
scientific ambition of my life, the frontiers of the Empire 
would not be advanced, not even a black mazf would be 
blown to pieces, no one’s fortune would be made, and least 
of all my own. A pure mathematician must leave to 
happier colleagues the great task of alleviating the suffer- 
ings of humanity. 

I suppose that every mathematician is sometimes de- 
pressed, as certainly I often am myself, by this feeling of 
helplessness and futility. I do not profess to have any 
very satisfactory consolation to offer. It is possible that 
the life of a mathematician is one which no perfectly 
reasonable man would elect to live. There are, however, 
one or two reflections from which I have sometimes found 
it possible to extract a certain amount of conrfort. In the 
first place, the study of mathematics is, if an unprofitable, 
a perfectly harmless and innocent occupation, and we have 
learnt that it is something to be able to say that at any 
rate we do no harm. Secondly, the scale of the universe 
is large, and, if we are wasting our time, the waste of the 
lives of a few university dons is no such overwhelming 
catastrophe. Thirdly, what we do may be small, but it 
has a certain character of permanence; and to have pro- 
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duced anything of the slightest permanent interest, whether 
it be a copy of verses or a geometrical theorem, is to have 
done something utterly beyond the powers of the vast 
majority of men. And, finally, the history of our subject 
does seem to show conclusively that it is no such mean 
study after all, The mathematicians of the past have not 
been neglected or despised ; they have been rewarded in a 
manner, undiscriminating perhaps, but certainly not un- 
generous. At all events we can claim that, if we are 
foolish in the object of our devotion, we are only in our 
small way aping the folly of a long line of famous men, 
and that, in these days of conflict between ancient and 
modern studies, there must surely be something to be said 
for a study which did not begin with Pythagoras, and will 
not end with Einstein, but is the oldest and the youngest 
of all. 

It seemed to me for a moment, when I was considering 
what subject I should choose, that there was perhaps one 
which might, in a philosophic University like this, be of 
wider interest than ordinary technical mathematics. If 
modern pure mathematics has any important applications, 
they are the applications to philosophy made by the mathe- 
matical logicians of the last thirty years. In the sphere of 
philosophy we mathematicians put forward a strictly 
limited but absolutely definite claim. We do not claim 
that we hold in our hands the key to all the riddles of 
existence, or that our mathematics gives us a vision of 
reality to which the less fortunate philosopher cannot 
attain; but we do claim that there are ἃ number of 
puzzles, of an abstract and elusive kind, with which the 
philosophers of the past have struggled ineffectually, and 
of which we now can give a quite definite and explicit 
solution. There is a certain region of philosophical terri- 
tory which it is our intention to annex. It is a strictly 
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demarcated region, but it has suffered under the misrule of 
philosophers for generations, and it is ours by right; we 
propose to accept the mandate for it, and to offer it the 
opportunity of self-determination under the mathematical 
flag. Such at any rate is the thesis which I hope it may 
before long be my privilege to defend. 

It seemed to me, however, when I considered the matter 
further, that there are two fatal objections to mathematical 
philosophy as a subject for an inaugural address. In the 
first place the subject is one which requires a certain 
amount of application and preliminary study. It is not 
that it is a subject, now that the foundations have been 
laid, of any extraordinary difficulty or obscurity; nor that 
it demands any wide knowledge of ordinary mathematics. 
But there are certain things that it does demand; a little 
thought and patience, a little respect for mathematics, and 
a little of the mathematical habit of mind which comes 
fully only after long years spent in the company of mathe- 
matical ideas. Something, in short, may be learnt in a 
term, but hardly in a casual hour. 

In the second place, I think that a professor should 
choose, for his inaugural lecture, a subject, if such a subject 
exists, to which he has made himself some contribution of 
substance and about which he has something new to say. 
And about mathematical philosophy I have nothing new to 
say; 1 can only repeat what has been said by the men, 
Cantor and Frege in Germany, Peano in Italy, Russell and 
Whitehead in England, who have originated the subject 
and moulded it now into something like a definite form. 
It would be an insult to my new University to offer it 
a watered synopsis of some one else’s work. I have there- 
fore finally decided, after much hesitation, to take a sub- 
ject which is quite frankly mathematical, and to give a 
summary account of the results of some researches which, 
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whether or no they contain anything of any interest or 
importance, have at any rate the merit that they represent 
the best that I can do. 

My own favourite subject has certain redeeming advan- 
tages. It is a subject, in the first place, in which a large 
proportion of the most remarkable results are by no means 
beyond popular comprehension. There is nothing in the 
least popular about its methods; as to its votaries it is the 
most beautiful, so by common consent it is the most diffi- 
cult of all branches of a difficult science ; but many of the 
actual results are such as can be stated in a simple and 
striking form. The subject has also a considerable histori- 
cal connexion with this particular chair. I do not wish to 
exaggerate this connexion, It must be admitted that the 
contributions of English mathematicians to the Theory of 
Numbers have heen, in the aggregate, comparatively slight. 
Fermat was not an Englishman, nor Euler, nor Gauss, nor 
Dirichlet, nor Riemann ; and it is not Oxford or Cambridge, 
but Gottingen, that is the centre, of arithmetical research 
to-day. Still, there hag been an English connexion, and it 
has been for the most part a connexion with Oxford and 
with the Savilian chair. 

The connexion of Oxford with the theory of numbers is 
in the main a nineteenth-century connexion, and centres 
naturally in the names of Sylvester and Henry Smith. 
There is a more ancient, if indirect, connexion which I 
ought not altogether to forget. The theory of numbers, 
more than any other branch of pure mathematics, has 
begun by being an empirical science. Its most famous 
theorems have all been conjectured, sometimes a hundred 
years or more before they have been proved; and they 
have been suggested by the evidence of & mass of compu- 
tation. Even now there is a considerable part to be 
played by the computer; and a man who has to undertake 
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laborious arithmetical computations is hardly likely to 
forget what he owes to Briggs. However, this is ancient 
history, and it is with Sylvester and Smith that I am 
concerned to-day, and more particularly with Smith. 
Henry Smith was very many things, but above all things 
a most brilliant arithmetician. Three-quarters of the first 
volume of his memoirs is occupied with the theory of 
numbers, and Dr. Glaisher, his mathematical biographer, 
has observed very justly that, even when he is primarily 
concerned with other matters, the most striking feature of 
his work is the strongly arithmetical spirit which pervades 
the whole. His most remarkable contributions to the 
theory are contained in his memoirs on the arithmetical 
theory of forms, and in particular in the famous memoir on 
the representation of numbers by sums of five squares, 
crowned by the Paris Academy and published only after 
his death. This memoir is peculiarly interesting to me, for 
the problem is precisely one of those of which I propose to 
speak to-day ; and I may perhaps add one comment on the 
surprising history set out in Dr. Glaisher’s introduction. 
The name of Minkowski is familiar to-day to many, even — 
in Oxford, who have certainly never read a line of Smith. 
It is curious to contemplate at a distance the storm of 
indignation which convulsed the mathematical circles of 
England when Smith, bracketed after his death with the 
then unknown German mathematician, received, a greater 
honour than any that had been paid to him in life. | 
The particular problems with which I am concerned 
belong to what is called the ‘additive’ side of higher 
arithmetic. The general problem may be stated as follows. 
Suppose that τὸ is any positive integer, and 


Oy, Xo, An; ee0 


positive integers of some special kind, squares, for example, 
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or cubes, or perfect kth powers, or primes. We consider all 
possible expressions of 1 in the form 

N = A+ A+... Ἔα, 
where s may be fixed or unrestricted, the a’s may or may 
not be necessarily distinct, and order may or may not be 
relevant, according to the particular problem on which we 
are engaged. We denote by 

γ (Ὁ) 

the number of representations which satisfy the conditions 
of the problem. Then what can we say about r(n)? Can 
we find an exact formula for 7 (1), or an approximate formula 
valid for large values of 1? In particular, is r(n) always 
positive? Is it always possible, that is to say, to find at 
least one representation of n of the type required? Or, if 
this is not so, is it at any rate always possible when v is 
sufficiently large ? 

I can illustrate the nature of the general problem most 
simply by considering for a moment an entirely trivial 
case. Let us suppose that there are three different o’s only, 
viz. the numbers 1, 2, 3; that repetitions of the same a are 
permissible ; that the order of the a’s is irrelevant; and 
that s, the number of the a’s,is unrestricted. Then it is 
easy to see that 7*(n), the number of representations, is the 
number of solutions of the equation 

= “2+ 2yY4+ 32 
in positive integers, including zero. 

There are various ways of solving this extremely simple 
problem. The most interesting for our present purpose is 
that which rests on an analytical foundation, and uses the 
idea of the generating function 


f(a) =14 Sr(njar, 
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in which the coefficients are the values of the arithmetical 
function r(n). It follows immediately from the definition 
of r(n) that 
f(x) =(ltatar+...) (L4+a%+at+...)(1+0%+4+05 4+...) 
— cas 1 μ . 
“ (1—a) (1—2*) ( -- οὔ) 


and, in order to determine the coefficients in the expansion, 
nothing more than a little elementary algebra is required. 
We find, by the ordinary theory of partial fractions, that 


_ 1 1 17 a ae 
[ὦ πὶ sa=a * aap * eA =a) * BT +a) 
1 1 


Τ ῥα - οὐ * 98 - ωξαὴ᾽ 


where ὦ and @* denote as usual the two complex cube roots 
of unity. Expanding the fractions, and picking out the 
coefficient of οἵ, we obtain © 


any (9 :8Ρ 7 (-ἰἢ 2. ane 
OS yg Σ᾿ δ᾽ πὰ OR og 


It is easily verified that the sum of the last three terms 
can never be as great as 3, so that r(n) is the integer 
nearest to 
(1+ 8)? 
1 


The problem is, as I said, quite trivial, but it is interest- 
ing none the less. <A great deal of work has been done 
on problems similar in kind, though naturally far more 
complex and difficult in detail, by Cayley and Sylvester, 
for example, in the last century, and by Glaisher, and 
above all by Macmahon, in this. And even this problem, 
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simple as it is, has sufficient content to bring out clearly 
certain principles of cardinal importance. 

In particular, the solution of the problem shows quite 
clearly that, if we are to attack these ‘additive’ problems 
by analytic methods, it is in the theory of integral power 


series 
> ane" 


that the necessary machinery must be found. It is this 
characteristic which distinguishes this theory sharply from 
the other great side of the analytic theory of numbers, the 
‘multiplicative’ theory, in which the fundamental idea is 
that of the resolution of a number into primes. In the 
latter theory the right weapon is generally not a power 
series, but what is called a Dirichlet’s series, a series of the 


type 
> α,Ή 5. 


It is easy to see this by considering a simple example. 
One of the most interesting functions of the multiplicative 
theory is d(7), the number of divisors of n. The associated 
power series 


> d(n)a” 


is easily transformed into the series 
Md 
2 1 — on 


called Lambert’s series. The function is an interesting 
one, but somewhat unmanageable, and certainly ‘not one of 
the fundamental functions of analysis. The corresponding 
Dirichlet’s series is far more fundamental ; it is in fact 


Σ 3 =(2,) =e )) 


the square of the famous Zeta function of Riemann. 
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The underlying reason for this distinction is fairly 
obvious. It is natural to multiply primes and unnatural 
to add them. Now 


m= =x n-*§ = (mn)-8, 


so that, in the theory of Dirichlet’s series, the terms 
combine naturally with one another in a ‘multiplicative’ 
manner. But 

am x gn = mtn. 


so that the multiplication of two terms of a power series 
involves an additive operation on their ranks. It is 
thus that the Dirichlet’s series rather than the power 
series proves to be the proper weapon in the theory of 
primes. | 

It would be difficult for anybody to be more profoundly 
interested in anything than I am in the theory of primes ; 
but it is not of this theory that I propose to speak to-day, 
and we must return to our general additive problem. As 
soon as we try to specialize the problem # some more 
interesting manner, two problems stand out as calling for 
research. Hach of them, naturally, is only the representa- 
tive of a class. 

The first of these problems is the problem of partitions. 
Let us suppose now that the a’s are any positive integers, 
and that (as in the trivial problem) repetitions are allowed, 
order is irrelevant, and s is unrestricted. The problem is 
then that of expressing » in any manner as a sum of 
integral parts, or of solving the equation 


| N= Hb2Y+3Z+4U4+ 5V+4..., 
and r(n) or, 88 it is now more naturally written, p(n), is 
the number of unrestricted partitions of n. Thus 
B= 1¢1414141 =1414142 
= 14242=14143=24+3=144=5, 
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so that p(5)=7. The generating function in this case 
was found by Euler, and is 


fe) =1+ Zelme"= Gamay 

I do not wish to discuss this problem in any detail 
now, but the form of the generating function calls for 
one or two general remarks. In the trivial problem the 
generating function was rational, with a finite number of 
poles all situated upon the unit circle. Here also we are 
led to a power series, or infinite product, convergent inside 
the unit circle; but there the resemblance ends. This 
function will be recognized by any one familiar with the 
theory of elliptic functions; it. is an elliptic modular 
function ; and, like all such functions, it has the unit circle 
as a continuous line οὗ singularities and does not exist at 
all outside. It is easy to imagine the immensely increased 
difficulties of any analytic solution of the problem. 

It was conjectured by a very brilliant Hungarian 
mathematician, Mr. G. Pélya, five or six years ago, that 
any function represented by a power series whose 
coefficients are integers, and which is convergent inside 
the unit circle, must behave, in this respect, like one or 
other of the two generating functions which we have 
considered. Either such a function is a rational function, 
that is to say, completely elementary; or else the unit 
circle is a line of essential singularities. I believe that a 
proof of this theorem has now been found by Mr. F. Carlson 
of Upsala, and is to be published shortly in the Mathe- 
matische Zertschrift. It is difficult for me to give reasoned 
praise to a memoir which I have not seen, but I can 
recommend the theorem to your attention with confidence 
as one of the most beautiful of recent years. 

The problem of partitions is one to which, in collaboration 
with the Indian mathematician, Mr. S, Ramanujan, I have 
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myself devoted a great deal of work. The principal result 
of our work has been the discovery of an approximate 
formula for p(n) in which the leading term is 


2a 
: ᾿ {ve Vn — de 
2a /2dn Vn — py 
and which enables us to approximate to p(n) with an 
accuracy which is almost uncanny. We are able, for 
example, by using 8 terms of our formula, to calculate 


p(200), a number of 13 figures, with an error of -004. 
1 have set out the details of the calculation in Table I. 


TABLE I 
(200) 


3,972,998, 993, 185-896 

36, 282-978 

— 87.555 
5.147 
1-424 
0-071 
0-000 
0.043 


tee et 


3,972,999 ,029, 388-004 


The value of (200) was subsequently verified by Major 
MacMahon, by a direct computation which occupied over 
a month. 

The formulae connected with this problem are very 
elaborate, and except on the purely numerical side, where 
the results of the theory are compared with those of com- 
putation, it is not very well suited for a hasty eXpo- 
sition ; and I therefore pass on -at once to the principal 
object of my lecture, the very famous problem known, 
after a Cambridge professor of the eighteenth century, as 
Waring’s Problem. 
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We suppose now that every a is a perfect k-th power 
m™, k being fixed in each case of the problem which we 
consider; m may be of either sign if k is even, but must 
be positive if k is odd. In either case we allow m to be 
zero. Repetitions are permitted, as in our previous problems; 
but 1t is more convenient now to take account of the order 
of the o’s; and 8, which was formerly unrestricted, is now 
fixed in each case of the problem, like ὁ. The problem is 
therefore that of determining the number of representations 
of a number n as the sum of 8 positive k-th powers. Thus 
Henry Smith’s problem, the problem of five squares, is the 
particular case of Waring’s problem in which k is 2 and 
s is 5. The problem has a long history, which centres 
round this simplest case of squares; a history which began, 
I suppose, with the right-angled triangles of Pythagoras, 
and has been continued by a long succession of mathemati- 
cians, including Fermat, Euler, Lagrange, and Jacobi, down 
to the present day. I will begin by a summary of what 
is known in the simplest case, where the solution is 
practically complete. | 

A number τὸ is the sum of two squares if and only if 
it is of the form 

n= 2} ; 
where P is a product of primes, all different and all of the 
form 44+1. In particular, a prime number of the form 
4k+1 can be expressed as the sum of two squares, and 
substantially in only one way. Thus 5 = 17+ 2?, and there 
is no other solution except the solutions (: 1)" - (: 2)", 
(+ 2)?+(+1)*, which are not essentially different, although 
it is convenient to count them as distinct. The number of 
numbers less than 2, and expressible as the sum of two 


squares, 1s approximately 
Ca 


/ log o 
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where Ο 15 a certain constant. The last result was proved 
by Landau in 1908; all the rest belong to the classical 
theory. | 

A number is the sum of three squares unless it is of 
the form | 

46 (8k+7), 
when it is not so expressible. Hvery number may be 
expressed by four squares, and ὦ fortiort by five or more. 
It is this last theorem of Lagrange that I would ask you 
particularly to bear in mind. 

If s, the number of squares, is even and less than 10, 
the number of representations may be expressed in a very 
simple form by means of the divisors of ἡ. Thus the 
number of representations by 4 squares, when 1 is odd, is 
8 times the sum of the divisors of ἢ; when 7 is even, it 
is 24 times the sum of the odd divisors; and there are 
similar results for 2 squares, or 6, or 8. 

When s is 3, 5, or 7, the number of representations can 
also be found in a simple form, though one of a very 
different character. Suppose, for example, that s is 3. The 
problem is in this case essentially the same as that of 
determining the number of classes of binary arithmetical 
forms of determinant —n; and the solution depends on 
certain finite sums of the form 


»β, Σγ, 


extended over quadratic residues 6 or non-residues y of 7. 

When s, whether even or odd, is greater than 8, the 
solution: is decidedly more difficult, and it is only very 
recently that a uniform method of solution, for which I 
must refer you to some recent memoirs of Mr. L. J. Mordell 
and myself, has been discovered. For the moment I wish 
to concentrate your attention on two points: the first, that 
an expression by 4 squares is always possible, while one 
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by 3 1s not; and the second, that the existence of numbers 
not expressible by 3 squares 1s revealed at once by the quite 
trivial observation that no number so expressible can be 
congruent to 7 to modulus 8. 

It is plain, when we proceed to the general case, that 
any number 7 can be expressed as a sum of k-th powers; 
we have only to take, for example, the sum of ” ones. And, 
when ἢν is given, there is ἃ minimum number of k-th 
powers in terms of which 7 can be expressed; thus 


23 = 2.234 7.18 


is the sum of 9 cubes and of no smaller number. But it is 
not at all plain (and this is the point) that this mmimum 
number cannot tend to infinity with n. It does not when 
kh = 2; for then it cannot exceed 4. And Waring’s Problem 
(in the restricted sense in which the name has commonly 
been used) is the problem of proving that the minimum 
number is similarly bounded in the general case. It 1s not 
an easy problem ; its difficulty may be judged from the fact 
that it took 127 years to solve. 

We may state the problem more formally as follows. 
Let & be given. Then there may or may not exist a 
number m, the same for all values of nm, and such that 
a” can always be expressed.as the sum of m k-th powers or 
less. If any number ἦν possesses this property, all larger 
numbers plainly possess it too; and among these numbers 
we may select the deast. This least number, which will 
plainly depend on &, we call g(k); thus g(&) is, by defini- 
tion, the léast number, if such a number exists, for which 
it is true that 


‘every number is the sum of g(k) k-th powers or less’. 


We have seen already that g(2) exists and has the value 4. 
In the third edition of his Meditationes Algebrarcae, 
published in Cambridge in 1782, Waring asserted that 
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every number is the sum of not more than 4 squares, not 
more than 9 cubes, not more than 19 fourth powers, et sic 
deinceps. <A little more precision would perhaps have 
been desirable; but it has generally been held, and I do 
not question that it is true, that what Waring is asserting 
is precisely the existence of g(k). He implies, moreover, 
that g(2) = 4 and g(8) = 9; and both of these assertions 
are correct, though in the first he had been anticipated by 
Lagrange. Whether g(4) is or is not equal to 19 is not 
known to-day. | 

Waring advanced no argument of any kind in support 
of his assertion, and it is in the highest degree unlikely 
that he was in possession of any sort of proof. I have no 
desire to detract from the reputation of a man who was 
a very good mathematician if not a great one, and who 
held a very honourable position in a University which not 
even Oxford has persuaded me entirely to forget. But 
there is a tendency to exaggerate the profundity implied 
by the enunciation of a theorem of this particular kind. 
We have seen this even in the case of Fermat, a mathe- 
matician of a class to which Waring had not the slightest 
pretensions to belong, whose notorious assertion concerning 
‘Mersenne’s numbers’ has been exploded, after the lapse of 
over 250 years, by the calculations of the American computer 
Mr. Powers. No very laborious computations would be 
necessary to lead Waring to a highly plausible speculation, 
which is all I take his contribution to the theory to be; 
and in the Theory of Numbers it is singularly easy to 
speculate, though often terribly difficult to prove; and it 


is only proof that counts. 


The next advance towards the solution of the problem 
was made by Liouville, who established the existence of 
g(4). Liouville’s proof, which was first published in 1859, 
is quite simple and, as the simplest example of an important 
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type of argument, is worth reproducing here. It may be 
verified immediately that 
6 X2= 6 (a? + y? + 2? + t?)* 
=(rt+ y+ (e—yf t+ @ +P + (2-6) 
+(e Ὁ 2)" Ὁ (ὦ -- 4)" Ὁ (t+y)* + (ἐ-- 2)" 
τί(ωτ δ +(a—t)*+(y+z)*+(y—2); 
and since, by Lagrange’s theorem, any number X is the 
sum of 4 squares, it follows that any number of the form 
6X? is the sum of 12 biquadrates. Hence any number of 
the form 6(X*+ γ32-- Ζ5- ΤΌ) or, what is the same thing, 
any number of the form 6m, is the sum of 48 biquadrates. 
But any number n is of the form 6m+7, where 7 is 
0,1, 2, 3, 4,or 5. And therefore n is, at worst, the sum 


of 53 biquadrates. That is to say, g(4) exists, and does — 


not exceed 53. Subsequent investigators, refining upon this 
argument, have been able to reduce this number to 37; the 
final proof that g (4) < 37, the most that is known at present, 
was given by Wieferich in 1909. The number 


79 = 4.24+4+15.14 


needs 19 biquadrates, and no number is known which needs 
more. There is therefore still a wide margin of uncertainty 
as to the actual value of g(4). 

The case of cubes is a little more difficult, and the 
existence of g(3) was not established until 1895, when 
Maillet proved that g(3) < 17. The proof then given by 
Maillet rests upon the identity 


6x (02 +y2+ 27 +t) 
= (α Ἐν} - (ω-- γ)} + (α -τ- 2)ὴ3- (α --ο)ὁτ (+0) + ὦ --ἰ)", 
and the known results concerning the expression of a 
number by 3 squares. It has not the striking simplicity 


of Liouville’s proof; but it has enabled successive investi- 
gators to reduce the number of cubes, until finally Wieferich, 
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in 1909, proved that g(3) <9. As 23 and 239 require 
9 cubes, the value of g(3) is in fact exactly 9. It is only 
for k= 2 and k=8 that the actual value of g(k) has 
been determined. But similar existence proofs were found, 
and upper bounds for g(k) determined, by various writers, 
in the cases k = 5, 6,7, 8, and 10. 

Before leaving the problem of the cubes I must call your 
attention to another very beautiful theorem of a slightly 
different character. The numbers 23 and 239 require 
9 cubes, and it appears, from the results of a survey of 
all numbers up to 40,000, that no other number requires so 
many. It is true that this has not actually been proved ; 
but it has been proved (and this is of course the essential 
point) that the number of numbers which require as many 
cubes.as 9 is finite. : 

This singularly beautiful theorem, which is due to my 
friend Professor Landau of Gottingen, and is to me as 
fascinating as anything in the theory, also dates from 
1909, a year which stands out for many reasons in the 
history of the problem. It is of exceptional interest not 
only in itself but also on account of the method by which 
it was proved, which utilizes some of the deepest results in 
the modern theory of the asymptotic distribution of primes, 
and made it, until very recently, the only theorem of its 
kind erected upon a genuinely transcendental foundation. 
To me it has a personal interest also, as being the only 
theorem of the kind which, up to the present, defeats 
the new analytic method by which Mr. Littlewood and 
I have recently studied the problem. 

Landau’s theorem suggests the introduction of another 
function of &, which I will call G(k), of the same general 
character as g(k), but I think probably more fundamental. 
This number ((k) is defined as being the least number for 
which it is true that | 
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‘every member FROM A CERTAIN POINT ONWARDS is the 

sum of G(k) k-th powers or less.’ 
It is obvious that the existence of g(k) involves that of 
G(k), and that G(k) < g(k). When k = 2, both numbers 
are 4; but G(3) < 8, by Landau’s theorem, while σ(8) = 9; 
and doubtless G(k) < g(k) in general. It is important also 
to observe that, conversely, the existence of G(k) involves 
that of g(k). For, if @(k) exists, all numbers beyond ἃ 
certain limit y are sums of ((k) k-th powers or less. But 
all numbers less than y are sums of y ones or less, and there- 
fore g(k) certainly cannot exceed the greater of G(k) and y. 

I said that G(k) seemed to me the more fundamental of 
these numbers, and it is easy to see why. Let us assume 
(as is no doubt true) that the only numbers which require 
9 cubes for their expression are 23 and 239. This is a very 
curious fact which should be interesting to any genuine 
arithmetician ; for it ought to be true of an arithmetician 
that, as has been said of Mr. Ramanujan, and in his case 
at any rate with absolute truth, that ‘every positive integer 
is one of his personal friends’. But it would be absurd to 
pretend that it is one of the profounder truths of higher 
arithmetic: it is nothing more than an entertaining arith- 
metical fluke. It is Landau’s 8 and not Wieferich’s 9 that 
is the profoundly interesting number. 

The real value of (3) is still unknown. It cannot be 
less than 4; for every number is congruent to 0, or 1, or 
—1 to modulus 3, and it is an elementary deduction that 
every cube is congruent to 0, or 1, or —1 to modulus 9. 
From this it follows that the sum of three cubes cannot be 
of the form 9m+4 or 9m+5: for such numbers at least 
4 cubes are necessary, so that (3) 2 4. But whether 
G(3) is 4, 5, 6, 7, or 8 is one of the deepest mysteries 
of arithmetic. 

It is worth while to glance at the evidence of computation. 
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Dase, at the instance of Jacobi, tabulated the minimum 


- number of cubes for values of n from 1 to 12,000, and Dau- 
τς blensky von Sterneck has extended the table to 40,000. 


Some of the results are shown in Table II. 


TABLE II 
1 2 38 4 5 6 7 8 


1-- 1000 10 41 122 242 293 202 738 15 2 
1000- 2000 2 27 118. 283 358 » 194 23 -- — 
9000-10000 1 1 121 577 401 88ὃἕ-ἷϑ - - --ὸὃἪἭ -- 

19000-20000 1 12 100 400 426 6. — ὀ -- — 
29000-30000 1 11 105 448 388 41 --  —- -- 
89000-40000 1 18 10 457 884 88. - - — 


In each row I have shown a typical thousand numbers, 


classified according to the minimum number of cubes by 


which they can be expressed. There are 15 numbers only 
for which 8 are needed, the largest being 454. There are 
121 for which 7 are needed, the two largest being 5818 and 
8042; the distribution of these 121 numbers in the first 
9 thousands is 


73, 23, 7, 6, 7, 4, 0, 0, 1. 


If empirical evidence means anything, it seems clear that 
G(3) $6. I am sure that Professor Townsend and Professor 
Lindemann have made countless generalizations on evidence 
far less substantial. 

It is also clear that, throughout von Sterneck’s tables, 
there is a fairly steady, though latterly very slow, decrease 
in the proportion of numbers for which even 6 cubes are 
required ; but that the table is not sufficiently extensive to 
give any very decisive indication as to whether these num- 
bers disappear or not. It seemed to me this was a case in 
which further evidence would be worth having. To calculate 
a systematec table on the scale required would be a work 
of years. It is possible, however, to obtain some indication 
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of the probable truth, without any superhuman patience, 
by exploring a selected stratum of much larger numbers. 
Dr. Ruckle of Gottingen recently undertook this task at 
my request, and I am glad to be able to tell you his 
results. He found, for the 2,000 numbers immediately 
below 1,000,000, the following distribution. 


1 2 3 4 3) 6 7 
998000-999000 0 1 98 640 262 1 0 
999000-1000000 1 1 94 614 289 1 0 


You will observe that the 6-cube numbers have all but 
disappeared, and that there is a quite marked turnover 
from 5 to 4. Conjecture in such a matter is extremely 
rash, but I am on the whole disposed to predict with some 
confidence that G(3)< 5. If I were asked to choose between 
5 and 4, all I could say would.be this. That G(3) should 
be 4 would harmonize admirably, so far as we can see 
at present, with the general trend of Mr. Littlewood’s and 
my researches. But it is plain that, if the 5-cube numbers 
too do ultimately disappear, it can only be among numbers 
the writing of which would tax the resources of the decimal 
notation ; and at present we cannot prove even that G(3) $7, 
though here success seems not impossible. 

With the fourth powers or biquadrates we have been 
very much more successful. I have explained that g(4) 
lies between 19 and 37. As regards 6 (4), we have here no 
numerical evidence on the same scale as for cubes. Any 
fourth power is congruent to 0 or 1 to modulus 16, and 
from this it follows that no number congruent to 15 to 
modulus 16 can be the sum of less than 15 fourth powers. 
Thus @(4) 2 15; and Kempner, by a slight elaboration of 
this simple argument, has proved that G(4)2 16. No 
better upper bound was known before than the 37 of 
Wieferich, but here Mr. Littlewood and I have been able 
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to make a very substantial improvement, first to 33 and 
finally to 21. Thus (4) les between 16 and 21, and 
the margin is comparatively small. 

I turn now to the general case. In the years up to 
1909, the existence proof was effected, and upper bounds 
for g(k) determined, for the values of k from 2 to 8 in- 
clusive and for &=10. These upper bounds are shown 
in the first row of Table III; that for 10, which is not 
included, is somewhere in the neighbourhood of 140,000. 


TABLE III. 
2 8 4 5 6 7 8 
g(k) Ss 4 9 87 58 478 3806 31858 
gk)=lR+2'-2= 4 9 19 37 73 148 299 
G(k)S 4 [8] 387 58 478 3806 31358 
G(k) S(k-2)2494+5= (5) (9) 21 58 188 325 778 
G(k)Zh+1,4k 4 4 16 6 7 8 80 


In the second row I have shown the best known lower 
bounds, which are given by the simple general formula 
which stands to the left, in which [(3)*] denotes the 
integral part of (3)*. It is easily verified, in fact, that 
the number 
([()}}-- 1) 2* + 2#—1, 

which is less than 3*, requires the number of k-th powers 
stated.! It will be observed that the first three numbers 
are those which occur in Waring’s enunciation. 

Waring’s problem, as I have defined it—the problem, 
that is to say, of finding a general existence proof 
for g(k), and a fortiori for G(k)—was ultimately solved 
by Hilbert, once more in 1909. I wish that I had time 
to give a proper account of his justly famous memoir, 
which raised the whole discussion at once on to an 


1 This observation was made by Bretschneider in 1853. 


THE THEORY OF NUMBERS 25 


altogether higher level. As it is, 1 must confine myself 
to one or two extremely inadequate remarks. The 
proof falls into two parts. The first part is what I may 
call semi-transcendental. It is not fully transcendental m 
the sense in which, for example, the classical proofs in the 
theory of the distribution of primes are transcendental, for 
it does not make use of the machinery of the theory of 
analytic functions of a complex variable; but it uses the 
methods of the integral calculus, and is therefore not 
fully elementary. Hilbert set out with what would appear 
at first sight to be the singularly ill-adapted weapon of 
a volume integral in space of 25 dimensions, a number 
which he was afterwards able to reduce to 5. The formula 
which he ultimately used is 


(,? + 22 + 2 + 0 + 057)" 
= of {|{ (00, t, + Sota + Vat, + @,t, + Wyt,)?* dt, ... dts, 
where C is a certain constant, viz. 


(2k +1) (2k43)(2k+ 5) | 
8π2 


and the integration is effected over the interior of the 
hypersphere 
| t?+t2 +t? +t?+t,? = 1. 


Starting from this formula he was able, by an exceed- 
ingly ingenious process based upon the definition of a 
definite integral as the limit of a finite sum, to prove 
the existence in the general case of algebraical identities 
analogous to that used by Liouville and his followers 
when k is 4. It should be observed that Hilbert’s 
proof is essentially an eaistence proof; his method is 
not effective for the actual determination of these identities 
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even in the simplest cases. The identities which are known 
for special values of & have been obtained by common 
algebra, and are, after the first few values of k, excessively 
complicated. The simplest known identity for ὦ = 10, for 
instance, is 


22680 (v,2+ 4,7 τα, πὰ} 


(8) Sa 
τΞ 9» (©, α, Ἐς Ἐῶ Ὁ > (2% + 2,425)" 


(12) (4) 
+180 (ὦ, Ὁ α}}" Ὁ 9 (22), 


where the figures in brackets show the number of terms 
under the signs of summation. However, the identities 
exist ; and it should be clear to you, after our discussion of 
the case k = 4, that they enable us at once to obtain a 
proof in succession for k = 2, 4, 8, 16,... and generally 
whenever k is a power of 2. This concludes the first and 
most characteristic part of Hilbert’s argument. The second 
part, in which the conclusion is extended to every value of 
k, is purely algebraical. 

Hilbert’s work has been reconsidered and simplified by 
a number of writers, most notably by Dr. Stridsberg of 
Stockholm, and the ultimate result of their work has been 
to eliminate the transcendental elements from the proof 
entirely. The proof, as they have left it, is fully elemen- 
tary; it does not involve any reference to integrals, or to 
any kind of limiting process, but depends simply on an 
ingenious system of equations derived by the processes of 
finite algebra. It remains a pure existence proof, and 
throws no light on the value of g(k). | 

It would hardly be possible for me to exaggerate the 
admiration which I feel for the solution of this historic 
problem of which I have been compelled to give so bald 
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and summary a description. Within the limits which it 
has set for itself, it is absolutely and triumphantly success- 
ful, and it stands with the work of Hadamard and de la 
Vallée-Poussin, in the theory of primes, as one of the land- 
marks in the modern history of the theory of numbers. 
But there is an enormous amount which remains to be 
done, and it would seem that, if we are to interpret 
Waring’s problem in the widest possible sense, if we are to 
get into real contact with the actual values of our numbers 
g(k) and G(k), still more if we are to attack all the obvious 
problems connected with the number of representations, 
then essentially different and inherently more powerful 
methods are required. There is one armoury only in which 
such more powerful weapons can be found, that of the 
modern theory of functions. In short we must learn how 
to apply Cauchy’s Theorem to the problem, and that 15 
what Mr. Littlewood and I have set out to do. 

The first step is fairly obvious. The formulae are 
slightly simpler when k& is even. The number of represen- 
tations of n as the sum of 8 Ath powers, which we may 
denote in general by 


Tk, (1), 


is then the coefficient of 2” in the generating function 


1+ Dry, ,(n)a"= (f(@))', 


where 
f(a) = 14+ 2a! 4 20% 4209" 4..., 


This formula involves certain conventions as to the order 
and sign of the numbers which occur in the representations 
which are to be reckoned as distinct ; but the complications 
so introduced are trivial and I need not dwell on them. 
The series is convergent when |x|< 1, and, by Cauchy’s 
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Theorem, we have 


Tk, 9 (7) =e 


8 
ΕΝ 
the path of integration being a circle whose centre is at 
the origin and whose radius is less than unity. 

All this is simple enough; but the further study of the 
integral is very intricate and difficult, and I cannot attempt 
to do more than to give a rough idea of the obstacles that 
have to be surmounted. Let us contrast the integral for a 
moment with that which would stand in its place in the 
‘trivial’ problem to which I referred early in my lecture. 
There the subject of integration would be a rational func- 
tion, with a finite number of poles all situated on the unit 
circle. We could deform the contour into one which lies 
wholly at a considerable distance from the origin and in 
which, owing to the factor 2"*! in the denominator, every 
element is very small when 1 is large. We should have, 
of course, to introduce corrections corresponding to the 
residues at the poles; and it is just these corrections which 
would give the dominant terms of an approximate formula 
by means of which our coefficients could be studied. In 
the present case we have no such simple recourse; for 
every point of the unit circle is a singularity of an exceed- 
ingly complicated kind, and the circle as a whole is a 
barrier across which it is impossible to deform the contour. 
It is of course for this reason that no successful application 
of the method has been made before. 

Our fundamental idea for overcoming the difficulty is 
as follows. Among the continuous mass of singularities 
which covers up the circle, it is possible to pick out a class 
which to a certain extent dominates the rest. These special 
singularities are those associated with the rational points 
of the circle, that is to say, the points 


we pepTmi/y 
Ee ἡ ἡ ἀν λυ. 
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where p/q is a rational fraction in its lowest terms. This 
class of points is indeed an infinite class; but the infinity 
is, in Cantor’s phrase, only an enwmerable infinity ; and 
the points can therefore be arranged in a simply infinite 
series, on the model of the series 


t,o) 8, 8, 2, 2, ἔξ, ἔ, 8 ἐ, ὃ, ὃ, 1» or 
In the neighbourhood of these points the behaviour of the 
function is, sufficiently complex indeed, but simpler than 
elsewhere. The function has, to put the matter in a rough 
and popular way, a general tendency to become large in 
the neighbourhood of the ‘unit circle, but this tendency is 
most pronounced near these particular points. They are 
not only the simplest but also the heaviest singularities ; 
their weight is.greatest when the denominator q is smallest, 
decreases as ᾧ increases, and (as a physicist would say) 
becomes infinitely small when q is infinitely large. There 
is, therefore, at any rate, the hope that we may be able to 


isolate the contributions of each of these selected points, | 


and obtain, by adding them together, a series which may 
give a genuine approximation to our coefficient. 

I owe to Professor Harald Bohr of Copenhagen ἃ 
picturesque illustration which may help to elucidate the 
general nature of our argument. Imagine the unit circle 
as a thin circular rail, to which are attached an infinite 
number of small lights of varying intensity, each illumi- 
nating a certain angle immediately in front of it. The 
brightest light is at a = 1, corresponding to p= 0,q=1; 
the next brightest at ὦ = —1, corresponding to p= 1, 
ᾳ = 2; the next at ὦ = e?7*/3 and τη and so on. We 
have to arrange the inner circle, the circle of integration, 
in the position of maximum illumination. If it is too far 
away the light will not reach it; if too near, the ares 
which fall within the angles of illumination will be too 
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narrow, and the light will not cover it completely. Is it 
possible to place it where it will receive a satisfactorily 
uniform illumination ? 

The answer is that this is only possible when & is 2. 
Our functions are then elliptic functions ; the lights are the 
formulae of the theory of linear transformation ; and we 
can find a position of the inner circle in which it falls 
entirely under their rays. We are thus led to a solution of 
the problem of the squares which is in all essential respects 
complete. But when k exceeds 2 the result is less satisfac- 
tory. The angle of the lights is then too narrow; the 
beams which they emit, instead of spreading out with 
reasonable regularity, are shaped like torpedoes or cigars ; 
however we move our circle a part remains in darkness. 
It would seem that this difficulty, which held up our 


᾿ researches for something like two years, is the really 


characteristic difficulty of the general problem. It cannot 
be solved until we have found some other source of light. 

It was only after the most prolonged and painful efforts 
that we were able to discover such another source. It is . 
possible not only to hang lights upon the rail, but also, to 
a certain extent, to cause the rail itself to glow. The 
illumination which can be induced in this manner is irri- 
tatingly faint, and it is for this reason that our results are 
not yet all that we desire; but it is enough to make the 
dark places dimly visible and to enable us to prove a great 
deal more than has been proved before. ᾿ 

The actual results which we obtain are these. We find 
that there is a certain series, which we call the singular 
series, which is plainly the key to the solution. This 
series is 


S -- > 9 er npr t/q 
q 
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where 
Ω--} 
2 2hkywi/a 
S,.q¢= ΣΡ 
A= 0 


—a sum which reduces, when k = 2, to one of what are 
known as ‘Gauss’s sums’—and the summation extends, 
first to all values of p less than and prime to gq, and 
secondly to all positive integral values of g. The genesis 
of the series is this. We associate with the rational point 
a = e??*4/? an auxiliary power series 


To, q(®) = Dp, q,n% 
4 


which (α) is as simple and natural as we can make it, and 
(δ) behaves perfectly regularly at all points of the unit circle 
except at the one point with which we are particularly con- 
cerned. We then add together all these auxiliary functions, 
and endeavour to approximate to the coefiicient of our original 
series by summing the auxiliary coefficients over all values 
of p and qg. The process is, at bottom, one of ‘decom- 
position into simple elements’, applied in an unusual way. 
Our final formula for the number of representations is 


1.) 
jar(i+ zy ἐ- 
πο aaa Sa nN 

r(1+ 5) 
the second term denoting an error less than a constant 


multiple of πη, and o being a number which is less than 
: 1 at any rate for sufficiently large values of s. The 
second term is then of lower order than the first. Further, 
the first term is real, and it may be shown, if s surpasses 
a certain limit, to be positive. If both these conditions 
are satisfied, and ἢ is sufficiently large, then 7), (2) 


$+ 0(n’), 


Tr, 8 (1) = 
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cannot be zero, and representations of n by 8 kth powers 
certainly exist. The way is thus open to a proof of the 
existence of G(k); if G(k) exists, so also does g(x), and 
Waring’s problem is solved. 

The structure of the dominant term in our general 
formula is best realized by considering some special cases. 
In Table IV I have written out the leading terms of S, 


TABLE IV. 
b= 3. 
2 2 1 ἐδ 9.1 1 
S=1+0+ 340008 (507 38") + ἽΝ cos (5m — 787) 


2 2 4 
&£&=3,8s=/7. 


S ΞΞ 1 0-610 cos 27 + 0-130 cos 2n7 + 0-078 cos $nar+.... 


k=4, s= 33. 
S ΞΞ 1 - 1-054 cos (5 29 — τ. π). 0-147 cos (Σ ωπ΄-- 3π).... 


k= 4, s= 21. 
S = 14 1-331 cos (47 + $477) + 0-379 cos (Στ π -- 8 π)-.... 


first when & = 2 and 8 is arbitrary, and then for 7 
cubes and for 33 and 21 biquadrates. There are certain 
characteristics common to all these series. The terms 
diminish rapidly ; in each case only a very few are of real 
importance: and they are oscillatory, with a period which 
increases as the amplitude of the oscillations decreases. 
The series for the cubes is easily shown to be positive; 
but we cannot deduce that 7, ,(n) is positive, and draw 
consequences as to the representation of numbers by 7 cubes, 
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because in this case we cannot dispose satisfactorily of the 
error term O(n’) in the general formula. In the two 
cases relating to fourth powers which I have chosen, the 
discussion of the series itself is rather more delicate, for 
there is in each of them one term which can be negative 
and greater than 1. But the discussion can be brought to 
a satisfactory conclusion, and, as in this case we are able 
to prove that the error term is really of lower order, we 
obtain what we desire. Every large number 2s the sum of 
21 fourth powers or less; G(4) S21. Further, we have 
obtained a genuine asymptotic formula for the number 
of representations, which can be used for the study of the 
representations of numbers of particular forms. We can 
show, for example, that a large number of the form 
16”n+10 ean be expressed by 21 biquadrates in about 200 
times more ways than one of the form 167 + 2. 

If the method of which I have tried to give some general 
idea ‘is compared with those which have previously been 
applied to the problem, it will be found that it has three 
very great advantages. In the first place it is inherently 
very much more powerful. It brings us for the first time 
into relation with the series on which the solution in the 
last resort depends, and tells us, approximately but truly, 
what the number of representations really is. Secondly, it 
gives us numerical results which, as soon as kk exceeds 3, are 
far in advance of any known before. These numbers 
are those in the fourth row of Table 111.} It will be seen 
that these numbers conform to a simple law, and that is 
the third advantage of the method, that it is not a mere 


1 The thick type indicates a new result. The (5) and (9) in round 
brackets are inferior to results already known. Our method is easily 
adapted to deal with the case & = 2 completely; but it will not at 
present yield Landau’s 8, which is therefore enclosed in square 
brackets. 
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existence proof, but gives us a definite upper bound for G(&) 


for all values of k, viz. 


G(k) 3 (k—2) 24-1 + 5. 


In the last row of the table I have shown all that 15 known 
about G(k) on the other side. In all cases G(k) 2 k+1, 
while if & is a power of 2 we can say more, namely that 
G(k) 2 4k. A comparison between this row of figures and 
that above it is enough to show the room which remains 
for further research. It is beyond question that our 
numbers are still very much too large; and there is no 
sort of finality about our researches, for which the best 
that we claim is that they embody a method which opens 
the door for more. 

I will conclude by one word as to the application of 
our method to another and a still more difficult problem. 
Ht was asserted by Goldbach in 1742 that every even wwm- 
ber is the sum of two odd primes. Goldbach’s assertion 
remains unproved ; it has not even been proved that every 
number 7 is the sum of 10 primes, or of 100, or of any number 
independent of xn. Our method is applicable in principle to 
this problem also, We cannot solve the problem, but we 
can open the first serious attack upon it, and bring it into 
relation with the established prime number theory. The 
most which we can accomplish at present is as follows. 
We have to assume the truth of the notorious Riemann 
hypothesis concerning the zeros of the Zeta-function, and 
indeed in a generalized and extended form. If we do this 
we can prove, not Goldbach’s Theorem indeed, but the next 
best theorem of the kind, viz. that every odd number, at any 
rate from a certain point onwards, is the swm of three odd 
primes. It is an imperfect and provisional result, but it is 
the first serious contribution to the solution of the problem. 


CORRECTION 
p. 31. In the formula for r;,,(n) on p. 31, read I'(s/k) in the denominator. 


COMMENT 


A French translation, by A. Sallin, with notes by Hardy on subsequent developments, appeared 
in 1931 as Trois problémes célébres de la théorie des nombres (les Presses Universitaires de France). 
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4. On certain double ἘΕΡΕΤΑΨΙ Quarterly Journal of Mathematics, 37, 360-9. V 
o | 
5 . n 
5. On the integral function ®,, βία) = Ὁ ee Quarterly Journal of Mathematics, | 
37, 369-378. IV. 1 (a) 
. N.I.C. XVIT: On the integration of series, Messenger of Mathematics, 35, 126-130." Ὗ 
. A formula for the prime factors of any number, Messenger of Mathematics, 35, 145-146. 11. 1 
. ΝΟ. XVIII: On some discontinuous integrals, M essenger of Mathematics, 35, 158— 
166. V 
- Some notes on certain thecremad in higher trigonometry, Mathematical Gazette, 3, 284- 
288. | | ὌΝ ΟΝ 
1907 
1. The continuum and the second number class, Procsedings of the London Mathematical 
Society, (2) 4, 10-17. | VII. 20 
- Some theorems connected with Abel’s theorem on the continuity of power series, Pro- 
ceedings of the London Mathematical Society, (2) 4, 247-265. VI 
. On the singularities of functions defined by Taylor’s series (Remarks in addition to 
a former paper), Procecdings of the London Mathematical Society, (2) 5, 197-205. IV. 1 (ὁ) 
. The singular points of certain classes of functions of several variables, Proceedings of 
the London. Mathematical Society, (2) 5, 342-360. | IV..1 (δ) 
. On certain oscillating series, Quarterly Journal of Mathematics, 38, 269-288. VI 
Some theorems concerning infinite series, Mathematische Annalen, 64, 77-94. VI 
. N.I.C. XIX: On Abel’s lemma and the second theorem of ne mean, Messenger of Mathe-  - 
_ matics, 36, 10-13. | V 
. Higher trigonometry, Mathematical Gazette, 4, 13-14. = _ VII. 2 
A curious imaginary curve, Mathematical Gazette, 4, 14. VII..2 
. The line at infinity, etc., Mathematical Gazette, 4, 14-15. | VII. 2 
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1908 
1. Generalization of a theorem in the theory of divergent series, Proceedings of the London 
Mathematical Society, (2) 6, 255-264. VI 
2. The multiplication of conditionally convergent series, Ὁ τοθοθάντηγε of the London Mathe- 
matical Society, (2) 6, 410-423. VI 
3. Further researches in the theory of divergent series and integrals, Transactions of the 
Cambridge Philosophical Society, 21, 1-48. VI 


4. (With T. J. YA. Bromwich.) The definition of an infinite integral as the limit of a finite 


or infinite series, Quarterly Journal of Mathematics, 39, 222-240. V 
5. Some multiple integrals, Quarterly Journal of Mathematics, 39, 357-375. V 
6. N.I.C. XX: On double Frullanian integrals, Messenger of Mathematics, 37, 96-103. _ V 
7. N.LC. XXI: On a conditionally convergent multiple integral, A Eeeenges of Mathe- 
matics, 37, 127-130. ΝῊ 
8. N.I.C. XXII: On double Frullanian integrals (cont. ) Messenger of Mathematics, 37, 
᾿ς 164-1θ1. " Vv 
9. Question 16257, Educational Times, (2) 13, 79-80. VII. 3 
10. Mendelian proportions in a mixed population, Science (American Association for the 
Advancement of Science), new series 28, 49-50. . ἢ VII. 2 
1909 | 
1. A note on the continuity or discontinuity of a function defined by an infinite product, 
Proceedings of the London Mathematical Society, (2) 7, 40-48. VI 
2. The theory of Cauchy’s principal values (Fourth Paper: the integration of principal 
values—continued—with applications to the inversion of definite integrals), Pro- τ 
ceedings of the London Mathematical Society, (2) 7, 181--208. OV 
3. On an integral equaHOny Proceedings of the London Mathematical Society, (2) 7, 445- 
472. VII. I 
4. N.I.C. XXIII: On certain oscillating cases of Dirichlet’s integral, Δ ΠΑ ὐδῃ of sas athe- 
matics, 38, 1-8. V 
5. On certain definite integrals whose values can be expressed in terms of Bessel’s func- 
tions, Messenger of Mathematics, 38, 129-132. | Vv 
6. N.LC. XXIV: Oscillating cases of Dirichlet’s integral (cont.), Messenger of Mathe- 
7 matics, 38, 176-185 (correction at end of 1911, 3); Vv 
7. The integral [Ξ3 ---- = de, Mathematical Gazette, 5, 98-103. | V 
1910 | 
1. The application to Dirichlet’s series of Borel’s exponential method’ of summation, 
Proceedings of the London Mathematical Society, (2) 8, 277-294. VI 
2. The ordinal relations of the terms of a convergent, sequence, Proceedings of the London 
Mathematical Society, (2) 8, 295-300. VII. 2 
3. Theorems relating to the summability and convergence of slowly oscillating series, 
Proceedings of the London Mathematical Society, (2) 8, 301-320. VI 
4, The maximum modulus of an integral function, Quarterly J ournat of M athematics, 41, 
1-9. IV. 2 
5. On certain definite integrals considered by Airy and by Stokes, Quarterly Journal of 
Mathematics, 41, 226-240. IV. 1(d) 
6. N.I.C. XXV: Absolutely convergent integrals of irregular types (cont.), Μ' essenger of 
Mathematics, 39, 28-32. 
: n : ; 
7. The zeroes of the integral function “ἢ , and of some similar functions, Messenger of 


Mathematics, 39, 88-96. — | : . | IV. 1 (a) 
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1910 (cont.) 


N.I.C. XXVI: On a case of term-by-term integration of an infinite series, Messenger of 


Mathematics, 39, 136-139. ss 
To find an approximation to the large positive root of the equation e* = 10'Mzle1oie", 
Mathematical Gazette, 5, 333-334. VII. 2 


1911 


. Theorems connected with Maclaurin’s test for the convergence of series, Proceedings of 


the London Mathematics! Society, (2), 9, 126-144. VI 


. (With S. Chapman.) A general view of the theory of summable series, Quarterly Journal 


of Mathematics, 42, 181-215. VI 


3. N.I.C. XXVII: Oscillating cases of Dirichlet’s integral (cont.), Messenger of Mathe- 
matics, 40, 44-53. Vv 
4. A class of definite integrals, Messenger of Mathematics, 40, 53-54. 
5. N.I.C. XXVIII: A conditionally convergent double integral, Messenger of Mathematics, 
40, 62-69. 
6. Ue XXIX: Two convergence theorems, Messenger of Mathematics, 40, 87-91. Vv 
7. N.I.C. XXX: A theorem concerning summable integrals, Messenger of Mathematics, 40, 
108-112. VI 
8. N.I.C. XX XI: The uniform convergence of Borel’s integral, Messenger of Mathematics, 
40, 161-165. VI 
9. Fourier’s double integral and the theory of divergent integrals, Transactions of the Cam- 
bridge Philosophical Society, 21, 427-451. VII. 1 
1912 


onan 


- Properties of logarithmico-exponential functions, Proceedings of the London Mathe- 


matical Society, (2) 10, 54-90. IV. l(c) 


- On the multiplication of Dirichlet’s series, Proceedings of the London Mathematical 


Society, (2) 10, 396-405. VI 
Some results concerning the behaviour at infinity of a real and continuous solution of 

an algebraic differential equation of the first order, Proceedings of the London Mathe- 

matical Society, (2) 10, 451-468. VII. 2 


. (With J. E. L.) Some problems of Diophantine approximation, 5th International Congress 


of Mathematicians, Cambridge, 1, 223~229. 1.] 


- Generalizations of a limit theorem of Mr. Mercer, Quarterly Journal of Mathematics, 43, 


143-150. VI 


- Note on Dr. Vacca’s series for y, Quarterly Journal of Mathematics, 43, 215-216. IV. 1 (d) 
- Note on a theorem of Cesaro, Messenger of Mathematics, 41, 17—22. VI 

- N.LLC. XXXII: On double series and double integrals, Messenger of Mathematics, 41, 
44-48, Vv 

. ΝΟ, XXXIIT: Some cases of the inversion of the order of integration, M essenger of 
Mathematics, 41, 102-109. VII. 1 

1913 

. (With J. E. L.) The relations between Borel’s and Cesaro’s methods of summation, 
Proceedings of the London Mathematical Society, (2) 11, 1-16. ἊΝ VI 

. (With J. E. L.) Contributions to the arithmetic theory of series, Proceedings of the Lon- 
don Mathematical Society, (2) 11, 411-478. VI 

An extension of a theorem on oscillating series, Proceedings of the London Mathematical 
Society, (2) 12, 174-180. VI 
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1913 (cont.) 


. On the summability of Fourier’s series, Proceedings of the London Mathematical Society, 


12, 365-372. III. 1 (b) 


5. Oscillating Dirichlet’s integrals: an essay in the ‘Infinitarcalciil’ of Paul Du Bois- 
Reymond, Quarterly Journal of Mathematics, 44, 1-40. IV. 1 (c) 
6. A theorem concerning Taylor’s series, Quarterly Journal of Mathematics, 44, 147-60. IV. 2 

7. Oscillating Dirichlet’s integrals (Second Paper), Quarterly Journal of Mathematics, 44, 
242-263. IV. 1 (c) 

8. N.I.C. XXXIV: Absolutely convergent integrals of irregular types (cont.), Messenger 
of Mathematics, 42, 13-18. | V 
9. N.I.C. XXXV: On an integral equation, Messenger of Mathematics, 42, 89-93. VII. 1 

10. (With J. E. L.) Tauberian theorems concerning series of positive terms, Messenger of 
Mathematics, 42, 191-192. VI 

11. (With J. E. L.) Sur la série de Fourier d’une fonction ἃ carré sommable, Compies Rendus, 
156, 1307-1309. ITT. 1 (Ὁ) 

1914 

. Sur les zéros de la fonction ζ(8) de Riemann, Comptes Rendus, 158, 1012-1014. II. 1 


. (With J. E. L.) D.A. I: The fractional part of n*6, Acta Mathematica, 37, 155-191. I. 1 
. (With J. E. L.) D.A. II: The trigonometrical series associated with the elliptic ϑ- 


functions, Acta Mathematica, 37, 193-239. I. 1 


4. (With J. E. L.) Tauberian theorems concerning power series and Dirichlet’s series whose 
coefficients are positive, Proceedings of the London Mathematical Society, (2) 13, 
174-191. VI 

5. Note on Lambert’s series, Proceedings of the London Mathematical Society, (2) 13, 192- 
198. | VI 

6. Note in addition to a paper on Taylor’s series, Quarterly Journal of Mathematics, 45, 
77-84. IV. 2 

7. A function of two variables, Quarterly Journal of Mathematics, 45, 85-113. IV. 1(6) 

8. N.I.C. XXXVI: On the asymptotic values of certain integrals, Messenger of Mathe- 
matics, 43, 9-13. V 

9. N.I.C. XX XVII: On the region of convergence of Borel’s integral, Messenger of Mathe- 
matics, 43, 22-24. VI 

10. N.I.C. XXXVIII: On the definition of an analytic function by means of a definite 
integral, Messenger of Mathematics, 43, 29-33. IV. 2 
11. (With J. E. L.) Some theorems concerning Dirichlet’s series, Messenger of Mathematics, 
43, 134-147. VI 
1915 

1. (With J. E. L.) New proofs of the prime-number theorem and similar theorems, Quarterly 
Journal of Mathematics, 46, 215-219. | II. 1 

2. Correction of an error, Quarterly Journal of Mathematics, 46, 261-262. V 

3. On the expression of a number as the sum of two squares, Quarterly Journal of Mathe- 
matics, 46, 263-283. It. 2 

4. The mean value of the modulus of an analytic function, Proceedings of the London 
Mathematical Society, (2) 14, 269-277. III. 2 

5. Proof of a formula of Mr. Ramanujan, Messenger of Mathematics, 44, 18-21. V 

6. N.LC. XX XIX: Further examples of conditionally convergent infinite double integrals, 
Messenger of Mathematics, 44, 57-63. V 

7. ΝΟ, XL: Some cases of term-by-term integration of an infinite series, Messenger of 

Mathematics, 44, 145-149. Vv 
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1915 (cont.) 
8. N.I.C. XLI: On the convergence of certain integrals and series, Messenger of Mathe- 


matics, 44, 163-166. Vv 
9. Sur le probléme des diviseurs de Dirichlet, Comptes Rendus, 160, 617-619. II. 2 
10. Prime numbers, British Association Report, 350-354. IT. 1 

11. Example to illustrate a point in the theory of Dirichlet’s series, The Téhoku Mathe- 
matical Journal, 8, 59-66. VI 
12. The definition of a complex number, Mathematical Gazette, 8, 48-49. VIL. 2 

1916 

1. The application of Abel’s method of summation to Dirichlet’s series, Quarterly Journal 
| of Mathematics, 47, 176-192. VI 

2. Weierstrass’s non-differentiable function, Transactions of the American Mathematical 
Society, 17, 301-325. IV. 1(d) 

3. (With J. E. L.) D.A.: A remarkable trigonometrical series, Proceedings of the National 
Academy of Sciences, 2, 583—586. I. 1 

4. On Dirichlet’s divisor problem, Proceedings of the London Mathematical Society, (2) 15, 
1-25. IT. 2 

5. The second theorem of consistency for summable series, Proceedings of the London 
Mathematical Society, (2) 15, 72-88. VI 

6. The average order of the arithmetical functions P(x) and A(x), Proceedings of the London 
Mathematical Society, (2) 15, 192-213. IT. 2 
7. Sur la sommation des séries de Dirichlet, Comptes Rendus, 162, 463-465. VI 

8. (With J. E. L.) Theorems concerning the summability of series by Borel’s exponential 
method, Rendiconti del Circolo matematico di Palermo, 41, 36-53. VI 

9. (With J. E. L.) D.A.: The series Σ᾿ e(A,) and the distribution of the points (λ, α), Pro- 
ceedings of the National Academy of Sciences, 3, 84-88. I. 1 

10. Asymptotic formulae in combinatory analysis, Quatriéme Congrés des Mathématiciens 
Scandinaves, 45-53. I. 2 (a) 

a 
11. Further remarks on the integral | — dx, Mathematical Gazette, 8, 301-303. V 
0 
1917 

1. (With S. Ramanujan) Une formule asymptotique pour le nombre des partitions de n, 
Comptes Rendus, 164, 35-38. I. 2 (a) 

2. On a theorem of Mr G. Pélya, Proceedings of the Cambridge Philosophical Society, 19, 
60-63. | IV. 2 

3. On the convergence of certain multiple series, Proceedings of the Cambridge Philosophical 
Society, 19, 86-95. VI 

4. (With S. Ramanujan) Asymptotic formulae for the distribution of integers of various 
types, Proceedings of the London Mathematical Socztety, (2) 16, 112-132. I. 2(a) 

5. N.I.C. XLII: On Weierstrass’s singular integral, and on a theorem of Lerch, M essenger 
of Mathematics, 46, 43-48. VII. 1 

6. N.I.C. XLIII: On the asymptotic value of a definite integral, and the coefficient in a 
power series, Messenger of Mathematics, 46, 70-73. Vv 

7. N.I.C. XLIV: On certain multiple integrals and series which occur in the analytic 
theory of numbers, Messenger of Mathematics, 46, 104-107. Vv 

8. N.LC. XLV: On a point in the theory of Fourier series, Messenger of Mathematics, 46, 
146-149. III. 1 (a) 


9. N.I.C. XLVI: On Stieltjes’ ‘probléme des moments’, Messenger of Mathematics, 46, 175- 
182. VII. 1 
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1917 (cont.) 

10. (With J. E. L.) Sur la convergence des séries de Fourier et des séries de Taylor, Comptes 
Rendus, 165, 1047-1049. III. 1 (a) 

11. Mr. 5. Ramanujan’s mathematical work in England, Journal of the Indian Mathematical 
Society, 9, 30-45. VII. 2 

1918 

1. (With J. E. L.) Contributions to the theory of the Riemann zeta-function and the theory 
of the distribution of primes, Acta Mathematica, 41, 119-196. ITI. 1 

2. (With S. Ramanujan) On the coefficients in the expansions of certain modular func- 
tions, Proceedings of the Royal Society, (A) 95, 144-155. I. 2 (α) 

3. Sir George Stokes and the concept of uniform convergence, Proceedings of the Cambridge 
Philosophical Soctety, 19, 148-156. VII. 2 

4. (With J. E. L.) On the Fourier series of a bounded function, Proceedings of the London 
Mathematical Society, (2) 17, xni—xv. 111. 1 (6) 

5. (With S. Ramanujan) Asymptotic formulae in combinatory analysis, Proceedings of the 
London Mathematical Socrety, (2) 17, 75-115. I. 2 (a) 

6. N.L.C. XLVII: On Stieltjes’ ‘probléme des moments’ (cont.), Messenger of Mathematics, 
47, 81-88. VII. 1 

7. ΝΟ. XLVIII: On some properties of integrals of fractional order, Messenger of Mathe- 
matics, 47, 145-150. V 


8. ΝΟ. XLIX: On Mellin’s inversion formula, Messenger of Mathematics, 47, 178-184. VII. 1 
9. Note on an expression of Lambert’s series as a definite integral, Messenger of Mathe- 
matics, 47, 190-192. IV. 1(d) 
10. On the representation of a number as the sum of any number of squares, and in par- 
ticular of five or seven, Proceedings of the National Academy of Sciences, 4,189-193. I. 2 (a) 


1919 


1. (With J. E. L.) Note on Messrs. Shah and Wilson’s paper entitled: ‘On an empirical 
formula connected with Goldbach’s theorem’, Proceedings of the Cambridge Philo- 


sophical Society, 19, 245-254. I. 2 (c) 
2. N.1.C. L. On the integral of Stieltjes and the formula for integration by parts, Messenger 
of Mathematics, 48, 90-100. Vv 


3. N.I.C. LI: On Hilbert’s double-series theorem, and some connected theorems concerning 
the convergence of infinite series and integrals, Messenger of Mathematics, 48, 107- 


112. II. 3 

4. A problem of Diophantine approximation, Journal of the Indian Mathematical Society, 
11, 162-166. T.1 

1920 

1. (With S. Ramanujan) The normal number of prime factors of a number n, Quarterly 
Journal of Mathematics, 48, 76-92. It. 1 

2. (With J. E. L.) A new solution of Waring’s problem, Quarterly J: ournal of Mathematics, 
48, 272-293. I. 2 (δ) 
3. Note on a theorem of Hilbert, Mathematische Zeitschrift, 6, 314-317. II. 3 
4. On two theorems of F. Carlson and S. Wigert, Acta Mathematica, 42, 327-339. IV. 2 

5. (With J. E. L.) P.N. I: A new solution of Waring’s problem, Gottnger Nachrichten 
(1920), 33—54. I. 2 (δ) 

6. Additional note on two problems in the analytic theory of numbers, Proceedings of the 
London Mathematical Society, (2) 18, 201-204. II. 2 

τη. (With J. E. L.) Abel’s theorem and its converse, Proceedings of the London Mathe- 
matical Society, (2) 18, 205-235. VI 
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' 1920 (cont.) 

8. N.I.C. LII: On some definite integrals considered by Mellin, Messenger of Mathematics, 
49, 85-91. VII. 1 

9. N.I.C. LIII: On certain criteria for the convergence of the Fourier series of a continuous 
function, Messenger of Mathematics, 49, 149-155. 111. 1 (a) 

10. On the representation of a number as the sum of any number of squares, and in particular 
of five, Transactions of the American Mathematical Soctety, 21, 255-284. I. 2 (a) 

11. Some famous problems of the theory of numbers and in particular Waring’s problem, 
Inaugural lecture, Oxford, 1920. I. 2 (d) 

192] 

1. (With J. E. L.) P.N. II: Proof that every large number is the sum of at most 21 bi- 
quadrates, Mathematische Zeitschrift, 9, 14-27. I. 2 (δ) 

2. (With J. E. L.) The zeros of Riemann’s zeta-function on the critical line, Mathematische 
Zeitschrift, 10, 283-317. ITI. 1 

3. Note on Ramanujan’s trigonometrical function c,(n), and certain series of arithmetical 
functions, Proceedings of the Cambridge Philosophical Society, 20, 263-271. II. 2 

4, A theorem concerning summable series, Proceedings of the Cambridge Philosophical 
Society, 20, 304-307. VI 


5. A convergence theorem, Proceedings of the London Mathematical Society, (2) 19, vi-vii. II. 3 
6. (With J. E. L.) On a Tauberian theorem for Lambert’s series, and some fundamental 


‘ theorems in the analytic theory of numbers, Proceedings of the London Mathematical 
Society, (2) 19, 21-29. IT. 1 

7, N.1.C. LIV: Further notes on Mellin’s inversion formulae, Messenger of Mathematics, 50, 
165-171. VII. 1 

1922 

1. Goldbach’s Theorem, Matematisk Tidsskrift B, 1-16. I. 2 (c) 

2. A new proof of the functional equation for the zeta-function, Matematisk Tidsskrift B, 
71-73. Ii. 1 

3. (With J. E. L.) P.N. III: On the expression of a number as a sum of primes, Acta 
Mathematica, 44, 1-70. I. 2 (c) 


4, (With J. E. L.) P.N. IV: The singular series in Waring’s problem and the value of the 
number G(k), Mathematische Zeitschrift, 12, 161-188. 1. 2 (δ) 

5. (With J. E. L.) D.A.: A further note on the trigonometrical series associated with the 
elliptic theta-functions, Proceedings of the Cambridge Philosophical Society, 21, 1-5. I. 1 

6. (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Proceedings of the 

7 


London Mathematical Society, (2) 20, 15-36. I. 1 

- (With T. Carleman) Fourier’s series and analytic functions, Proceedings of the Royal 
Society, (A), 101, 124-133. IV. 2 

8. (With J. E. L.) Summation of a certain multiple series, Proceedings of the London Mathe- 
matical Society, (2) 20, xxx. I. 2 (c) 

9. (With J. E. L.) D.A.: The lattice-points of a right-angled triangle, Hamburg Abhand- 
lungen, 1, 212—249. I. 1 

10. N.I.C. LV: On the integration of Fourier series, Messenger of Mathematics, 51, 186-- 
192. IIT. 1 (6) 
11. The theory of numbers, British Association Report, 90, 16--24. VII. 2 

1923 

1. (With J. E. L.) On Lindeléf’s hypothesis concerning the Riemann zeta-function, Pro- 

ceedings of the Royal Society, (A) 103, 403-412. If. 1 
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2. A chapter from Ramanujan’s notebook, Proceedings of the Cambridge Philosophical 
Society, 21, 492-503. IV. 1(d) 
3. (With J. E. L.) D.A.: The analytic character of the sum of a Dirichlet’s series considered 
by Hecke, Hamburg Abhandlungen 3, 57-68. I. 1 


4, (With J. E. L.) D.A.: The analytic properties of certain Dirichlet’s series associated 
with the distribution of numbers to modulus unity, Transactions of the Cambridge 
Philosophical Society, 22, 519-533. I. 1 

5. (With J. E. L.) The approximate functional equation in the theory of the zeta-function 
with applications to the divisor-problems of Dirichlet and Piltz, Proceedings of the 


London Mathematical Society, (2) 21, 39-74. II. 1 
6. N.I.C. LVI: On Fourier’s series and Fourier’s integral, Messenger of Mathematics, 52, 
49-53. ITT. 1 (e) 
1924 
1. (With J. E. L.) Solution of the Cestro summability problem for power-series and 
Fourier series, Mathematische Zeitschrift, 19, 67-96. III. 1 (δ) 
2. Some formulae of Ramanujan, Proceedings of the London Mathematicai Society, (2) 22, 
Xli—Xili. IV. 1 (ἃ) 
3. (With J. E. L.) Note on a theorem concerning Fourier series, Proceedings of the London 
Mathematical Society, (2) 22, xviii—xix. III. 1 (δ) 
4. (With J. E. L.) The equivalence of certain integral means, Proceedings of the London 
Mathematical Society, (2) 22, xl—xliii. vi 
5. (With J. E. L.) The allied series of a Fourier series, Proceedings of the London Mathe- 
matical Society, (2) 22, xliui—xlv. ITI. 1 (6) 
6. (With J. E. L.) P.N. V: A further contribution to the study of Goldbach’s problem, 
Proceedings of the London Mathematical Society (2) 22, 46-56. I. 2 (c) 
7. (With J. E. L.) Abel’s theorem and its converse II, Proceedings of the London Mathe- 
matical Society, (2) 22, 254-269. VI 
8. N.1.C. LVIL: On Fourier transforms, Messenger of Mathematics, 53, 135-142. VII. 1 
9. (With E. Landau) The lattice points of a circle, Proceedings of the Royal Society (A), 
105, 244-258. II. 2 
1925 
1. (With J. E. L.) P.N. VI: Further researches in Waring’s problem, Mathematische 
Zeitschrift, 23, 1-37. I. 2 (δ) 
2. The lattice points of a circle, Proceedings of the Royal Society (A), 107, 623-635. If. 2 
3. What is geometry ἢ Mathematical Gazette, 12, 309-316. VII. 2 
4. (With J. E. L.) D.A.: An additional note on the trigonometrical series associated with _ 
the elliptic theta-functions, Acta Mathematica, 47, 189-198. I. 1 
5. (With J. E. L.) A theorem concerning series of positive terms, with applications to the 
theory of functions, Meddelelser Kobenhavn, 7, Nr. 4. IV. 2 
6. Note on a theorem of Hilbert concerning series of positive terms, Proceedings of the 
London Mathematical Society, (2) 23, xlv—xlvi. II. 3 
7, Some formulae in the theory of Bessel functions, Proceedings of the London Mathe- 
matical Society, (2) 23, lxi-Lxiii. IV. 1(d) 


8. (With E. C. Titchmarsh) Solutions of some integral equations considered by Bateman, 

- Kapteyn, Littlewood and Milne, Proceedings of the London M athematical Society, (2) 
23, 1-26, and Correction ibid. 24, xxxi—xxxiil. VII. 1 
9. N.1.C. LVIII: On Hilbert transforms, Messenger of Mathematics, 54, 20-27. ~ WII. 1 
10. N.LC. LIX: On Hilbert transforms (cont.), Messenger of Mathematics, 54, 81-88. VII. 1 
11. ΝΟ. LX: An inequality between integrals, Messenger of Mathematics, 54, 150-156. II. 3 


693 


694 


to 


ib 


9 


10. 
11. 
12. 


13. 


1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 


9. 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1926 
A definite integral which occurs in physical optics, Proceedings of the London Mathe- 
matical Society, (2) 24, xxx—xxxl. IV. 1(d) 
(With J. E. L.) Some properties of fractional integrals, Proceedings of the London Mathe- 
matical Society, (2) 24, xxxvii-xli. Il. 2 
Note on the inversion of a repeated integral, Proceedings of the London Mathematical 
Society, (2) 24, 1-li. V 
(With J. E. L.) The allied series of a Fourier series, Proceedings of the London Mathe- 
matical Society, (2) 24, 211-246. III. 1 (δ) 
(With J. E. L.) A further note on the converse of Abel’s theorem, Proceedings of the 
London Mathematical Society, (2) 25, 219-236. VI 
(With J. E. L. and G. Pélya) The maximum of a certain bilinear form, Proceedings of the 
London Mathematical Society, (2) 25, 265-282. II. 3 
(With J. E. L.) Some new properties of Fourier constants, Mathematische Annalen, 97, 
159-209. IIT. 1 (c) 
(With J. E. L.) N.S. I: Two theorems concerning Fourier series, Journal of the Lon- 
don Mathematical Society, 1, 19-25. III. 1 (a) 
A theorem concerning harmonic functions, Journal of the London Mathematical Society, 
1, 130-131. IV. 2 
(With J. E. L.) N.S. If: The Fourier series of a positive function, Journal of the London 
Mathematical Society, 1, 134-138. III. 1 (6) 
(With S. Bochner) Notes on two theorems of Norbert Wiener, Journal of the London 
Mathematical Society, 1, 240-244. VII. 1 
N.I.C. LXI: On the term by term integration of a series of Bessel functions, Messenger 
of Mathematics, 55, 140-144. IV. 1(d) 
The case against the Mathematical Tripos, Mathematical Gazette, 13, 61-71. VII. 2 
1927 
Note on Ramanujan’s arithmetical function τίη), Proceedings of the Cambridge Philo- 
sophical Society, 23, 675-680. IT. 2 


(With J. E. L.) N.S. IIT: On the summability of the Fourier series of a nearly con- 
tinuous function, Proceedings of the Cambridge Philosophical Society, 23, 681-684. III. 1 (δ) 
(With J. E. L.) N.S. IV: On the strong summability of Fourier series, Proceedings of 
the London Mathematical Society, (2) 26, 273-286. III. 1 (6) 
(With J. E. L.) N.S. V: On Parseval’s theorem, Proceedings of the London Mathematical 
Society, (2) 26, 287-294. ITT. 1 (e) 
(With A. E. Ingham and G. Pélya) Theorems concerning mean values of analytic 
functions, Proceedings of the Royal Society (A), 113, 542-569. IV. 2 
(With J. E. L.) Elementary theorems concerning power series with positive coefficients 
and moment constants of positive functions, Journal fiir Mathematik 157, 141- 


158. II. 3 
N.I.C. LXII: A singular integral, Messenger of Mathematics, 56, 10-16. VI. 1 
ΝΟ. LXTIT: Some further applications of Mellin’s inversion formula, Messenger of 

Mathematics, 56, 186-192. VII. 1 


Note on a theorem of Mertens, Journal of the London Mathematical Society, 2, 70-72. II. 1 


10. Note on the multiplication of series, Journal of the London Mathematical Society, 2, 


11. 


169-171. vi 
(With J. E. L.) N.S. VI: Two inequalities, Journal of the London Mathematical Society, 
2, 196-201. IT. 3 


1, 
2. 
3. 
4. 
5. 
6. 


7. 


10. 
11. 


12. 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1928 


(With J. E. L.) A theorem in the theory of summable divergent series, Proceedings of 
the London Mathematical Society, (2) 27, 327-348. 
(With A. E. Ingham and G. Pélya) Notes on moduli and mean values, Proceedings of 
the London Mathematical Society, (2) 27, 401—409. IV. 2 
(With J. E. L.) N.S. VII: On Young’s convergence criterion for Fourier series, Pro- 
ceedings of the London Mathematical Society, (2) 28, 301-311. ITI. 1 (6) 
(With J. E. L.) P.N. VIII: The number I'(k) in Waring’s problem, Proceedings of the 
London Mathematical Society, (2) 28, 518-542. I. 2 (δ) 
(With J. E. L.) Some properties of fractional integrals I, Mathematische Zevtschrift, 27, 
565-606. IIT. 2 
(With J. E. L.) A convergence criterion for Fourier series, Mathematische Zeitschrift, 28, 
612-634. III. 1 (a) 
N.1.C. LXIV: Further inequalities between integrals, Messenger of Μ athematics, 57, 
12-16. II. 3 


N.1.C. LXV: A discontinuous integral, Messenger of Mathematics, 57, 113-120. IV. 1(d) 
A theorem concerning trigonometrical series, Journal of the London Mathematical Society, 

3, 12-13. III. 1 (d) 
(With J. E. L.) N.S. VIII: An inequality, Journal of the London Mathematical Society, 

3, 106-110. II. 3 
Remarks on three recent notes in the Journal, Journal of the London Mathematical 

Society, 3, 166-169. 11. 3 


A formula of Ramanujan, Journal of the London Mathematical Society, 3, 238-240. IV. 1(d) 


(With J. E. L.) N.S. [X: On the absolute convergence of Fourier series, Journal of the 
London Mathematical Society, 3, 250-253. ITI. 1 (a) 
(With J. E. L.) N.S. X: Some more inequalities, Journal of the London Mathematical 
Society, 3, 294-299. II. 3 
1929 
(With J. E. L.) The approximate functional equations for {(s) and ζ3(8), Proceedings of 
the London Mathematical Society, (2) 29, 81-97. Π.]} 
Prolegomena to a chapter on inequalities (Presidential Address), Journal of the London 
Mathematical Society, 4, 61-78, and addenda, ibid. 5, 80. IT. 3 
Remarks in addition to Dr. Widder’s note on inequalities, Journal of the London Mathe- 
matical Society, 4, 199-202. IT. 3 
(With J. E. L.) A point in the theory of conjugate functions, Journal of the London 
Mathematical Society, 4, 242-245. ITT. 1 (e) 
(With E. C. Titchmarsh) Solution of an integral equation, Journal of the London Mathe- 
matical Society, 4, 300-304. VII. 1 
An introduction to the theory of numbers, Bulletin of the American Mathematical Society, 
35, 778-818. VII. 2 
N.1.C. LXVI: The arithmetic mean of a Fourier constant, Messenger of Mathematics, 58, 
50-52. III. 1 (e) 
N.I.C. LXVII: On the repeated integral which occurs in the theory of conjugate 
functions, Messenger of Mathematics, 58, 53—58. VII. 1 
N.LC. LXVIII: The limit of an integral mean value, Messenger of Mathematics, 58, 
115-120. II. 3 
‘N.LC. LXIX: On asymptotic values of Fourier constants, Messenger of Mathematics, 
58, 130-135. IIT. 1 (a) 
(With J. E. L. and G. Pélya) Some simple inequalities satisfied by convex functions, 
Messenger of Mathematics, 58, 145-152. II. 3 
Mathematical proof, Mind, 38, 1-25. VI. 2 


6995 


696 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1930 
1. (With J. E. L.) A maximal theorem with function-theoretic applications, Acta Mathe- 
matica, 54, 81-116. 11. 3 
2. (With E. C. Titchmarsh) Self-reciprocal functions, Quarterly Journal of Mathematics, 
1, 196-231. VIL. 1 
3. (With J. E. L.) D.A.: A series of cosecants, Bulletin of the Calcutta Mathematical 
Society, 20, 251-266. I. 1 
4. (With J. E. L.) N.S. XI: On Tauberian theorems, Proceedings of the London Mathe- 
matical Society, (2) 30, 23~37. VI 
5. (With E. C. Titchmarsh) Additional note on certain integral equations, Proceedings of 
the London Mathematical Society, (2) 30, 95~106. VII. 1 
6. (With J. ἘΣ. L.) N.S. XII: On certain inequalities connected with the calculus of varia- 
tions, Journal of the London Mathematical Society, 5, 34-39. IT. 3 
1931 
1. Some theorems concerning trigonometrical series of a special type, Proceedings of the 
London Mathematical Society, (2) 32, 441-448. ITI. 1 (d) 
2. (With J. E. L.) Some properties of conjugate functions, Journal fiir Mathematik, 167, 
405-423. . ITT. 2 
3. The summability of a Fourier series by logarithmic means, Quarterly Journal of Mathe- 
matics, 2, 107-112. ITT. 1 (8) 
4. (With J. E. L.) N.S. XIII: Some new properties of Fourier constants, Journal of the 
London Mathematical Society, 6, 3-9. III. 1 (c) 
5. (With J. E. L.) N.S. XIV: An additional note on the summability of Fourier series, 
Journal of the London Mathematical Society, 6, 9-12. ITI. 1 (δ) 
6. (With E. C. Titchmarsh) A note on Parseval’s theorem for Fourier transforms, Journal 
of the London Mathematical Society, 6, 44-48. VII. 1 
7. (With J. E. L.) N.S. XV: On the series conjugate to the Fourier series of a bounded 
function, Journal of the London Mathematical Society, 6, 278-281. ITT. 1 (δ) 
8. (With J. E. L.) N.S. XVI: Two Tauberian theorems, Journal of the London Mathe- 
matical Society, 6, 281-286. VI 
1932 
1. (With E. C. Titchmarsh) Formulae connecting different classes of self-reciprocal func- 
tions, Proceedings of the London Mathematical Society, (2) 33, 225-232. VII. 1 
2. On Hilbert transforms; Quarterly Journal of Mathematics, 3, 102-112. VII. 1 
3. (With J. E. L.) Some integral inequalities connected with the calculus of variations, 
Quarterly Journal of Mathematics, 3, 241-252. IT. 3 
4. (With J. E. L.) Some properties of fractional integrals II, Mathematische Zeitschrift, 
34, 403-439. III. 2 
5. (With J. ἘΣ. L.) Some new cases of Parseval’s theorem, M. athematische Zeitschrift, 34, 
620-633. ITT. 1 (c) 
6. (With J. E. L.) An additional note on Parseval’s eon Μ aiheniatieehe Zettschrift, 
34, 634-636. ΠῚ. 1 (ce) 
7. (With E.C. Titchmarsh) An integral equation, Proceedings of the Cambridge Philosophical 
Society, 28, 165-173. VII. 1 
8. Summation of a series of polynomials of Laguerre, Journal of the London Mathematical 
Society, 7, 138-139, and addendum, ibid. 192. Il. 1 (e) 
9. (With J. E. L.) N.S. XVII: Some new convergence criteria for Fourier series, Journal 
of the London Mathematical Society, 7, 252-256. 111. 1 (a) 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1933 
1. (With E. C. Titchmarsh) A class of Fourier kernels, Proceedings of the London Mathe- 
matical Society, (2) 35, 116-155. VII. 1 
2. (With J. E. L.) Some more integral inequalities, The Téhoku Mathematical Journal, 
37, 151-159. IT. 3 
3. The constants of certain inequalities, Journal of the London Mathematical Society, 8, 
114-119. IT. 3 
4, A theorem concerning Fourier transforms, Journal of the London Mathematical Society, 
8, 227-231. VII. 1 
1934 
1. (With J. E. L.) Theorems concerning Cesaro means of power series, Proceedings of the 
London Mathematical Society, (2) 36, 516-531. III. 2 
2. (With J. E. L.) Bilinear forms bounded in space [p, 4], Quarterly Journal of Mathe- 
matics, 5, 241-254. II. 3 
3. (With J. ἘΣ. L.) Some new convergence criteria for Fourier series, Annali Pisa, (2) 3, 
43-62. IIT. 1 (a) 
4, (With E. M. Wright) Leudesdorf’s extension of Wolstenholme’s theorem, Journal of the 
London Mathematical Society, 9, 38-41, and corrigendum, ibid. 240. 11. 2 
5. On the summability of series by Borel’s and Mittag-Leffler’s methods, Journal of the 
London Mathematical Society, 9, 153-157. VI 
1935 
1. Remarks on some points in the theory of divergent series, Annals of Mathematics, (2) 
36, 167-181. VI 
2. The resultant of two Fourier kernels, Proceedings of the Cambridge Philosophical Society, 
31, 1-6. VI. 1 
3. (With E. Landau and J. E. L.) Some inequalities satisfied by the integrals or derivatives 
of real or analytic functions, Mathematische Zeitschrift, 39, 677-695. IT. 3 
4. (With J. E. L.) An inequality, Mathematische Zeitschrift, 40, 1-40. IT. 3 
5, (With J. E. L.) The strong summability of Fourier series, Fundamenta Mathematicae, 
25, 162-189. ITI. 1 (δ) 
6. (With J. E. L.) N.S. XVIII: On the convergence of Fourier series, Proceedings of the 
Cambridge Philosophical Society, 31, 317-323. III. 1 (c) 
7. (With J. E. L.) N.S. XIX: A problem concerning majorants of Fourier series, Quarterly 
Journal of Mathematics, 6, 304-315. ITI. 1 (ce) 
8. Second note on a theorem of Mertens, Journal of the London Mathematical Society, 10, 
91-94. II. 1 
9. Some identities satisfied by infinite series, Journal of the London Mathematical Socvety, 
10, 217-220. IV. 1(d) 
1936 
1. (With J. E. L.) N.S. XX: On Lambert series, Proceedings of the London Mathematical 
Society, (2) 41, 257-270. VI 
2. (With J. E. L.) Some more theorems concerning Fourier series and Fourier power series, 
Duke Mathematical Journal, 2, 354-382. ITI 1 (ὃ) 
3. (With E. C. Titchmarsh) New solution of an integral equation, Proceedings of the London 
Mathematical Society, (2) 41, 1-15. VIt. 1 


4, A note on two inequalities, Journal of the London Mathematical Society, 11, 167-170. II. ὃ 


697 


698 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1937 


1. Ramanujan and the theory of Fourier transforms, Quarterly Journal of Mathematics, 8, 
245-254. VII. 1 
2. The Indian mathematician Ramanujan, American Mathematical Monthly, 44, 137- — 
155. VII. 
3. (With J. E. L.) N.S. XXI: Generalizations of a theorem of Paley, Quarterly Journal of 
Mathematics, 8, 161-171. ITT. 2 
4, On a theorem of Paley and Wiener, Proceedings of the Cambridge Philosophical Society, 
33, 1-5. VII. 1 
5. (With N. Levinson) Inequalities satisfied by a certain definite integral, Bulletin of the 
American Mathematical Society, 43, 709-716. II. 3 
6. A formula of Ramanujan in the theory of primes, Journal of the London Mathematical 
Socrety, 12, 94-98. IT. 1 
7. Another formula of Ramanujan, Journal of the London Mathematical Society, 12, 314- 
318. IV. 1(d) 


1938 


A further note on Ramanujan’s arithmetical function t(n), Proceedings of the Cambridge 
Philosophical Society, 34, 309-315. IT. 2 


[ 
Φ 


1939 


. A note on a differential equation, Proceedings of the Cambridge Philosophical Soc iety, 35, 
652-653. VII. 2 
2. Notes on special systems of orthogonal functions (I): The boundedness of the generalized 
Laguerre system, Journal of the London Mathematical Society, 14, 34-36. IV. 1(d) 
3. Notes on special systems of orthogonal functions (II): On functions orthogonal with 
respect to their own zeros, Journal of the London Mathematical Society, 14, 37-44. III. 1 (e) 


ued 


1940 
1. Notes on special systems of orthogonal functions (ITI): A system of orthogonal poly- 
nomials, Proceedings of the Cambridge Philosophical Society, 36, 1-8. IV. 1(d) 
1941 
1. (With J. E. L.) Theorems concerning mean values of analytic or harmonic functions, 
Quarterly Journal of Mathematics, 12, 221-256. ITI. 2 


2. Note on a divergent series, Proceedings of the Cambridge Philosophical Society, 37, 1-8. VI 
3. Notes on special systems of orthogonal functions (IV): The orthogonal functions of 
Whittaker’s cardinal series, Proceedings of the Cambridge Philosophical Society, 37, 


331-348. III. 1 (d) 
4. A double integral, Journal of the London Mathematical Society, 16, 89-94. VII. 1 
1942 
1. Note on Lebesgue’s constants in the theory of Fourier series, Journal of the London 
Mathematical Society, 17, 4-13. III. 1 (a) 
1943 
1. An inequality for Hausdorff means, Journal of the London Mathematical Society, 18, 
46-50. II. 3 


COMPLETE LIST OF HARDY’S MATHEMATICAL PAPERS 


1943 (cont.) 


2. (With W. W. Rogosinski) Notes on Fourier series (I): On sine series with positive co- 
efficients, Journal of the London Mathematical Society, 18, 50-57. ITI. 1 (d) 
3. (With W. W. Rogosinski) Notes on Fourier series (II): On the Gibbs phenomenon, 
Journal of the London Mathematical Society, 18, 83-87. III. 1 (a) 
4. (With J. E. L.) N.S. XXII: On the Tauberian theorem for Borel summability, Journal 
of the London Mathematical Society, 18, 194-200. VI 
1944 
1. (With J. E. L.) N.S. XXIII: On the partial sums of Fourier series, Proceedings of the 
Cambridge Philosophical Society, 40, 103-107. III. 1 (c) 
2. Note on the multiplication of series by Cauchy’s rule, Proceedings of the Cambridge 
Philosophical Society, 40, 251-252. VI 
1945 


1. (With W. W. Rogosinski) Notes on Fourier series (III): Asymptotic formulae for the 
sums of certain trigonometrical series, Quarterly Journal of Mathematics, 16, 49- 
58. ITI. 1 (da) 
2. (With N. Aronszajn) Properties of a class of double integrals, Annals of Mathematics, 
(2) 46, 220-241, and corrigendum in 47, 166. 
3. Riemann’s form of Taylor’s series, Journal of the London Mathematical Society, 20, 


48-57. VI 
4. A mathematical theorem about golf, Mathematical Gazette, 29, 226-227. VII. 2 
1946 
1. (With J. E. L.) N.S. XXIV: A curious power-series, Proceedings of the Cambridge 
Philosophical Society, 42, 85-90. a ie | 
2. (With W. W. Rogosinski) Theorems concerning functions subharmonic in a strip, 
Proceedings of the Royal Society (A), 185, 1-14. IV. 2 
1947 
1. (With W. W. Rogosinski) Notes on Fourier series (IV): Summability (R,), Pro- 
ceedings of the Cambridge Philosophical Society, 43, 10-25. III. 1 (δ) 
2. A double integral, Journal of the London Mathematical Soctety, 22, 242-247. VII. 1 
1948 
1. (With J. E. L.) A new proof of a theorem on rearrangements, Journal of the London 
Mathematical Society, 23, 168-168. II. 3 
1949 
1. (With W. W. Rogosinski) Notes on Fourier series (V): Summability (R,), Proceedings 


of the Cambridge Philosophical Society, 45, 173-185. III. 1 (0) 


699 


OBITUARY NOTICES BY G. H. HARDY 


S. Ramanujan, Proceedings of the London Mathematical Society, (2) 19 (1921), xl-Iviii. 

C. Jordan, Proceedings of the Royal Society A, 104 (1922), xxili—xxvi. 

G. Mittag-Leffler, Journal of the London Mathematical Socvrety, 3 (1928), 156-60. 

J. W. L. Glaisher, Messenger of Mathematics, 58 (1929), 159-160. 

T. J. ΤΑ. Bromwich, Journal of the London Mathematical Society, 5 (1930), 209-220. 

R. E. A. C. Paley, Journal of the London Mathematical Society, 9 (1934), 76-80. 

E. W. Hobson, Journal of the London Mathematical Society, 9 (1934), 225-237. 

E. Landau (with H. Heilbronn), Journal of the London Mathematical Society, 13 (1938), 302-310. 
W.H. Young, Journal of the London Mathematical Society, 17 (1942), 218-237. 

J. R. Wilton (with H. 8S. Carslaw), Journal of the London Mathematical Society, 20 (1945), ' 


PRINTED IN GREAT BRITAIN AT THE UNIVERSITY PRESS, OXFORD 
BY VIVIAN RIDLER, PRINTER TO THE UNIVERSITY 


100 


OXFORD BOOKS 


DIVERGENT SERIES 


By G. H. HARDY 


AN INTRODUCTION TO 
THE THEORY OF 
NUMBERS 


By G. H. HARDY and E. M. WRIGHT 


PAPERS PRESENTED 
TO J. E. LITTLEWOOD 
ON HIS 
80th BIRTHDAY 
Edited for 
The London Mathematical Society 


By J. D. WESTON 


OXFORD 
UNIVERSITY PRESS 


(853325/1/66] 


COLLECTED 
PAPERS OF 
G.H. HARDY 


INCLUDING JOINT 
PAPERS WITH 

J. KE. LITTLEWOOD 
AND OTHERS 


EDITED BY 
A COMMITTEE 
APPOINTED BY THE 
LONDON 
MATHEMATICAL 
SOCIETY 


